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In this article, a general fractional-order derivative of the Riemann-Liouville type
with the non-singular kernel involving the Rabotnov fractional-exponential func-
tion is addressed for the first time. A new general fractional-order derivative model
for the anomalous diffusion is discussed in detail. The general fractional-order
derivative operator formula is as a novel and mathematical approach proposed to
give the generalized presentation of the physical models in complex phenomena
with power law.
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Introduction

General fractional calculus (GFC) [1-4], as a general version of FC acting on the sin-
gular (power-law) kernel, e. g., Liouville [5], Riemann [6], Weyl [7], Sonine [8], Caputo [9] and
others (see [1]), has been successfully applied to describe some physical processes in complex
phenomena. The general fractional-order derivatives (FD) and general fractional-order inte-
grals (FI) with the non-singular kernels of the functions, such as the exponential function [10],
Miller-Ross function [11], Lorenzo-Hartley function [12], Gorenflo-Mainardi function [13],
Bessel function [14], Mittag-Leffler function [15], Wiman function [16], Prabhakar function
[17], sinc function [18], and others [19].

In 1948, the fractional exponential function, also called the Rabotnov fractional ex-
ponential (RFE) function [1], was proposed by Rabotnov [20] and developed to model the
internal friction given in [21]. The general FD in the sense of the Liouville-Caputo type with
the non-singular kernel of the RFE function was reported in [22]. However, the general FD in
sense of the Riemann-Liouville type with the non-singular kernel of the RFE function have not
been considered to the best of our knowledge.

By the motivation of the tasks involving the physical phenomena with power-law and
complex behaviors following the RFE function, the target of the paper is to derive the general
FD of the Riemann-Liouville type with the non-singular kernel involving the RFE function and
their properties, and to present a general FD model for the anomalous diffusion.
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A new GFC of Riemann-Liouville type with the RFE kernel

Suppose that C, R, Ry, N, and N are the sets of complex numbers, real numbers,
non-negative real numbers, positive integers and N, = {0} U N, respectively. Let L(a,b) be the
set of those Lebesgue measurable functions on a finite interval (a,b) (—oo < a < b < +o0) (for
more details, see [1, 14]). Suppose that AC(a,b)(—o<a<b<+w) and AC*(a,b)
(—o<a<b<+w) are the Kolmogorov-Fomin condition [1, 23], and the Samko-Kil-
bas-Marichev condition [1, 14], respectively.

General FI with the RFE kernel

The general FI with the RFE kernel on a finite interval (a,b) (-0 <a <b < +©) is
given:

(uH(T“)H)(z')=a]I(T“)H(T)=jMa [—y(z‘ —t)” JH(t)dt (1)

where I € L(a,b), y € Ry, and the RFE function is defined as [1, 20-22]:

i (—p)P (P
M, (-yt*)= ()
S T[(p+D(a+D)]
with p e Ny,
From eq. (1) we have [22]:
(oI ()= I T1(r) = [ M, | y(z —1)* |1(t)dr 3)
0
where a =0, IT € L(a,b) and y € R}, and from [22], we have:
(11 @)-1M(@) = [M, [~y -0 [N 0
where IT € L(—,b) and y € Ry, and from [22] we have:
+00
(oI4TT)(0)= 10 = [ M, [ —r(z =" [TI()de (5)
0

where IT € L(0,+0) and y € R},

General FD of the Liouville-Caputo type with the RFE kernel

The left-sided general FD of the Liouville-Caputo type without the singular kernel of
the RFE function on a finite interval (a,b) is given as [22]:

(D)) = <D=, 19 [0 | = [M, [0 M ©)

and the right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the
RFE function on a finite interval (a,b) as [22]:
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b
(") (@) = "D ()=, 10 [N @) | = [ M, [~y -0 [nP@0)de ()
where [1e AC(a,b) and y € R},
For a =1 we have the same results as in [1, 16].
The left-sided general FD of the Liouville-Caputo type without the singular kernel of
the RFE function on a finite interval (a,b) is given as [22]:

(D)) = KD T(0)=, 19 [1(0)] = [ M, [ e -0 [N 0ar - )

and right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the
RFE function on a finite interval (a,b) is given as [22]:

(i) (@) = D)=, 1 [T () | = (-1)' fMa [—r(t-o)* [N @)t 9)

where ITe AC"(a,b), n € N and y e Ry.
For a = 0 we have from egs. (6) and (9) that:

T

(15D (0)=" oD TI(0)= I [ 1V (0) | = [ M, | -y(z o) [NV e (10)
0
and

(D411 (0) = BT e)=y 1 [ ()] = [ M, [ -0 [0 11)
0

The left-sided general FD of the Liouville-Caputo type without the singular kernel of
the RFE function on the real axis R is given as [22]:

(“DrT)(z) = O DTI(r)=T [n“)(r)] = [ M, [—y(r _— ] nO@de  (12)
and the right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the
RFE function on the real axis R as [22]:

(“Dr1)(r) = “DII(z)=1* [n“’(r)] =M, [—y(r —r)“]n“)(t)dt (13)
where 1 e AC(—o0,+0) and y € R}.

The left-sided general FD of the Liouville-Caputo type without the singular kernel of
the RFE function on the real axis R is given as [22]:

("D ) () = D TI(n)=T [H(”)(t)] = j M, [—y(r—t)“]n(“(z)dz (14)

and right-sided general FD of the Liouville-Caputo type with the non-singular kernel of the
RFE function on the real axis R is given as [22]:
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("D (2) = “DTI(R)=1) [H('”(r)] = (—1)"TMa [—y(t—r)“]m”(t)dt (15)

where [T e AC" (—0,+0), n € N and y € Ry,

General FD of the Riernann-Liouville type with the RFE kernel

The left-sided general FD of the Riemann-Liouville type without the singular kernel
of the RFE function on a finite interval (a,d) is defined as:

(%Dm)(2) = *ipni(r) = — []1<“>H(r)]=dijMa[—y(r—t)“]n(z)dt (16)
T

and right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the
RFE function on a finite interval (a,b) as:

(o4 (24 (04 d T a
("oim) (z) = "D )H(r)— [ ITI(r )]:_E j M, [—y(t—r) ]n(t)dt (17)
where IT € L(a,b) and y e R,

The left-sided general FD of the Riemann-Liouville type without the singular kernel
of the RFE function on a finite interval (a,d) is defined as:

(i) () = D TI(r) = %[aﬂi‘”ﬂ(ﬂ] = ddeM [-r(-0 n@de (18)

and the right-sided general FD of the Riemann-Liouville type with the non-singular kernel of
the RFE function on a finite interval (a,b) as:

n

(“mfe ) () = DT )— [H“"H( =0 j M, [~y (t=o)" |T1(0)dr (19)

where I1 € L(a,b), n € N and y € R},
For a =0 we have from eqgs. (16) and (19) that:

(M5060) ) = "D M) = LTI |- TlMa [0 ]nmdr o)
and
(5L (2) = MgDe I )— [ ITI(z )]z— j M, [~y -0 Nde 21)

The left-sided general FD of the Riemann-Liouville type without the singular kernel
of the RFE function on the real axis R is defined as:

(") (@) = M DT )= [H‘“’n( )]z— j M, [~y -0 [Nod  (22)

and right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the
RFE function on the real axis R as:
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(D) (e) = "D rI(r )——[W)H( )]:—— jM [ ;/(t—r)“]l_[(t)dt (23)

where IT € L(—o0,+0) and y € R},
The left-sided general FD of the Riemann-Liouville type without the singular kernel
of the RFE function on the real axis R is defined as:

(RLDY”")H)(T) RL (@1 (7 )— []1“’)11( )]:d—jM [ y(r—t)“]l_[(t)dt (24)

and right-sided general FD of the Riemann-Liouville type with the non-singular kernel of the
RFE function on the real axis R as:

d’ jPM [ 7(t—r)“]l_[(t)dt (25)

(D)) = RLH»(“’H(% [H(“)H( =6

where IT € L(—o0,+0), ne N and y € R},
For I1(7)|,_, =I1(0) there exists:

D) = "DTI(r) - M, (—yr“)II(0) (26)

General Fl via the Prabhakar function
The left-sided general FI of I1(7) is given as [22]:

aﬂﬁa’">n<r>=f5a (7= [N(de = f(r ~O)" P EL | =0 [T0de 27)

a

and the right-sided general FI of I1(7) as:

b b
AT (r) = _IEa [—70 - r)“]H(t)dt = —j(z — oY D E e [ y(t— r)"‘”]n(t)dz (28)
where I1 e L(a,b), ne N, Y e RE’ and E‘a (_}/Ta) z_n (a+2)H_

a+l,n— (a+1)( 7/7(“—1) with the Pra-
bhakar function, given as [1, 24]:

o0

L(y+p) 7’
Hep(= Z “T(pa+ B)(y) T(p+1)

The left-sided general FI of T1(7) is given as:

1= | 5, [0 0= [ =0 DB o[-0 N0 @9

and the right-sided general FI of T1(7) as:

+00

1M(7)=- [ &, [-7(t- )" [N()de = jw (=) DB | 7= ) |1(0)d(30)

T

where I1 € L(—o0,+®), n e N, and y € R},
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The properties for the general FD and FI are:
(I) LetIle L(a,b) and n € N. Then ;D™ (,1¢"T1(r)) = [1(z),

(II) Let IT € (=00, +00) and 7 € N. Then RED'*")(I'*"1(z)) = [1(7),

(II) Let IT € AC" (a,b) and n € N. Then “§D*™ (,I'*"T1(7)) = I1(7),
(IV) Let IT € (—00,+0) and # € N. Then " ID{*" (I*"MT1(7)) = [1(a).
The Laplace transforms of the general FD are:

G[ M) =57 [1+ 45 @D ] T(s) — (1T (0) 31
and
n n— - -1 = n-n- d77 o
G gD (e | = 5" [ 14 457 | n(s)—%s " l{ﬁ[oﬂ(f >n(0)]} (32)

where the Laplace transform of g(7) is [1]:

Glg(@)]=g(s)=[¢ " g(x)dz (33)
0

with s € C.
For O]I(Ta’l)H(O) =0 we have from eq. (31) that:

G[ D) =5 [1+ A5 @] Ti(s) (34)

A general FD diffusion model with the RFE kernel

We now consider the anomalous diffusion model containing the general FD of the
Riemann-Liouville type with the RFE kernel:

o P *w(x,t
RL6 @y (x,7) = 5% (36)

with the initial condition I*Vy(x,0)=0 and the boundary conditions: (0,7)=1,
w(x,7) >0, x > 0,7 >0, where & is the diffusivity constant, and

Rléa(,a)';”(xaf) = %!Ma [—]/(z' —1)” Jw(x,r)dt (37)

With the use of the Laplace transform of eq. (36) with respect to the variable 7, we
can get:

a2y (x,s) ~ s [1 + isf(’“”]_l

w(x,s) (38)
dx’ &
which, due to the boundary conditions, this implies that:
-1 X
s [Hﬂf(a*l)] (—J
_ - & _ < \/g —va —(a+) Y
w(x,s)=¢ =3 N2l [1+/1s ] (39)

r'dl+v)

v=0
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The general solution for eq. (36) can be represented as:

V) — Z(VXEJ

L T+p) (AT
v=0 r(1+u) (z

ol (pa+va)l'(v) T(p+])

X
_ S (_\/EJ va-1yyv a+l
_ zo oy e A2 (40)

Conclusion

In the present work, we proposed the general FD of the Riemann-Liouville type with
the non-singular kernel involving the RFE function. With the aid of the presented Laplace trans-
forms, the general FD model for the anomalous diffusion with the solutions containing the Pra-
bhakar function was investigated in detail. The formula of the general FD of the Riemann-Liou-
ville type can be given to explore the mathematical models in physics and engineering practice.
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Nomenclature

x  —space co-ordinate, [m] ¢ —diffusivity constant, [m?s7]
o —fractional order, [—] T —time, [s]

References

[11 Yang, X. J., General Fractional Derivatives: Theory, Methods and Applications, New York, CRC Press,
Boka Raton, Fla., USA, 2019

[2] Kochubei, A. N., General Fractional Calculus, Evolution Equations, and Renewal Processes, Integral
Equations and Operator Theory, 71 (2011), 4, pp. 583-600

[3] Luchko,Y., et al., General Time-Fractional Diffusion Equation: Some Uniqueness and Existence Results
for the Initial-Boundary-Value Problems, Fractional Calculus and Applied Analysis, 19 (2016), 3, pp.
676-695

[4] Yang, X.J., et al., Anomalous Diffusion Models with General Fractional Derivatives within the Kernels of
the Extended Mittag-Leffler Type Functions, Romanian Reports in Physics, 69 (2017),4, 1D 115

[5] Liouville, J., Memoire sur le calcul des different idles a indices quelconques, Journal de EcolePolytech-
nique, 13 (1832), 21, pp. 71-162

[6] Riemann, B., Versucheinerallgemeinen auffassung der integration und differentiation, Bernhard Rie-
manns Gesammelte Mathematische Werke, Janvier, 1847, pp. 353-362

[7] Weyl, H., Bemerkungenzum begriff des differential quotienten gebrochener ordnung, Vierteljal&Rechrift
tier NtdrforchentlenGeellchaft in Zirich, 62 (1917), 1-2, pp. 296-302

[8] Sonine, N., Sur la differentiation a indice quelconque, MatematicheskiiShornik, 6 (1872), 1, pp. 1-38

[9] Caputo, M., Linear Models of Dissipation whose Q is almost Frequency Independent II, Geophysical
Journal International, 13 (1967), 5, pp. 529-539

[10] Caputo, M., et al., A New Definition of Fractional Derivative without Singular Kernel, Progress in Frac-
tional Differentiation and Applications, 1 (2015), 2, pp. 1-13



Yang, X.-J., et al.: A New General Fractional-Order Derivative with Rabotnov ...
3718 THERMAL SCIENCE: Year 2019, Vol. 23, No. 6B, pp. 3711-3718

[11] Miller, K. S., et al., An Introduction to the Fractional Calculus and Fractional Differential Equations,
John Wiley and Sons. New York, USA, 1993

[12] Lorenzo, C. F., et al., The Fractional Trigonometry: With Applications to Fractional Differential Equa-
tions and Science, John Wiley and Sons, New York, USA, 2016

[13] Goreno, R., et al., Fractional Oscillations and Mittag-Leffler Functions, Proceedings, International Work-
shop on the Recent Advances in Applied Mathematics (RAAM96), State of Kuwait, Kuwait University,
pp. 193-208, 1996

[14] Samko, S. G., et al., Fractional Integrals and Derivatives: Theory and Applications, Switzerland, Gordon
and Breach Science, Philadelphia, Penn., USA, 1993

[15] Hille, E., et al., On the Theory of Linear Integral Equations, Annals of Mathematics, 31 (1930), 3, pp.
479-528

[16] Yang, X.J., Theoretical Studies on General Fractional-Order Viscoelasticity, Ph. D. Thesis, China Univer-
sity of Mining and Technology, Xuzhou, China, 2017

[17] Tomovski, Z., et al., Fractional and Operational Calculus with Generalized Fractional Derivative Oper-
ators and Mittag-Leffler Type Functions, /ntegral Transforms and Special Functions, 21 (2010), 11, pp.
797-814

[18] Yang, X.J., et al., ANew Fractional Derivative Involving the Normalized Sinc Function without Singular
Kernel, The European Physical Journal Special Topics, 226 (2017), 16-18, pp. 3567-3575

[19] Yang, X. J., et al., Local Fractional Integral Transforms and their Applications, Academic Press, New
York, USA, 2015

[20] Rabotnov, Y., Equilibrium of an Elastic Medium with after Effect (in Russian), Prikladnaya Matematikai
Mekhanika, 12 (1948), 1, pp. 53-62

[21] Meshkov, S. L., et al., Internal Friction Described with the Aid of Fractionally-Exponential Kernels, Jour-
nal of Applied Mechanics and Technical Physics, 7 (1969), 3, pp. 63-65

[22] Yang, X. J., et al., A New General Fractional-Order Derivatiive with Rabotnov Fractional-Exponential
Kernel Applied to Model the Anomalous Heat Transfer, Thermal Science, 23 (2019), 3A, pp. 1677-1681

[23] Kolmogorov, A. N., et al., Fundamentals of the Theory of Functions and Functional Analysis, Nauka,
Moscow, 1968

[24] Prabhakar, T. R., A Singular Integral Equation with a Generalized Mittag-Leffler Function in the Kernel,
Yokohama Mathematical Journal, 19 (1971), 1, pp. 7-15

Paper submitted: August 25, 2018 © 2019 Society of Thermal Engineers of Serbia
Paper revised: October 11, 2018 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: December 22, 2018 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions



