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Abstract: Taking into account X-ray diffraction, one of the well-known methods for calculating the 
stress-strain of crystals is Williamson-Hall (W–H). The W-H method has three models, namely (1) 
Uniform deformation model (UDM); (2) Uniform stress deformation model (USDM); and (3) Uni-
form deformation energy density model (UDEDM). The USDM and UDEDM models are directly 
related to the modulus of elasticity (E). Young’s modulus is a key parameter in engineering design 
and materials development. Young’s modulus is considered in USDM and UDEDM models, but in 
all previous studies, researchers used the average values of Young’s modulus or they calculated 
Young’s modulus only for a sharp peak of an XRD pattern or they extracted Young’s modulus from 
the literature. Therefore, these values are not representative of all peaks derived from X-ray diffrac-
tion; as a result, these values are not estimated with high accuracy. Nevertheless, in the current 
study, the W-H method is used considering the all diffracted planes of the unit cell and super cells 
(2 × 2 × 2) of Hydroxyapatite (HA), and a new method with the high accuracy of the W-H method 
in the USDM model is presented to calculate stress (σ) and strain (ε). The accounting for the planar 
density of atoms is the novelty of this work. Furthermore, the ultrasonic pulse-echo test is per-
formed for the validation of the novelty assumptions. 

Keywords: Williamson-Hall (W-H); uniform stress deformation model (USDM); Young’s modulus; 
X-ray diffraction; hydroxyapatite; planar density; ultrasonic pulse-echo 
 

1. Introduction 
Young’s modulus (E) plays an important role in the characterization of mechanical 

properties, and accurate knowledge of the engineering values of elastic modulus is vital 
for understanding materials’ stiffness [1]. Recently, ceramic materials have been favored 
in industrial applications, because they exhibit good mechanical properties, such as high 
elastic moduli and high hardness [2]. One of the well-known bio ceramics is hydroxyap-
atite, which has bioactive properties very close to natural bone mineral and it has special 
biological significance [3]. The chemical formula of hydroxyapatite is Ca10(PO4)6(OH)2 and 
it differs very little from bone tissue [4,5]. Understanding the mechanical properties of 
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hydroxyapatite during the crystallization and growth stages of the synthesis processes is 
important because the Young’s modulus affects the growth of hydroxyapatite crystal in 
mechanically strained environments directly [6]. Therefore, paying attention to the me-
chanical properties and structural geometry of hydroxyapatite can be helpful for research 
and industrial applications. Paying attention to the details of the structural geometry of 
hydroxyapatite is essential for employing an easy, cost-effective and reliable method to 
determine the Young’s modulus. In this research, we have developed a method based on 
the linear regression of the Young’s modulus of each plane of the crystal lattice versus 
planar density to obtain a reliable total Young’s modulus of materials. Hence, in this 
study, for the first time, we calculated the exact planar density derived from the diffracted 
planes of hydroxyapatite in unit cells and super cells (2 × 2 × 2). Then, we determined and 
investigated the total Young’s modulus of samples. Furthermore, to determine the effect 
of cell size on the Young’s modulus, an extensive, exact calculation of the planar density 
of super cells (2 × 2 × 2) of hydroxyapatite, and comparing it with the result obtained from 
unit cell calculations, was performed. The Williamson-Hall (W-H) method is a procedure 
to analyse stress and strain derived from X-ray diffraction. Ultrasonic pulse-echo is a scan 
representation commonly used for thickness measurement and sizing of the defect in an 
ultrasonic test in which the signal is reflected from a discontinuity in a test of material 
structure. This test is performed in this study for the confirmation of the validity of the 
novelty assumptions. The configuration of the ultrasonic pulse echo is called the acoustic 
sound energy and localizes the discontinuities or defect indication. In addition, ultrasonic 
pulse echo measurements can be used to determine the elastic constant and elastic com-
pliance of compounds [7]. According to the W-H method, the basic calculation for the plot 
can be performed by using the XRD data. The big problem with utilizing the W-H method 
in the USDM model is attributed to the values of Young’s modulus in the equation. Be-
cause in all studies and research, the values of Young’s modulus have been reported for 
one sharp peak of an XRD pattern or the average values of Young’s modulus; both of them 
have an error because the values are not representative of whole diffracted planes. For 
example, Ratan et al. calculated the stress (σ) and strain (ε) of cadmium selenide (CdSe) 
nanoparticles and they considered the average value of Young’s modulus from the Wil-
liamson-Hall (W-H) method in the USDM model [8]. Furthermore, Khorsand et al. re-
ported the Young’s modulus value of ZnO nanoparticles, considering a sharp peak of X-
ray diffraction of ZnO [9]. In another study, Rabiei et al. presented the USDM model of 
the Young’s modulus value for hydroxyapatite and the Young’s modulus value was con-
sidered an average of diffracted planes [5]. Moreover, Madhavi et al. utilized the USDM 
model of the Young’s modulus value for VO2 doped ZnS/CdS composite nanopowder and 
they calculated the Young’s modulus value derived from average data. Rameshbabu et al. 
submitted the W-H method in the USDM model for calculating stress and strain values of 
hydroxyapatite and they also utilized the average value of Young’s modulus [10]. In all 
research that has utilized the W-H method in the USDM model, the Young’s modulus 
values of the investigated materials are reported as an average value or selected through 
the literature, and reported values are not inclusive of high accuracy. Interestingly, the 
values of the elastic compliance constant of studied materials were also derived from the 
literature, whereas each material has a special elastic compliances constant related to it-
self; therefore, with reference to the literature and utilizing the compliance constant values 
of studies, the accuracy of the report would be decreased. In addition, the W-H method is 
well suited to calculating and estimating the stress and strain of materials [10]. By apply-
ing our method and deploying the results of the W-H method, the stress-strain of a sample 
can be calculated with high accuracy. We have used both DFT calculations and ultrasonic 
measurements to compare and evaluate the validity of the proposed results (details are in 
the Supplementary materials). Overall, the evaluated results and the extracted values of 
this study were in good agreement with the theoretical, experimental and literature val-
ues. 
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2. Methods 
The synthesis route of hydroxyapatite powder is explained completely in part 2 of 

the Support Information (preparation of hydroxyapatite powder). 

2.1. Structural Analyses of Synthesized Hydroxyapatite 
The XRD pattern of synthesized hydroxyapatite powder is shown in Figure 1. The 

XRD pattern exhibits several diffraction peaks, which can be indexed as the hexagonal 
hydroxyapatite. The XRD pattern was evaluated based on X’pert and the pattern was in 
agreement with the standard XRD peaks of hydroxyapatite (ICDD 9-432). Similar obser-
vations were reported in References [11,12]. In addition, crystallographic parameters and 
details of each diffracted plane of hydroxyapatite were evaluated by X’pert and the values 
are tabulated in Tables 1 and S1. 

 
Figure 1. X-ray diffraction pattern of hydroxyapatite synthesized at 950 °C. 

Table 1. Crystallographic parameters of hydroxyapatite structure. 

Crystal 
System 

a 
(Å) 

c 
(Å) 

Cell 
Volume (Å)3 

Crystal 
Density (g/cm3) Space Group 

HCP 9.400 6.930 530.301 3.140 P63/m 

According to Table S1, the values of the distance between planes are calculated by 
Equation (1). In this equation, h, k and l are indices of each plane, and a, c and d are lattice 
parameters and distance of planes, respectively [13]. 1dଶ =  43 ቆhଶ + hk + kଶaଶ ቇ + lଶcଶ (1)

Hydroxyapatite has a hexagonal system with a P63/m space group and has little de-
viation from stoichiometry [14]. Figure 2 shows a sketch of a unit cell of hexagonal hy-
droxyapatite and a cif file of synthesized hydroxyapatite. There are two different situa-
tions of calcium ions and, in total, 18 ions are closely packed to create the hexagonal struc-
ture. At each hexagonal corner, a calcium ion is restricted by 12 calcium ions shared with 
3 hexagons. Void spaces between two hexagons are filled with three phosphate tetrahe-
dral per unit cell. Ions in hydroxyapatite can be interchangeably replaced with biologi-
cally useful ions due to the inherent versatility of this crystal structure and can also be 
referred to as doping. In addition, the substitution of calcium, phosphate and/or hydroxyl 
ions is possible [15]. Notably, the specific feature of hydroxyapatite is related to the OHି 
ions forming inner channels along the c axis. This property plays an important role in its 
mechanical and physical properties [16]. In addition, the Edax analysis of synthesized hy-
droxyapatite is presented in Figures S2. According to the EDX analysis, the value of the 
Ca/P ratio for hydroxyapatite obtained from bovine bone was recorded to be 1.60. In ad-
dition, thermal decomposition of hydroxyapatite into tricalcium phosphate and tetra cal-
cium phosphate was not observed during the sintering, as in References [17,18], so the 
hydroxyapatite was successfully synthesized. 
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Figure 2. Schematic representation of (a) hydroxyapatite unit cell and (b) the hydroxyapatite struc-
ture extracted by cif file. 

2.2. Planar Density of Unit Cell and Super Cells (2 × 2 × 2) of Hydroxyapatite 
According to the resulting list of planes by X-ray diffraction (Figure 1, Table S1), the 

planar density values of each diffracted plane in unit cell and super cells (2 × 2 × 2) of 
hydroxyapatite are calculated in Figures 3, S6 and S7. To calculate the planar density val-
ues, diffracted planes were selected from a low angle to a high angle in tandem. It is worth 
mentioning that the matrix of all super cell lattices was considered to be 2 × 2 × 2. Accord-
ing to the center of atoms, the planar density is calculated by the area of the atoms in the 
plane divided by the total area of that plane [19]. 
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Figure 3. Array and position of the involved atoms such as (a) (020) unit cell, (b) (020) super cell, (c) (111) unit cell, (d) 
(111) super cell, (e) (002) unit cell, (f) (002) super cell, (g) (102) unit cell and (h) (102) super cell (the calculations are in the 
Supplementary materials). 

2.3. Elastic Stiffness Constant and Elastic Compliance of Hydroxyapatite 
Hooke’s law is shown in Equation (2); the stress corresponds to the strain for small 

displacements. It is the basic form, that this symmetry can be converted to the six items of 
stress (σ) and strain (ε) [20]. 

⎝⎜⎜
⎛ ஢౮౮஢౯౯σ୸୸σ୷୸σ୸୶σ୶୷⎠⎟⎟

⎞
=⎝⎜

⎛ ୡభభୡమభcଷଵcସଵcହଵc଺ଵ

ୡభమୡమమcଷଶcସଶcହଶc଺ଶ

ୡభయୡమయcଷଷcସଷcହଷc଺ଷ

ୡభరୡమరcଷସcସସcହସc଺ସ

ୡభఱୡమఱcଷହcସହcହହc଺ହ

ୡభలୡమలcଷ଺cସ଺cହ଺c଺଺⎠⎟
⎞

=⎝⎜⎜
⎛ க౮౮க౯౯ε୸୸ε୷୸ε୸୶ε୶୷⎠⎟⎟

⎞
 (2)

Additionally, Hooke’s law can be written (Equation (3)): σ୶୶ =  Cଵଵε୶୶ + Cଵଶε୷୷ + Cଵଷε୸୸ + Cଵସε୷୸ + Cଵହε୸୶ + Cଵ଺ε୶୷ σ୷୷ =  Cଶଵε୶୶ + Cଶଶε୷୷ + Cଶଷε୸୸ + Cଶସε୷୸ + Cଶହε୸୶ + Cଶ଺ε୶୷ σ୸୸ =  Cଷଵε୶୶ + Cଷଶε୷୷ + Cଷଷε୸୸ + Cଷସε୷୸ + Cଷହε୸୶ + Cଷ଺ε୶୷ σ୷୸ =  Cସଵε୶୶ + Cସଶε୷୷ + Cସଷε୸୸ + Cସସε୷୸ + Cସହε୸୶+ Cସ଺ε୶୷ σ୸୶ =  Cହଵε୶୶ + Cହଶε୷୷ + Cହଷε୸୸ + Cହସε୷୸ + Cହହε୸୶ + Cହ଺ε୶୷ σ୶୷ =  C଺ଵε୶୶ + C଺ଶε୷୷ + C଺ଷε୸୸ + C଺ସε୷୸ + C଺ହε୸୶ + C଺଺ε୶୷. 

(3)
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The elastic stiffness determines the response of crystal to an externally applied stress 
or strain and provides information about bonding characteristics and mechanical and 
structural stability [21]. The hydroxyapatite system has five elastic constants (Equation 
(4)). Therefore, the values of five independent Cij, can be named C11, C12, C13, C33, C44. 

Hydroxyapatite matrixተ
ተCଵଵ Cଵଶ Cଵଷ 0 0 0Cଵଶ Cଵଵ Cଵଷ 0 0 0Cଵଷ Cଵଷ Cଷଷ 0 0 00 0 0 Cସସ 0 00 0 0 0 Cସସ 00 0 0 0 0 ଵଶ (Cଵଵ − Cଵଶ)ተ

ተ
 (4)

The crystallographic nature of the hexagonal structure is shown in Figure S3. Fur-
thermore, for conventional hexagonal systems, such as hydroxyapatite, the relationship     
between C୧୨ and S୧୨ is introduced in Equations (5–9) [22,23].  Sଵଵ = 12 ൬ CଷଷCଷଷ(Cଵଵ + Cଵଶ) − 2(Cଵଷ)ଶ + 1Cଵଵ − Cଵଶ൰ (5)Sଵଶ = ଵଶ ቀ େయయେయయ(େభభାେభమ)ିଶ(େభయ)మ − ଵେభభିେభమቁ  (6)Sଷଷ = Cଵଵ + CଵଶCଷଷ(Cଵଵ + Cଵଶ) − 2(Cଵଷ)ଶ  (7)

    Sଵଷ = − CଵଷCଷଷ(Cଵଵ + Cଵଶ) − 2(Cଵଷ)ଶ (8)

      Sସସ = 1Cସସ  (9)

According to the Equations (5–9), to obtain S values C values are needed. We have 
used two approaches to obtain C values: First, theoretical calculations were performed via 
the CASTEP model of materials studio software version 6.0 in the GGA level of theory 
with a PBE basis set (Figure S4). The second approach is based on ultrasonic measure-
ments (Table S2). The complete set of five elastic stiffness constant values (C11, C12, C13, C33 
and C44) of the samples was found from ultrasonic measurements of the phase velocity 
anisotropy. The stiffness constant values were recorded by utilizing Equations (10–15). In 
these equations, ρ  and V are density of sample and velocity, respectively [24],[25], 
[26],[27],[28]. 

C11 = ρVଵ ଵൗଶ , C22 = ρVଶ ଶൗଶ   (10)

C66 = ρVଵ ଶൗଶ = ρVଶ ଵൗଶ , C55 = ρVଵ ଷൗଶ = ρVଷ ଵൗଶ   (11)

C12 = ට(Cଵଵ + C଺଺ − 2ρVଵଶ ଵଶൗଶ )(Cଶଶ + C଺଺ − 2ρVଵଶ ଵଶൗଶ )  − C଺଺  (12)

C44 = ρVଶ ଷൗଶ = ρVଷ ଶൗଶ  (13)

C13 = ට(Cଵଵ + Cହହ − 2ρVଵଷ ଵଷൗଶ )(Cଷଷ + Cହହ − 2ρVଵଷ ଵଷൗଶ )  − Cହହ  (14)

C33 = ρVଷ ଷൗଶ  (15)

For measuring the velocities, the standard ultrasonic pulse-echo ASTM E797/E797-
M-15 was accomplished according to Reference [26]. In this study, the immersion proce-
dure via water between probe and sample was utilized and the effect of pressure derived 
from a hand placed into the probe was decreased. In addition, the longitudinal frequency 
probe was 5.4 MHz, and to decrease the extension and depreciation of waves, especially 
the more energetic waves, a lens with a specific curvature was utilized according to the 
standard of Reference [28]. To measure the value of C66, a high amplitude of curve was 
carried out; therefore, changing the rotation angles was useful. To create the transverse 
waves, a probe of 2.3 MHz and a high viscos interface material (honey) were used and 
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finally the pressure on the sample was adjusted by obtaining the better and smoother 
curve [29]. Taking into account each point of the samples, a three-dimensional axis, such 
as X1, X2 and X3, can be performed. In this case, according to Figure S5, X1 is the radial 
coordinate, X2 is the circumferential coordinate and X3 is the axial coordinate. V୧/୨ is the 
denoted velocity of an ultrasound wave that can be propagated in the Xi direction with 
particle displacements in the Xj direction simultaneously. V୧/୨, with the same i and j, is 
longitudinal and with i ≠ j being transverse waves. For measuring quasi-longitudinal or 
quasi-transverse velocity (Vij/ij), specimens should be cut (bezel) on the edges toward sur-
faces of perpendicular X directions (Figure S5). The obtained values of velocities are 
shown in Table S2. On the other hand, Cଵଵ is in good agreement with the longitudinal 
distortion and longitudinal compression/tension; thus, Cଵଵ can be introduced as the hard-
ness. Moreover, the transverse distortion depends on the Cଵଶ, and Cଵଶ comes from the 
transverse expansion related to the Poisson’s ratio. Additionally, Cସସ corresponds to the 
shear modulus, and Cସସ is in the settlement with Cଵଵ and Cଵଶ [22,30]. Accordingly, the 
shear modulus is proportional to the Burgers vector and the Young’s modulus; in addi-
tion, dislocation density is in agreement with the Young’s modulus [31,32]. 

In the ultrasonic method, longitudinal and transverse waves were utilized for meas-
uring the Young’s modulus value [33,34]. According to this method (Equation (16)), based 
on the velocity of ultrasound waves and density of sample, the Young’s modulus value 
was determined. 

E = 
஡ୡమౢ[ଷ(ౙౢౙ౪)మିସ](ౙౢౙ౪)మିଵ  (16)

In Equation (16), ρ, c୪ and c୲ are density, velocity of longitudinal and transverse 
ultrasound waves tandemly. Furthermore, according to Equation (17), the velocity of lon-
gitudinal and transverse waves can be registered by determining the length of specimen 
and the differences between two echoes (t = t2−t1) in the signals [35]. 

c = ଶ୐୲  (17)

Here, L is the length of the sample and t is the difference between two echoes, and 
the density of the sample can be detected by measuring the mass and volume of the sam-
ple [36]. Additionally, with the substitution of Equations (16) and (17), the main equation 
for the calculation of Young’s modulus is Equation (18). 

E = 
ସ஡ቀ౪ై౩ቁమ(ଷ୲౩మିସ୲మౢ)୲౩మି୲మౢ  (18)tୱ and t୪ are differences between two echoes in longitudinal and transverse waves 

separately [37]. The results of the theoretical calculation, and the experimental measure-
ments of elastic stiffness constant values of hydroxyapatite (from the literature and this 
study), are shown in Table 2. In addition, taking into account Equations (10–15), the elas-
tic compliance values of this study were calculated and are recorded in Table 3. As a re-
sult, the theoretical values were in good agreement with the theoretical values extracted 
by References [38,39]. The replicated values (five times) for measuring the time of trans-
verse and longitudinal waves of the samples are presented in Table 4. 
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Table 2. Theoretical and experimental values of the Elastic constant of hydroxyapatite. 

Stiffness 
Constant (C), 

(Gpa) 

Theory. 
From Ref [40] 
 (Ching et al) 

Theory. 
From Ref [41] 
(Leeuw et al) 

Experiment. From Ref 
[42]  

(Katz et al) 

Theory. 
This Study 

Experiment. 
This Study Cଵଵ 140.00 134.40 137.00 139.58 135.78 Cଵଶ 42.40 48.90 42.50 48.03 49.21 Cଵଷ 58.30 68.50 54.90 61.22 56.62 Cଷଷ 174.80 184.70 172.00 181.08 179.22 Cସସ 47.50 51.40 39.60 50.93 41.73 

Table 3. Theoretical and experimental values of the Elastic compliance of hydroxyapatite. 
Compliance 
Constant (S), 

(Gpa) 

Theory. 
(Ching et al) 

Theory. 
(Leeuw et al) 

Experiment.  
(Katz et al) 

Theory. 
This Study 

Experiment. 
This Study Sଵଵ 0.008607002 0.009621806 0.008752330 0.008881114 0.009126549 Sଵଶ −0.001638900 −0.002074100 −0.001829681 −0.002041879 −0.002424797 Sଵଷ −0.002324030 −0.002799231 −0.002209613 −0.002312227 −0.002117248 Sଷଷ 0.007271063 0.007490496 0.007224509 0.007085868 0.006917516 Sସସ 0.021052632 0.019455253 0.025252525 0.019634793 0.023963575 

2.4. The Young’s Modulus versus Planar Density of Unit Cell and Super Cells ( 2× 2 × 2) of 
Hydroxyapatite 

X-ray diffraction has provided data on diffracted planes and the location of atoms in 
each plane. In the previous section, the planar density of each diffracted plane was calcu-
lated and it could play an important role in the mechanical properties of each plane. The 
Young’s modulus of each plane (Ehkl) of a hydroxyapatite lattice can be calculated as Equa-
tion (19) [5,43]. In this equation, h, k and l are the plane indices, a and c are the lattice 
parameters, C and S are the elastic stiffness constant and elastic compliance, respectively. 
The values of Young’s modulus of 32 diffracted planes of hydroxyapatite in unit cells and 
super cells (2 × 2 × 2),E(୦భ୩భ୪భ) , E(୦మ୩మ୪మ) , E(୦య୩య୪య) … … … … . , E(୦యమ୩యమ୪యమ),related to the litera-
ture and the present study, are reported in Table S3. 

E୦୩୪= ቈ୦మା(౞శమౡ)మయ ାቀ౗ౙౢ ቁమ቉మ
ୗభభ൬୦మା(౞శమౡ)మయ ൰మାୗయయቀ౗ౙౢ ቁరା(ଶୗభయାୗరర)൬୦మା(౞శమౡ)మయ ൰ቀ౗ౙౢ ቁమ)  (19)

By using the least squares method between the Young’s modulus and the planar den-
sity of diffracted planes (based on our proposed method), the Young’s modulus value of 
hydroxyapatite was determined with high precision. Consequently, the calculation of C 
and S parameters for crystalline materials is essential for the application of this method. 
To show the feasibility and accuracy of our proposed method for determining the Young’s 
modulus, the values of Young’s modulus of each plane versus the planar density of the 
unit cell and supercells (2 × 2 × 2) are depicted in Figure 4. The Young’s modulus values 
(intercept) of the unit cell and super cells (2 × 2 × 2) of hydroxyapatite, obtained from the 
least squares method, are tabulated in Table 5. 
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Figure 4. Young’s modulus of each plane (a) unit-cell (b) super cells (2 × 2 × 2) of hydroxyapatite 
extracted by XRD patterns and planar density. 

According to the uncertainty measurement (the measurements were replicated five 
times (Table 4)) and Equation (18), the Young’s modulus value gained 113.08 ± 0.14 GPa 
by ultrasonic measurement. This value is in good agreement with the reported values of 
our study in Table 5. In this study, the difference between theory and experiment values 
for both unit cell and super cells (2 × 2 × 2) are identical. This difference for unit cell and 
super cells (2 × 2 × 2) are 10.47 GPa and 10.57 GPa, respectively. This means that the theo-
retical calculation is valid and, by reducing it by about ~10 GPa, the experimental values 
can be obtained. 

Table 4. Resulted values of time for transverse and longitudinal waves of samples. 

Number of Measurement 𝐭𝐬 (µs) 𝐭𝐥 (µs) L (mm) 
1 6.26 2.52 11.59 
2 6.27 2.50 11.61 
3 6.26 2.51 11.59 
4 6.25 2.53 11.57 
5 6.24 2.54 11.55 

Table 5. Young’s modulus values of unit cell and super cell lattices of hydroxyapatite. 

Study 

Young Modulus (E), (Gpa) 
in This Method (Intercept Value) 

Unit Cell 
Super Cells (2 × 2 × 

2) 
Theory. (Ching et al) 118.43 127.51 
Theory. (Leeuw et al) 113.94 128.91 

Experiment. (Katz et al) 109.54 117.52 
Theory. (This Study) 118.62 131.74 

Experiment. (This Study) 108.15 121.17 
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3. Result and Discussion 
3.1. Positive and Negative Slope Values of Unit Cell and Super Cells (2 × 2 × 2) 

The difference of Young’s modulus values in the unit cell and super cells (2 × 2 × 2) 
is attributed to the locations of atoms. The calculated slope is a negative value in super 
cells (2 × 2 × 2). In the first aspect, it is clear that the slope is dependent on the planar 
density of diffracted planes, so the fitting based on the planar density of super cells with 
a matrix of eight unit cells could submit a better result of intercept [35]. It is because eight 
cells besides each other are completed and have more symmetry than two cells (Figure 
S8) [35]. In the second aspect, the reason for the positive slope in the unit cell and the 
negative slope in the super cells (2 × 2 × 2) is related to the defects (imperfections) includ-
ing point defects (vacancies, substitutional and interstitials), line defects (screw and edge 
dislocation), surface defects (grain boundaries) and volume defects (lack of order of atoms 
due to amorphous region in a very tiny area). The effect of these imperfections is more 
effective in super cells (2 × 2 × 2), while the unit cell is more ideal and less affected by these 
imperfections. This means that when the density of atoms in planes is increased, lower 
forces for dislocation motion are required and the strength will be decreased and, conse-
quently, in super cells (2 × 2 × 2) the slope is negative. In the case of super cells, when the 
number of atoms is increased, by the increase of planar density, the effect of dislocation 
motion is increased; the strength and Young’s modulus will be decreased so the slope is 
negative. The intercept of the fitting line is a value of Young’s modulus, which can show 
the Young’s modulus of the plane with zero planar density as a plane without any specific 
atom. Therefore, a discussion of defects and imperfections cannot be considered for such 
a plane without an atom at the origin and so, in this case, the Young’s modulus value of 
the unit cell is less than that of the super cells (2 × 2 × 2) and consequently the plane with-
out an atom is more realistic in a smaller area of a unit cell than in a wider area of the 
super cells. This means that the intercept in a unit cell is closer to the real values of the 
Young’s modulus. As mentioned above, the planar density depends on the array and po-
sition of atoms into the plane and the situation of the planes. For illustration, according to 
Figure 4-b, the planar density of (210) > (510) > (102) > (023) > (043), because sequencing of 
the planes is not related to the diffraction (XRD), but it depends on the planar density 
values. With this method, it can be possible to consider two or more planes with similar 
planar density values; for example, in super cells (2 × 2 × 2), planar density values of (040) 
and (331) are equal to 0.250. The control of the displacement and deformation process of 
the atoms in the planes are associated with the dislocation networks. The work or energy 
(W) for the movement of the atoms in each plane corresponds to Equation (20) [44,45]. 

W = Gb2l (20)

In this equation, G, b and l are shear modulus, Burgers vector and dislocation length, 
respectively. In addition, by merging Equations (20) and (21), Equation (22) can be regis-
tered. In Equations (21) and (22), E and ν are Young’s modulus and Poisson’s ratio tan-
demly. 

G = ୉ଶ(ଵା஝) (21)

W = ୉ଶ(ଵା஝) b2l (22)

There are several studies on the properties of hydroxyapatite, especially with regard 
to biocompatibility and bioactivity, and these properties are dependent on the identifica-
tion and  recognition of hydroxyapatite structures [46,47] For example, when atoms are 
widely spaced, such as corner atoms (Ca) in (111) super cells (2 × 2 × 2), atoms require 
higher values of applied force for approaching, so knowledge on the planes of hydroxy-
apatite structure can be helpful for doping metals, polymers and other ceramics, for aims 
such as the controlled release of protein and also the fabrication of bioactive monolithic 
fragments in the biomaterials industry [48,49]. In addition, the hydroxyl ion is in the center 
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of each unit cell. The hydroxyl group in the center of the hydroxyapatite lattice is sur-
rounded by three calcium ions per hexagon, forming a ring (six calcium ions). A chord is 
formed by the structure, as these rings are responsible for many properties of hydroxyap-
atite, especially the biocompatibility and the position of the hydroxyl group in the planes 
have considerable importance for doping mechanisms [15,50]. 

3.2. Williamson-Hall Method in USDM Model 
The W-H method has been used for determining different elastic properties. The best 

procedure is to mathematically reduce the errors and obtain the values of the Young’s 
modulus by all the diffracted peaks, using the least squares method. The W-H method is 
a simplified integral expanse and, taking into account the peak width, strain-induced 
broadening is specified [51]. Taking into account the W-H method in the USDM 
model, Young’s modulus values are examined. It is clear that in Equation (23) and Figure 
5, the term of ସୱ୧୬஘୉౞ౡౢ  is along the X-axis and the term of β୦୩୪. cosθ is along the Y-axis indi-
vidually. β୦୩୪.cosϴ = (୏஛୐ ) + 4σ ୱ୧୬ϴ୉౞ౡౢ (23)

Here, β୦୩୪ is the broadening peak from (hkl) plane and, in this study, the instrumen-
tal broadening is taken as 0.02 degree for each diffracted peak and is subtracted from β୦୩୪ 
values before multiplying to ஠ଵ଼଴ to convert the degree to radian. In this model, the condi-
tion is performed to calculate the strain and the average Young’s modulus. The average E 
value has been calculated in the research and studies on using the W-H method, but it is 
subject to errors, because if the average values of the Young’s modulus are considered 
(through Equation (19)), the final value would be far from the standard value of Young’s 
modulus in each peak extracted by X-ray diffraction. In addition, in some studies the 
Young’s modulus value is considered a value that is listed in the literature but is not as-
sociated with the prepared materials. As an illustration, based on the study in Reference 
[10], which refers to the use of the W-H method to calculate the crystal size and Scherrer 
analysis of hydroxyapatite, the average value of Young’s modulus has a larger deviation 
than the actual value of the Young’s modulus of hydroxyapatite. The line broadening of 
the diffracted peak is extracted with Crystal Diffract 6.7.2.300 software. According to Fig-
ure 5, the slope values are associated with the stress (σ). The values obtained were posi-
tive, and the positive values of intrinsic strain and stress can prove the tensile stress and 
strain, and if the values were negative, they are associated with compressive stress and 
strain. Additionally, the resulting values of stress (σ) and strain (ε) by utilizing the W-H 
method in the USDM model are shown in Table 6. The value of σ is in good agreement 
with the values obtained from Reference [52]. 

 
Figure 5. W-H in USDM model and plot of unit cell and super cells (2 × 2 × 2) of hydroxyapatite. 
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Table 6. Mechanical properties values of unit cell and super cells (2 × 2 × 2) of hydroxyapatite. 

Mechanical Properties 

Structure 
𝛔 

(GPa) 𝛆 𝐄𝐚 

(GPa) 
Unit cell 0.07413 0.00068 108.15 

Super cells (2×2×2) 0.08305 0.00068 121.17 
a: Experiments of Young’s modulus values (This Study) 

4. Conclusions 
In this study, crystal of hydroxyapatite was successfully synthesized with the ther-

mal treatment process. Moreover, the position of atoms and extracted planar density val-
ues of each diffracted plane (32 planes) of hydroxyapatite were determined and calculated 
for the first time. In addition, a new method based on the relationship between the meas-
urement of elastic modulus and atomic planar density of crystalline hydroxyapatite, con-
sisting of a unit cell and super cells (2 × 2 × 2), was fully presented. According to the 
method of this study, the slope of modules of elasticity against planar density in super 
cells (2 × 2 × 2) was negative; the reason was related to imperfections, and this means that 
when the density of atoms in the planes is increased, lower forces are required for the 
dislocation motion. As a result, a plane without an atom is more realistic in a smaller area 
of the unit cell than a larger area of the super cells (2 × 2 × 2), and this means that the 
intercept of the unit cell is closer to the real values of the Young’s modulus in the hydrox-
yapatite lattice. Moreover, a comparison of theoretical and experimental data of the 
Young’s modulus of hydroxyapatite showed that there is a small difference between the 
values for both unit cell and super cells (2 × 2 × 2), namely 10.47 GPa and 10.57 GPa, re-
spectively; this means that the theoretical calculation is valid and, by decreasing by about 
10 GPa, the experimental value can be obtained. Furthermore, the Young’s modulus val-
ues of hydroxyapatite in the unit cell and super cells (2 × 2 × 2) were achieved at 108.15 
and 121.17 GPa tandemly. Finally, one of the applications of the presented method was 
carried out in this study and the Williamson-Hall method in the USDM model can be used 
to minimize the errors in the least squares method and to obtain the correct elastic modu-
lus of hydroxyapatite, which is much more accurate than the average value. 

Supplementary Materials: The following are available online at www.mdpi.com/xxx/s1, Figure S1: 
Images of production route of hydroxyapatite obtained from cow bones, Table S1: Crystallographic 
parameters of XRD pattern related to the natural hydroxyapatite obtained from cow bones, Figure 
S2: EDX spectrum and stoichiometric composition of hydroxyapatite obtained from cow bones, Fig-
ure S3: (a) Raw hexagonal structure, (b) fundamental axis, (c) principal crystallographic directions 
and (d) between the orthogonal axes and crystallographic directions, Figure S4: Transfer of hydrox-
yapatite unite cell in P63/m to P63 space group, Figure S5: Schematic of a design of cutted samples, 
Table S2: The values of Longitudinal and Transvers velocity of samples, Figure S6: Geometry and 
the situation of involved atoms in diffracted planes related to the unit-cell of hydroxyapatite (a) 210, 
(b) 211, (c) 112, (d) 300, (e) 202, (f) (301), (g) (130), (h) (310), (i) (032), (j) (040), (k) (023), (l) (222), (m) 
(320), (n) (230), (o) (213), (p) (321), (q) (042), (r) (033), (s) (004), (t) (050), (u) (501), (v) (331), (w) (043), 
(x) (124), (y) (510), (z) (511), (a1) (332) and (b1) (143), Figure S7: Geometry and the situation of in-
volved atoms in diffracted planes related to the super-cell of hydroxyapatite (a) 210, (b) 211, (c) 112, 
(d) 300, (e) 202, (f) (301), (g) (130), (h) (310), (i) (032), (j) (040), (k) (023), (l) (222), (m) (320), (n) (230), 
(o) (213), (p) (321), (q) (042), (r) (033), (s) (004), (t) (050), (u) (501), (v) (331), (w) (043), (x) (124), (y) 
(510), (z) (511), (a1) (332) and (b1) (143), Table S3: Young’s modulus values of hydroxyapatite related 
to the literatures and present study, Figure S8: (a) The un-symmetry of two unit cells and (b) sym-
metry of eight unit cells of hydroxyapatite 
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