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ABSTRACT
While the anomalous non-additive size-dependencies of static dipole polarizabilities and van der Waals C6 dispersion coefficients of carbon
fullerenes are well established, the widespread reported scalings for the latter (ranging from N2.2 to N2.8) call for a comprehensive first-
principles investigation. With a highly efficient implementation of the linear complex polarization propagator, we have performed Hartree–
Fock and Kohn–Sham density functional theory calculations of the frequency-dependent polarizabilities for fullerenes consisting of up to
540 carbon atoms. Our results for the static polarizabilities and C6 coefficients show scalings of N1.2 and N2.2, respectively, thereby deviating
significantly from the previously reported values obtained with the use of semi-classical/empirical methods. Arguably, our reported values are
the most accurate to date as they represent the first ab initio or first-principles treatment of fullerenes up to a convincing system size.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0040009., s

I. INTRODUCTION

Ever since its most prominent member C60 was first charac-
terized in 1985,1 the remarkable family of carbon fullerenes has
gained increasing interest among both the experimental and the-
oretical communities.2–4 Located in the realm between molecular
and nanostructural materials, the properties of fullerenes vary with
size, shape, and structure, making them appealing for a wide range
of nanotechnological applications such as sensing, photovoltaics,
and electronics. Dedicated to the functionalization of fullerenes, the
emerged sub-field of fullerene chemistry enhances their potential
and increases the scope of applications even further.5–8

The cage-like structure with all sp2-hybridized carbon atoms
located at the surface leads to delocalized π-electron densities
with significant curvature effects, in particular, for fullerenes with
smaller diameter. Due to their closed structure, the attractive inter-
action between neutral fullerene pairs is dominated by dispersive
long-range contributions.9,10 At large intermolecular separation dis-
tances R where charge density overlaps are negligible but retarda-
tion effects are not yet coming into play, i.e., the van der Waals
(vdW) region, the interaction energy exhibits an R−6 dependence,
as expressed by the C6 dispersion coefficient. As introduced by
Casimir and Polder,11 the interaction potential for two polarizable
systems connects the C6 coefficients to the associated electric-dipole
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polarizabilities, which are the subject of previous experimental and
theoretical studies.12–17

An efficient first-principles computational scheme to obtain
dispersion coefficients has been established using the linear com-
plex polarization propagator (CPP) method,18–20 where the molec-
ular polarizabilities entering into the Casimir–Polder integral are
directly evaluated on the imaginary frequency axis. Application of
this procedure to a set of carbon fullerenes ranging from C60 to
C84 revealed anomalous size-dependencies and scalings with respect
to the number of carbon atoms N. For the static polarizabilities
and C6 coefficients, scalings were found to be equal to N1.2 and
N2.2, respectively, at the level of density functional theory (DFT)
in conjunction with the B3LYP functional.21 These results deviate
from the prediction made from a classical model using a spherical-
shell approximation, obtaining a scaling of N2.75 for the van der
Waals coefficients.22 Later, an extension of the scope of the inves-
tigated carbon fullerenes was made as to include up to a size of
720 atoms. For computational reasons, this study was forced to
use an atomistic electrodynamics model based on the capacitance–
polarizability interaction (CPI), and it resulted in scaling exponents
of 1.46 and 2.8.17 Agreement with the classical model was in this
case found to be close, but the accuracy of the CPI model was dif-
ficult to assess. The fact that quantum size effects play an impor-
tant role in nanoscale materials is widely accepted and previously
reported,23–26 so it is arguably worthwhile to revisit the study of the
property-to-size scalings of fullerenes but at a first-principles level of
theory.

Theoretical and methodological developments and hardware
advancements at the high-performance computing (HPC) cen-
ters enable new applications in theoretical chemistry. Recently,
we have launched the VeloxChem project aimed at the develop-
ment of a modern, object-oriented, Python/C++ software for DFT
modeling of spectroscopic properties on contemporary and future
HPC platforms.27 Key components for this study are the highly
efficient hybrid OpenMP/MPI parallel Fock-matrix construction
and an efficient multi-frequency linear CPP equation solver.28,29

In the present work, we have further improved the solver algo-
rithm/implementation so that the storage of reduced-space vec-
tors and the associated vector–vector operations are carried out
across the available cluster nodes, enabling linear-response calcula-
tions to be performed on large-scale systems as several terabytes of
distributed memory are easily accessible.

As a demonstration of the capability of this software, we extend
the scope of systems to be treated with the CPP method by perform-
ing calculations of static polarizabilities and C6 dispersion coeffi-
cients for carbon fullerenes up to C540. We first validate our com-
putational procedure by comparing our results for smaller systems
to available experimental and theoretical benchmark values. After
affirmation of the integrity of the applied approach, we establish ref-
erence data for the scalings of these properties with respect to system
size.

II. METHODOLOGY
The long-range isotropic average interaction energy between

two separated systems A and B is given by the Casimir–Polder
potential,11 which, neglecting retardation effects, simplifies to

ΔE = −C6

R6 , (1)

where R is the distance between the systems and C6 is the dipole–
dipole dispersion coefficient. The latter can be expressed by means
of dipole polarizabilities ᾱ,

C6 =
3h̵
π ∫

∞

0
ᾱA(iωI)ᾱB(iωI)dωI . (2)

More specifically, ᾱA(iωI) refers to the orientation-averaged dipole
polarizability of system A at an imaginary frequency iωI .

With the polarizability being the first-order response of the
molecular dipole moment to an external electric field, its response
function for an incident frequency ω may be written in terms of
a sum-over-state (SOS) expression, which can be evaluated at any
general complex-frequency argument ω = ωR + iωI by means of
the polarization propagator approach30 and its extension to the
complex-frequency domain (CPP).19

While the spectral representation is valid for exact states, the
application to approximate state methods leads to matrix equations
instead. In the framework of single determinant Hartree–Fock (HF)
or Kohn–Sham DFT approximations, the linear-response func-
tions for purely imaginary frequency arguments take the following
form:31

⟨⟨A;B⟩⟩ω = −A
[1]†[E[2] − ih̵ωIS[2]]

−1
B[1], (3)

where E[2] and S[2] are the so-called Hessian and metric matri-
ces, respectively, and A[1] and B[1] are the property gradients cor-
responding to the components of the linear polarizability. The
computational effort to perform explicit inversion of the involved
matrix expressions exceeds feasibility/practicality even for rather
small systems due to their large dimension. The response func-
tions are instead evaluated via an iterative subspace algorithm
using symmetrized trial vectors,28 in which solving the matrix
equation

⎛
⎝
E[2] ωIS[2]

ωIS[2] −E[2]
⎞
⎠
⎛
⎝
XR
u

XI
g

⎞
⎠
=
⎛
⎝
GR

u

0

⎞
⎠

(4)

for the complex response vector X = XR + iXI is central. The given
equation results as a reduction in a more general form involving a
4× 4 matrix, making use of the facts that the dipole gradient is purely
real and of ungerade symmetry by its nature and only imaginary
frequencies are considered in the case of α(iωI).

An efficient hybrid OpenMP/MPI implementation of this
algorithm enabling parallel handling of multiple frequencies and
gradients in a common reduced space including the evaluation of
the entire set of two-electron integrals in every iteration has been
reported recently.27 Additional improvements of the implementa-
tion address the storage and distribution of the reduced-space vec-
tors. Arrangement of those column vectors in matrices, which are
then distributed row-wise, enables the necessary algebraic opera-
tions of the vectors to be carried out in a parallel manner over the
available computational nodes while making use of the entirety of
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cluster-aggregated memory. Inter-nodal data communication was
thereby observed to account for less than 0.1% of the total computa-
tion time spent in the solver routine.

The C6 dispersion coefficients were obtained by approximat-
ing the integral in Eq. (2) using a Gauss–Legendre quadrature after
substituting the integration variables according to

iωI = iω0
1 − t
1 + t

, dωI = −2ω0dt
(1 + t)2 , (5)

where a transformation factor of ω0 = 0.3 a.u. was used.32

The CPP approach has been used to determine dispersion
coefficients for noble gases and n-alkanes,18 polyacenes,33 sodium
clusters,34 and fullerenes up to a system size of 84 carbon atoms.21

III. COMPUTATIONAL DETAILS
The geometries were taken from the fullerene structure library

created by Yoshida35 and optimized with the approximate normal
coordinate rational function optimization (ANCOPT) scheme based
on the semi-empirical density functional tight-binding (DFTB)36

method. The geometry optimizations were carried out using the
xtb program (version 6.2.3) employing the GFN2-xTB parameter-
ization.37

The molecular properties were calculated at the Hartree–Fock
and DFT levels of theory. For the latter, the B3LYP38 functional was
used as well as the local density approximation (LDA).

The augmented def2-SVPD basis set39 optimized with respect
to atomic static polarizabilities was applied for all property cal-
culations carried out in this work. The contraction scheme
[8s4p2d|4s2p2d] is applied to carbon atoms in the def2-SVPD basis
set, resulting in a total of 1200 to 10 800 contracted basis functions
for the investigated fullerenes.

The threshold for the relative residual norm used to solve the
response equations was 10−3. Compared to a threshold of 10−4, the
static polarizability of C60 changed insignificantly (4.7 × 10−5 a.u.).
A seven-point Gauss–Legendre integration scheme was employed
to evaluate the Casimir–Polder integral for the C6 dispersion coef-
ficients since it was found to yield the C6 coefficient for C60 with
four-digit accuracy compared to a 12-point integration scheme.

All property calculations have been carried out with the Velox-
Chem program (modified version 1.0).27

IV. RESULTS AND DISCUSSION
A. Computational protocol assessment

The foundation of the property calculations carried out in
this work is formed by the molecular geometries. Therefore, their
accuracy had to be assessed by means of a comparison with both
experimental data and theoretical approaches used in other studies.
Table I contains average bond lengths obtained from calculations
and experiments. Although conventional DFT calculations are evi-
dently in better agreement with the experimentally obtained values
for C60, the small deviations of the DFTB optimized geometries of
around 0.01 Å are still acceptable. Notably, both DFT and DFTB

TABLE I. Average bond lengths of geometries obtained from experiments and
different theoretical methods for C60 (Ih) and C70 (D5h). Values are given in angstrom.

Bond type DFT (B3LYP) DFTB Expt.41,42

C60 6/6a 1.398 1.389 1.398
5/6a 1.456 1.444 1.455

C70 1 1.472 1.451 1.538b

2 1.423 1.411 1.405
3 1.437 1.424 1.425
4 1.451 1.439 1.468
5 1.391 1.382 1.386
6 1.450 1.438 1.453
7 1.399 1.390 1.388
8 1.454 1.441 1.461

aThe two different bond types in C60 denote edges between a five- or six-membered ring
and a six-membered ring, respectively.
bExperimental values for the equatorial bond distances in C70 differ significantly for
various spectroscopic methods.42

approaches appear to describe the structure of C70 equally well, dif-
fering for every type of bond (Fig. 1). Our need for a method appli-
cable to large systems—supported by the reported deployment of
the tight-binding DFT scheme to the calculation of geometries and
13C-NMR shielding constants of carbon fullerenes40—prompted us
to employ the DFTB method for all geometry optimizations in this
study.

Although the Sadlej basis set43 has been shown to accu-
rately describe polarizabilities of carbon fullerenes,21 the smaller
def2-SVPD basis set was used after the evaluation for the prop-
erty calculations in order to reduce the computational cost. The
static polarizabilities of C60 for both basis sets deviate by 1.1%
and 0.9% for the HF and B3LYP level of theory, respectively.
For C70, the values differ by 1.0% and 0.8% for the same meth-
ods. A comparison with the experimentally obtained dipole polar-
izabilities and theoretical benchmark values (Table II) confirms
that the basis sets perform similarly. Existing experimental values
obtained by deflectometry methods are accompanied by rather large

FIG. 1. Assignment of the eight distinguishable bonds in C70.
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TABLE II. Static polarizabilities for C60 and C70 obtained from different computational
approaches and experiments. Values are given in atomic units.

def2-SVPD Sadlej

HF B3LYP HF B3LYP Theory Experiment

C60 520.3 538.0 526.1 543.1 555.347 ,a 589.8 ± 2013

559.646 ,b 516 ± 5312

558.645 ,c 600 ± 4044

C70 639.6 665.6 645.9 671.0 718.0 ± 913

688 ± 9448

732 ± 5544

aLR-CCSD.
bRICC2.
cDOSD.

statistical and systematic uncertainties,12,44 which was recently
reduced significantly by Fein et al.13 for both C60 and C70. Addi-
tionally, these measurements include vibrational contributions not
accounted for in our calculations, hampering a direct comparison
of the values. Accurate theoretically calculated values were obtained
using dipole oscillator strength distribution (DOSD)45 and the
approximated coupled cluster singles and doubles model RICC2.46

Another ab initio value for the polarizability was calculated with
the linear-response formalism of the coupled cluster singles dou-
bles (LR-CCSD) method,47 all providing reliable benchmark values
in the range of 555.3–559.6 a.u. These values are underestimated
by the CPP approach applied herein by 6%–7% and 3%–4% for the
def2-SVPD basis set at the HF and B3LYP levels of theory, which
has to be compared with the slightly smaller deviation of 5%–6%
and 2%–3% found for the Sadlej basis set. We consider the results
for both basis sets to be in very good agreement with the theoretical
benchmark.

As the next larger stable carbon fullerene, C70 and its prop-
erties were experimentally addressed extensively. In line with the
values for C60, the results found for the static polarizability in var-
ious deflectometry studies are afflicted with large uncertainties.44,48

Although a higher accuracy was achieved in more recent experi-
ments,13 a direct comparison with our calculated results is left out for
the reasons mentioned above. A calculated benchmark value using
methods at a sufficiently high level of theory is not known until this
point. While the lack of a highly accurate value does not allow us
to compare our results for C70 directly, an indirect assessment can
be done considering the ratio of the polarizabilities of C70 and C60,
which has been measured experimentally with the benefit of hav-
ing much smaller uncertainties than the individual polarizabilities
themselves. The measured ratios of 1.22 ± 0.0344 and 1.33 ± 0.0348

can be found in the literature, while a value of 1.22 was extracted
from Ref. 13 with the uncertainty expected to be in the same mag-
nitude as the ones given explicitly. The ratios found for the CPP
approach are 1.23 and 1.24 for HF and DFT/B3LYP. In the given
precision, the ratios are identical for the def2-SVPD and Sadlej basis
sets. With the ratios of ᾱ(0) being in excellent agreement with the
experimental ones, we conclude that the quality of the values for the

polarizabilities of C70 is equally good as for C60. We further assume
that the capability of our computational protocol to describe ᾱ(0) of
those two systems is comparably high for larger carbon fullerenes.
Whereas the result obtained with the Sadlej basis set is in marginally
better agreement with the C60 benchmark value, the slightly larger
underestimation of the values for ᾱ(0) is a sacrifice we are will-
ing to make in order to reduce the computational cost to make
much larger systems up to 540 carbon atoms accessible with the CPP
approach.

B. Property size-dependencies
The ratio of the static polarizabilities of C70 and C60 already

suggests that the scaling of this property is not behaving in a lin-
ear fashion with respect to the number of carbon atoms. With the
assumption of an Nη scaling, different values for η were found
previously for different computational treatments of the systems.
Limited by the computational costs, a completely ab initio approach
has not exceeded the size of C84 until this point, leaving a question
mark behind the scaling of not only the polarizability but other
size-dependent properties as well.

Therefore, the established computational protocol was used to
calculate the static polarizabilities and C6 dispersion coefficients of
the carbon fullerenes C100, C180, C240, and C540. The selection of
the systems was mainly motivated by an interest in the group of
fullerenes with N = 60n atoms, with n being a positive integer. This
group of fullerenes is expected to have a higher energy gap between
the highest occupied molecular orbital (HOMO) and the lowest
unoccupied molecular orbital (LUMO)49 associated with a higher
kinetic stability.50 However, C100 was chosen as an intermediate step
between C70 and C180, as no geometry for C120 was contained in the
fullerene structure library.35

Table III shows the obtained static polarizabilities for C60–C540
for the different levels of theory along with their values per carbon
atom. The latter directly reveal the non-additive scaling, indicat-
ing an increase in the per-atom-polarizability with growing system
size.

The homomolecular C6 coefficients for the investigated sys-
tems are summarized in Table IV. Since the polarizability is con-
sidered quadratically in the calculation of the coefficients, the values
are also divided by the square of the number of atoms N to yield

TABLE III. Static isotropic polarizabilities ᾱ(0) in absolute values and per carbon
atom for fullerenes with increasing size. All numbers are given in atomic units.

ᾱ(0) ᾱ(0)/N

HF B3LYP LDA HF B3LYP LDA

C60 520.3 538.0 543.7 8.67 8.97 9.06
C70 639.6 665.6 674.3 9.14 9.51 9.63
C100

a 1002.5 1035.7 1049.0 10.03 10.36 10.50
C180 1843.8 1980.5 2027.7 10.24 11.00 11.27
C240 2671.6 2880.5 11.13 12.00
C540 7276.4 8165.3 13.47 15.12

aValues averaged over the five isomers with the lowest total energy. The standard
deviation between the values is 26.1 (HF)/11.7 (B3LYP)/8.2 (LDA).
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TABLE IV. Homomolecular C6 dispersion coefficients in absolute values and per
carbon–carbon interaction for fullerenes with increasing size. All numbers are given
in atomic units.

C6 [ × 103] C6/N2

HF B3LYP LDA HF B3LYP LDA

C60 95.2 96.0 96.6 26.45 26.66 26.84
C70 134.8 136.3 137.5 27.50 27.83 28.06
C100

a 293.0 296.3 299.0 29.30 29.63 29.90
C180 1 013.7 1 052.8 1071.4 31.29 32.49 33.07
C240 1 950.0 2 028.9 33.85 35.21
C540 11 948.4 11 866.0 40.98 40.69

aValues averaged over the five isomers with the lowest total energy. The standard
deviation between the values is 2.9 × 103 (HF)/1.5 × 103 (B3LYP)/1.1 × 103 (LDA).

the C6 coefficients per atom. Those can also be seen as the con-
tribution per single carbon–carbon interaction. Evidently, the dis-
persion also behaves in a non-additive manner, as reported before
for fullerenes17,21,22 and other carbon-based nanomaterials.51 Con-
sequently, all calculated values except for C60 are higher than the
recommended DFT-D3 values 27.4 a.u. and 22.4 a.u. for sp2-and
sp3-hybridized carbon–carbon dispersions, respectively.52

Presuming an Nη dependence, the values for ᾱ(0) were plotted
over the number of atoms N applying an logarithmic scale on both
axes (Fig. 2). The scaling exponents η can be read directly from this
plot as the slopes of the linear regressions. They were obtained as
η = 1.184 and 1.222 at the HF and B3LYP levels of theory, respec-
tively. Compared to the values reported earlier by Kauczor et al.21

of η = 1.230 and 1.246 for the same methods, but smaller scope of

fullerenes, the scalings found herein are slightly lower, whereas the
trend in between methods is preserved. The decrease in the scaling
with an expansion of the system size might seem surprising in the
light of the significantly higher value of η = 1.46 found in Ref. 17.
Although fullerenes up to a system size of 720 atoms were inves-
tigated therein and the semi-empirical parameters were fit to ab
initio results, the accuracy of the used CPI model can by no means
compete with a fully ab initio approach, as its application has led
to—what now has to be considered as—a less precise value for the
static polarizability of C60 (502.7 a.u.).53 We, therefore, believe that
the found scaling of N1.2 provides the most accurate representation
of today of the size-dependency for ᾱ(0) of carbon fullerenes. Cal-
culations for the intermediate-sized fullerenes C72, C76, C80, C84, and
C90 confirm this trend (see S1 of the supplementary material), pro-
viding a direct link between the different size domains. In an attempt
to provide a closer description of the electronic structure to that of
a metallic model system with a homogeneous electron gas, the LDA
exchange functional was used for the calculation of ᾱ(0) for C60 to
C180. The obtained scaling exponent of η = 1.190 showed that our
results are stable with respect to functional variations. Calculations
for C240 and C540 were omitted as no further physical insights can be
expected.

Following the same C6 ∝ Nη ansatz, the logarithmic plot of the
dispersion coefficients over the system size (Fig. 3) gives rise to val-
ues of η = 2.190 and 2.218 for HF and B3LYP. In contrast to the
scaling for the polarizability, the corresponding exponents found in
Ref. 21 of 2.176 and 2.188 are marginally lower than our results,
although not significantly. As for the polarizability, calculations for
the smaller systems employing the LDA exchange functional result
in a scaling exponent of η = 2.185.

While the exponents obtained with different methods vary
only within a range of 0.03 and can be condensed to η = 2.2,
the divergence from studies investigating fullerenes up to 720 and

FIG. 2. Static polarizability as a function
of the number of atoms. The inset shows
the scaling applied to the per-atom-
polarizability. Symmetry point groups are
given except for the averaged value
(C100). For the point groups of the indi-
vidual isomers of C100, see T1 of the
supplementary material.
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FIG. 3. C6 dispersion coefficients as a
function of the number of atoms. The
inset shows the scaling applied to the
per-atom-pair-interaction.

3840 carbon atoms predicting values of 2.817 and 2.7522 is more
striking. However, as discussed above, our approach used herein
provides a higher expected accuracy in comparison with Ref. 22,
treating the fullerenes simply as classical spherical shells. Using
a quantum harmonic oscillator (QHO) approach,54 Gobre and
Tkatchenko51 reported a N2.35 dependence by looking at C20, C60,
C80, and C540 and reducing to N2.25 for only considering the first
three systems. Although the latter dependence matches quite well
with our findings, the increase in the exponent deviates signifi-
cantly. This might be caused by the sparse selection of systems or
simply by the poor performance of the chosen method involving
classical electrodynamics not benchmarked for fullerenes specifi-
cally. However, all predictions agree in the non-additive behavior
for the van der Waals dispersion coefficients, while their size-scaling
was significantly overestimated using (semi-)classical methods. Our
ab initio treatment confirms the trend of N2.2 reported previously for
a smaller scope of carbon fullerenes. This confirmation is backed up
by the calculation of fullerenes in the range of C72 to C90, supporting
the found scaling (see S2 of the supplementary material). Agreement
of these values with results reported previously reveals once more
that our computational protocol for obtaining the structures yields
reasonable results.

Consideration of isomeric effects on the properties was taken
into account by optimizing all 450 isomers included in the library
for C100 and calculating ᾱ(0) and C6 coefficients for the five isomers
with the lowest energy. The reported values for this system (Table III
or Table IV) are averaged over these five isomers. The difference
between the average value and the lowest/highest values of the iso-
mers was introduced as an “isomeric spread” to determine a system-
atic uncertainty of the property scaling. However, the uncertainty
obtained with this approach was found to be insignificant within the
given precision.

V. CONCLUSIONS

With an improved and efficient distributed memory handling
in the complex linear-response equation solver, stable calculations
of dynamic electric-dipole polarizabilities for systems involving up
to and beyond 10 000 contracted and partly diffuse basis functions
are made available.

The complex linear polarization propagator method was used
to compute static and dynamic polarizabilities for fullerenes CN
with N ≤ 540. Employing the Hartree–Fock and DFT/B3LYP lev-
els of theory, the obtained static polarizabilities of C60 underesti-
mate accurate benchmark values by 6%–7% and 3%–4%, respec-
tively, whereas the obtained ratio of the static polarizabilities
C70/C60 is in excellent agreement with the experimentally mea-
sured one. Given the available experimental data together with
their large uncertainties, there is no evidence other than that the
introduced computational protocol is reliable for the set of carbon
fullerenes.

The scalings with the number of carbon atoms of the static
polarizabilities and the C6 van der Waals dispersion coefficients,
calculated from the dynamic polarizabilities, were found to be
N1.2 and N2.2, respectively. These results confirm the findings of a
previous study using the same approach but limited to smaller sys-
tem sizes.21 Predictions of the scaling exponent for C6 coefficients
made by other studies are 2.75,22 2.8,17 and 2.35.51 Although the
scope of those investigations was sufficiently large for a comparison,
all the methods applied therein were of classical, semi-classical, or
semi-empirical nature.

We are, therefore, confident that our fully analytical approach—
made applicable to those system sizes by an efficient imple-
mentation of the underlying algorithm combined with the
access to high-performancecomputing resources—provides a more
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accurate description of the size-dependency of polarizabilities and
C6 dispersion coefficients.

SUPPLEMENTARY MATERIAL

See the supplementary material for static polarizabilities and C6
dispersion coefficients of system sizes C72–C100.
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