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ABSTRACT The work presents the metrological evaluation of the modify hybrid spectrum decomposition 

and zero-crossing technique. The presented technique enables to reconstruct the phase velocity dispersion 

curve part of Lamb wave modes using only two signals. This is set to consequently simplify the of complex 

guided wave signals analysis. Experimentally measured asymmetric A0 mode Lamb wave signals propagating 

in 4 mm thickness non-homogeneous Glass Fibre Reinforced Plastic (GFRP) plate are used for assessment 

of the proposed technique. The phase velocity dispersion curve (DC) segments are obtained using three 

different filter bandwidths as reference using the DC obtained by the semi-analytical finite element method 

SAFE. The proposed technique quantitative and qualitative characteristics are presented. Using this technique 

and employing various band-pass filters it is shown that the DC segments are reconstructed in approximately 

50% - 88% bandwidth of the incident signal frequency spectrum. The average of the calculated expanded 

uncertainties for all filter bandwidths is equal to approximately 2%. The narrower filter bandwidth has 

produced smaller systematic errors equal to 1.8%, yielding to wider reconstructed dispersion curve segments. 

INDEX TERMS composite plate, dispersion curves, Lamb waves, phase velocity, reliability, uncertainty 

quantification 

I. INTRODUCTION 

In recent years, the ultrasonic guided waves (UGW) are 

used in many industrial fields and applications due to 

possibility to detect defects and delaminations and to 

evaluate their parameters in large structures. By analyzing 

the amplitude or variation of propagation velocity of these 

waves, the non-homogeneities which may be available on 

objects with various geometries and properties can be 

detected [1]-[9]. Therefore, guided wave inspection is a 

convenient tool for the evaluation of the non-homogeneities 

in composite materials owing to sensitivity of propagation 

velocity to the material surface and internal defects and 

capability to propagate long distances with reasonable 

attenuation [10]-[15]. However, guided waves possess a 

dispersion phenomenon, a multi – mode character and 

conversion to other modes on the boundaries of non-

uniformities [14], [16]-[20]. The dispersion phenomenon 

leads to presence of two types of interrelated velocities - 

phase and group, both frequencies dependent and 

characterized by dispersion curves [21]-[22]. As the different 

frequency components propagate with different velocities 

after some distance they are concentrated in different UGW 

signal parts in the time domain [23]. This leads to the change 

of the waveform, elongation in time and reduction of the 

amplitude [1], [24]-[25]. 

The incidence of many modes at the same frequency band 

with similar signal amplitudes [26] complicates the 

identification of the particular signal under interest. The 

multi-modal behavior of guided waves exists in any case 

even in the case of single mode excitation techniques, as any 

imperfection in the structure may cause at least one 

conversion of guided wave modes. Such complex features of 

the guided waves generate hurdles to identify the required 

signal and to determine accurately the amplitudes of the 

signal and/or propagation velocities [27]. Therefore, in order 

to use effectively the UGW in non-destructive applications, 

it is necessary to reconstruct the dispersion curves of group 

and/or phase velocities by extracting the time and frequency 
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information from these complicated signals. The 

reconstructed dispersion curves allow identifying different 

modes in complex trails of the signal. Identification of 

different modes offers the possibility to determine more 

accurately the defect location and size and/or estimation of 

the material properties [11]. To resolve these tasks, the 

hybrid spectrum decomposition and zero-crossing technique 

for the evaluation of phase velocity dispersion relations of 

the Lamb wave’s fundamental modes presented in previous 

work was proposed [28]. This technique has been verified in 

two different conditions:  

a) On a homogenous medium using simulated and 

experimental signals of aluminum plate.  

b) On a non – homogeneous medium using signals 

obtained by 3D finite element model of Carbon Fiber 

Reinforced Plastic (CFRP) plate.  

In both cases, the obtained results have indeed verified 

suitability the proposed hybrid measurement technique to 

evaluate the Lamb waves phase velocity dispersion 

properties and to reconstruct the segment of dispersion 

curve. However, any measurement would be incomplete 

without an associated uncertainty to go along with. It is an 

important aspect of measurements that would affect costs, 

quality, and risks of the taken decisions. Therefore, to apply 

this presented hybrid technique in future investigations its 

reliability is needed to be evaluated. It has been reported in a 

previous study [28] that all stages of this method influence 

the measurement uncertainties. To evaluate a set of factors 

affecting the quality of experimental results the systematic 

and random errors are analyzed. These errors are quantified 

using conventional analytic methods and Monte Carlo 

simulation. The obtained experimental errors are combined 

with other unobserved sources of uncertainties, known using 

some other means. The estimation process of the 

measurement uncertainty includes the grouping sources 

covered by existing data, quantifying of the grouped and 

remaining components, converting these components to 

standard deviations.  

This work aim is to evaluate the accuracy of the proposed 

hybrid spectrum decomposition and zero-crossing technique 

in Lamb wave’s applications. To achieve this goal, the 

quantitative and qualitative characteristics of the method 

have been assessed based on the calculation of the systematic 

and random errors, the expanded uncertainty and the 

determination of the main uncertainty components 

influenced by the measurement result. 

The investigation consists then in two main stages: the 

experimental investigation and the hybrid technique 

reliability evaluation. At first, the measurement object, the 

experimental set-up and the hybrid technique are described. 

Then the phase velocity dispersion curve segments of A0 

mode are obtained using hybrid technique and SAFE method 

as reference. Secondly, the evaluation uncertainties of the 

proposed hybrid technique are analyzed and assessed. 

II. EXPERIMENTAL INVESTIGATION 

A. MEASUREMENT OBJECT 

The composite GFRP plate is selected as an object of 

investigation. Such composites are widely used in many 

industrial applications, such as the manufacturing of the 

bodies of buses, ships, and wind power wings etc. [29]-

[31].The selected GFRP laminate consists of six layers with 

ply orientations of -450 and +450 degrees yielding to overall 

plate thickness of d=4 mm (Fig. 1). 

FIGURE 1. The configuration of the GFRP plate is used in the 
investigation. 

 

The semi-analytical finite element (SAFE) method [10], [32] 

has been used for the theoretical dispersion curves calculation. 

The elastic properties [33] of the investigated object are 

presented in Table 1, where the axis x, y, z are marked 

accordingly as 2, 3, 1. In this case, a generalized stiffness 

matrix was used to describe a GFRP laminate [34]. Hence, the 

stiffness matrix was obtained by summing the contribution of 

each ply in terms of their respective thicknesses. The obtained 

Lamb waves fundamental A0 and S0 modes phase velocity 

dispersion curves with SAFE method are presented in Fig. 2. 

 
TABLE 1. The elastic coefficients of the glass fiber reinforced plastic 
(GFRP) plate. 

 

Material E1, 

GPa 

E2, 

GPa 

ν12 ν23 G12, 

GPa 
, 

kg/m3 

GFRP  27.1 12.1 0.18 0.2 4.1 1960 
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FIGURE 2. The Lamb waves A0 and S0 modes phase velocity dispersion 
curves obtained with SAFE method. 

 

As it can be seen in Fig. 2, the asymmetric A0 mode 

possesses a big dispersion nature especially in lower 

frequency bandwidth, while the symmetric S0 mode is almost 

non-dispersive in frequency ranges under analysis.  

There are mainly two parameters – the velocity and the 

amplitude of the signal used in the non-destructive 

evaluations and/or in monitoring applications. According to 

the UGW phase velocity, frequency and peak amplitude 

variations, the location and the size of the defect such as 

delamination can be detected [11]. Therefore, it is necessary 

to reconstruct dispersion curves from the signals acquired on 

the object under investigation. 

B. EXPERIMENTAL SET-UP 

 

To investigate the feasibility of proposed dispersion curve 

reconstruction technique, experiments have been carried out 

on GFRP sample, possessing the geometry and sensor 

allocation, as shown in Fig. 3. Throughout the experiments, 

the custom-made thickness mode actuator was mounted on top 

of the sample. To get the reliable acoustic contact between the 

sensor and the specimen, a glass textolite protector with a 

contact area of 3 mm2 and a thin layer of glycerol was used. 

An actuator was driven with a 3 cycle, 200 V square pulses 

with a central frequency of 130 kHz, to generate multiple 

modes in wide frequency bandwidth. To collect the 

experimental data, the same type of transducer was attached 

perpendicularly to the surface of the sample and scanned along 

the straight wave path of guided waves. The receiver was 

moved away from the transmitter up to 600 mm with a step 

increment 0.5 mm. The initial spacing between the actuator 

and sensor was equal to 100 mm. The waveforms were 

recorded using a 50 MHz sampling frequency. The response 

signals at each position were measured 8 times and averaged 

to ensure better signal to noise ratio. In this way, the B-scan 

dataset of out-of-plane component was collected at the 

centerline of the sample. The experimental set-up is 

graphically pointed up at Fig. 3; the B-scan image of the Lamb 

waves A0 mode signals is presented in Fig. 4. 

FIGURE 3. The experimental set-up for phase velocity measurement of 
the Lamb waves A0 and S0 modes propagating in 4 mm thickness 
multilayer GFRP sample. 

 

FIGURE 4. The B–scan image of the Lamb wave signals measured on the 
4 mm thickness GFRP plate. 
 

The B-scan data was required just to have general view of 

propagating waves. The proposed hybrid technique uses only 

a pair of the B-scan signals. The use of these two signals 

measured at different positions essentially simplifies the 

approach and makes it suitable for structural health monitoring 

applications. So, from now on only one pair of the signals 

recorded at the receiver position 150 mm and 155 mm will be 

used. For the processing of the selected signals, the technique 

is used. A brief description of this technique is presented in the 

next section. 

C.  BRIEF DESCRIPTION OF THE HYBRID TECHNIQUE 

The proposed hybrid technique combines two approaches: the 

zero-crossing method and the spectrum decomposition 

method (Fig. 5). At first, these methods were used separately 

to evaluate the Lamb waves phase velocity (zero-crossing 

method) [35] and group velocity (spectrum decomposition 

method) [36] dispersion characteristics and to reconstruct the 

dispersion curve segments. The uncertainty quantification for 

both techniques has been completed accordingly to previous 

works [37], [38]. The investigations have confirmed that both 
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methods are suitable for the Lamb wave applications. As 

regards the hybrid technique basics, mathematical description 

and suitability for the Lamb wave’s dispersion evaluation are 

also available in earlier work [28]. The block diagram of the 

proposed hybrid method for the estimation of the phase 

velocity of the guided waves exploiting the signals measured 

at two different spatial positions is presented in Fig. 5 and 

briefly described below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
FIGURE 5. The block diagram based on the spectrum decomposition and zero-crossing approaches for the Lamb waves phase velocity reconstruction 
using signals measured at two different spatial positions. 
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According to the presented block diagram (Fig. 5), in the first 

stage the spectrum decomposition approach is used [28]: 

 Two signals at two different spatial positions uz(t), 

uz+Δz(t) are recorded, where Δz is the distance 

between two signals; 

 The frequency spectra of these two signals are 

calculated using the Fourier transform Uz(f), Uz+Δz(f); 

 The frequency spectra of these two signals are 

filtered using K bandpass Gaussian filters: 

𝐵𝑘(𝑓) = 𝑒4ln(0.5)(
𝑓−𝑓L−(𝑘−1)d𝑓

Δ𝐵
)

2

, (1) 

where k=1,2,...K,  is the number of the bandpass 

filter, K is the total number of filters: 

𝐾 ≥
𝑓H−𝑓L

Δ𝐵
+ 1, (2) 

fL and fH are the frequency ranges in which the central 

frequencies of the filters are varied with step df; ΔB 

is the filter bandwidth at -6 dB level; 

 The step in a frequency domain between central 

frequencies of such signals is calculated according to 

the expression presented by Ping He [39]: 

d𝑓 =
𝑓H−𝑓L

𝐾−1
; (3) 

 The filtered signals are reconstructed back to the time 

domain using the inverse Fourier transform. 

 

In the second stage, for each pair of the filtered signals the 

zero-crossing approach is used [19]: 

 According to the chosen threshold level Uth the 

multiple zero-crossing time instances at which the 

signals crosses the zero amplitude line are estimated 

in the each of the filtered signal 

𝑡1,𝑘
𝑧 , 𝑡2,𝑘

𝑧 , … , 𝑡N,𝑘
𝑧  and 𝑡1,𝑘

𝑧+Δ𝑧, 𝑡2,𝑘
𝑧+Δ𝑧 , … , 𝑡N,𝑘

𝑧+Δ𝑧,where 

N is the total number of measured zero-crossing 

instances in the signal; 

 The phase velocity is estimated using time difference 

between corresponding zero-crossing instances in 

the signals measured at two different spatial position 

signals [37]: 

𝑐𝑛,𝑘 =
∆𝑧

𝑡𝑛,𝑘
𝑧+∆𝑧−𝑡𝑛,𝑘

𝑧 ; (4) 

 The equivalent frequencies 𝑓𝑛,𝑘
𝑥 of the filtered first 

signals 𝑢𝑘
𝑥(𝑡)  are calculated by: 

𝑓𝑛,𝑘
𝑧 =

1

2∙(𝑡𝑛+1,𝑘
𝑧 −𝑡𝑛,𝑘

𝑧 )
; (5) 

 The segment of the phase velocity dispersion curves 

{𝑓𝑛,𝑘
𝑧 , 𝑐𝑛,𝑘} is determined by creating sets of pairs of 

estimated equivalent frequencies 𝑓𝑛,𝑘
𝑧 and phase 

velocities 𝑐𝑛,𝑘. 

Using such algorithm, the processing of the selected two 

signals is then performed and the obtain results are presented 

in the next section. 

D. EVALUATION OF THE PHASE VELOCITY 
DISPERSION 

To obtain the Lamb wave phase velocity dispersion curves the 

proposed hybrid technique is applied. For this technique some 

significant parameters are needed to be determined [22] and 

they are resulted from the signal frequency spectrum. The 

signal at distance 150 mm and its frequency spectrum are 

presented in Fig. 6(a) and Fig. 6(b). 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
FIGURE 6. TheLamb wave A0 mode waveform of the signal at 150 mm distance (a) and the frequency response of this signal (b) 
 

According to the A0 mode signal frequency spectrum (Fig. 

6(b)) the bandwidth at -40 dB level is in the range of 10-210 

kHz. Therefore, the frequency range for the filtering is chosen 

according to these parameters, which means that the 

reconstructed phase velocity dispersion curve should cover 

this frequency range. In order, to assess this statement the 

proposed method was investigated using three different band-

pass filters applied for spectrum decomposition. The 

bandwidth of band-pass filters was set to ΔB1=25 kHz, 

ΔB2=50 kHz and ΔB3=75 kHz. Such bandwidths were selected 

taking into the account the frequency bandwidth of the 

analyzed signal, which is ∆D=200 kHz at -40dB. The number 

of filters K for spectrum decomposition is calculated 

according to the Eq.(2) taking into account the selected filter 

bandwidth ΔB. In the case of 25 kHz, 50 kHz and 75 kHz filter 

bandwidth ΔB the corresponding number of filters was K=10, 

K=5 and K=4. The measurement results using different filters 

bandwidth and different sets of the filters are compared with 
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the dispersion curve obtained by SAFE method (Fig. 7). The 

main parameters of the reconstructed A0 mode phase velocity 

dispersion curves are presented in the Table 2. 

 

 a b 

 
  c  
  
FIGURE 7. Reconstructed phase velocities dispersion curves of the Lamb wave A0 mode: theoretical dispersion curve (solid line) calculated using SAFE 
method, measured values (dots): a – obtained with hybrid algorithm using 10 bandpass Gaussian filters (the bandwidth of the each filter ΔB=25 kHz); b – 
obtained with proposed algorithm using 5 filters (ΔB=50 kHz ); c – obtained with proposed algorithm using 4 filters (ΔB=75 kHz )) 

 
TABLE2.  The main parameters of the reconstructed phase velocity 
dispersion curves of the A0 mode obtained in experimental investigation 
 

Filter 

bandwidth 

ΔB, kHz 

Number 

of filters 

K 

Central 

frequency, kHz  

Frequency 

range, 

kHz 

Band 

width, 

kHz 

Band 

width, 

% 
1th 

filter 
Kth 
filter 

25 10 20 200 25-200 175 88 

50 5 30 180 30-160 130 65 

75 4 35 185 50-150 100 50 

 

So, it can be seen from the graphs Fig. 7 and data in Table 2 

that using proposed hybrid technique the phase velocity 

dispersion curve is reconstructed in frequency ranges of 

different sizes and coverage from 50 to 88 % of the original 

signal bandwidth. When using narrowest filter bandwidth of 

25 kHz, the A0 mode phase velocity dispersion curve is 

reconstructed in wider frequency range compared with other. 

As presented in previous work [28] narrower filter bandwidth 

increase the sensitivity of the signal technique to the frequency 

components with small amplitudes. The frequency 

components having smaller amplitudes are distributed in the 

beginning and in the end of the frequency spectrum Fig. 6(b). 

Frequency components with higher amplitudes are filtered out 

when using narrow-band filter while frequency components 

having low amplitudes are exposed. Thus, the remaining 

frequency components with low amplitudes are extended, 

leading to the reconstructed phase velocity dispersion curve in 

a wide band-width. However, a larger amount of narrow-band 

filters are required to cover the entire spectrum of the signal to 

be analyzed, therefore the calculation time is prolonged. On 

the other hand, using the wide-band filters a small number of 

the filters is needed to cover the bandwidth of the signal but 

the phase velocity dispersion curve is reconstructed in a 

narrower frequency range. It means that the frequency 
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components having smaller amplitudes are missing and as 

well as a part of the information. Consequently, it is important 

to complete the calculations of the quantitative and quality 

characteristics of the proposed hybrid technique using filters 

of different bandwidths. These characteristics should show 

which narrow-band or wide-band filter bandwidth gives more 

reliable and accurate results and which filter bandwidth could 

be recommended to use in future applications. 

III. EVALUATION OF THE METHOD ACCURACY 

The presented method is a part of the whole measurement 

process, therefore during the assessment of its accuracy the 

key attention is focused on the complex estimation of 

measurement uncertainty. A variety of filter bandwidths (25 

kHz, 50 kHz and 75 kHz) are selected and used for evaluation 

of the method characteristics. The steps of the procedure to 

evaluate the method metrological parameters are:  

- Comparison of reference and calculated phase 

velocities of dispersion curves and evaluation of 

systematic errors. 

- Identification of sources of the errors and data 

preparation for the calculation of standard 

uncertainty components. 

- Calculation of a complete uncertainty budget or the 

combined uncertainty and the expanded uncertainty.  

 

Every standard uncertainty is calculated as: 

um(Y)≡|Wm|u(Xm), (6) 

where Wm≡ ∂ƒ/∂Xm is the absolute sensitivity coefficient 

(uncertainties budget table in Fig. 8, the fifth column), u(Xm) 

is the standard uncertainty (uncertainties budget table in Fig. 

8, the third column) that is obtained from repeated 

observations or is evaluated by scientific judgement based on 

information of possible variability of the measured value Xm 

(uncertainties budget table in Fig. 8, the second column) [40]. 

The combined standard uncertainty uc(cph) (uncertainties 

budget table in Fig. 8, thelast value of the third column) 

calculation involves all standard uncertainty contributions 

u(Ym) (uncertainty budget table in Fig. 8, the sixth column). 

The GUM Workbench version 2.4.1.384 software is used for 

the combined uncertainty components processes and analyzes. 

The expanded uncertainty of each reconstructed frequency 

range has been calculated also using Monte Carlo simulation. 

Values of Wm (sensitivity coefficient), Xm (value), u(Xm) 

(standard uncertainty), u(Ym) (uncertainty contribution), 

uc(cph) (combined standard uncertainty) are given in 

uncertainty budget table of Fig. 8, in columns accordingly 5, 

2, 3, 6, 3 (last value in the column). 

The systematic error is assessed comparing the experimental 

measurements results with the theoretical dispersion curve 

calculated by the SAFE method. The mean values of the 

absolute error ∆̅𝑐ph
, the average standard deviation 𝜎∆̅𝑐ph

 and 

the mean relative error 𝛿𝑐̅ph
 are determined for each segment 

of the estimated phase velocity dispersion curve and 

separately for each used filter. The calculated results are listed 

in Table 3. 

The mean value of the absolute error is calculated according: 

∆̅𝑐ph
=

1

𝑀
∑ |𝑐ph𝑚 − 𝑐ph

SAFE|

𝑀

𝑚=1

, (7) 

where M is the number of points in a segment of the 

reconstructed dispersion curve,mth – the point of 

experimentally reconstructed dispersion curve, 𝑐ph𝑚 is the 

phase velocity of the experimentally reconstructed dispersion 

curve, 𝑐ph
SAFE is the phase velocity calculated using the SAFE 

method at the same frequency values. 

The average standard deviation is calculated according: 

𝜎∆̅𝑐ph
= √

∑ (𝑐ph𝑚 − 𝑐ph
SAFE)

2𝑀
𝑚=1

𝑀 ∙ (𝑀 − 1)
. (8) 

The mean relative error is equal to: 

𝛿𝑐̅ph
= 100 % ∙

1

𝑀
∑

|𝑐ph𝑚 − 𝑐ph
SAFE|

𝑐ph
SAFE

𝑀

𝑚=1

. (9) 

 
TABLE3.  The mean values of the absolute and relative errors and the 
average standard deviations of the dispersive curves for separate filter 
bandwidth 

 
Velocity 

value for 

Ao mode, 
cph 

 

Filter 

bandwidth, 
kHz 

 

Number 

of filters 

Mean 

absolute 

error 

∆̅𝑐ph
, m/s 

Average 

standard 

deviation 

𝜎∆̅𝑐ph
,m/s 

Mean 

relative 

error 
(systematic) 

𝛿𝑐̅ph
, % 

 

1152 

m/s 

25 10 20.5 4.8 1.8 

50 5 24.8 8.2 2.2 

75 4 28.3 10.4 2.5 

 

The various factors such as: the measuring equipment, the 

object mechanical and geometrical parameters, the 

environment, the measurement technique and others influence 

each other the measurement results. The measurements were 

performed in a laboratory at a controlled environment 

temperature (202) oC. Based on the prior work [37], where 

the contact measurement method at sufficiently short distance 

500 mm is used and the temperature changes do not constitute 

more than 2% of the overall uncertainty. Therefore, this 

parameter may be neglected. 

Research has allowed highlighting the following sources of 

the combined uncertainty: the reconstruction of phase 

velocities dispersion curves, uncorrected error for frequency 

range, the scanner step, material properties of the object and 

thickness of the test sample.  

It is then important to evaluate accuracy of the proposed 

technique in the entire reconstructed phase velocity 

dispersion curve segment. Which means, the maximum 

deviation from the average error for one point across the 

frequency range is included in total uncertainty [37]? To 

show the limits of the actual variability of the obtained 
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results the difference between limit value of absolute error 

and mean absolute error are calculated: 

∆𝑐phmax
= max (∆𝑐ph𝑚

− ∆̅𝑐ph
). (10) 

Accordingly, the obtained results for the different filter 

bandwidths 25 kHz, 50 kHz and 75 kHz are equal to 32.5 m/s, 

41.2 m/s and 7.7 m/s. Then the standard uncertainty can be 

calculated as follows (it is assumed a normal distribution): 

𝑢 (∆𝑐phmax
) =

∆𝑐phmax

3
. (11) 

The estimated standard uncertainties are 10.8 m/s, 13.7 m/s 

and 2.6 m/s respectively for the different filter bandwidths 

25 kHz, 50 kHz and 75 kHz (values are given in Fig. 8, 

column 3 of uncertainty budget table). This component 

corresponds to the estimated fluctuations of the Lamb wave 

frequency f, which is directly affected by the characteristics 

of the receiver [37]. 

When using the same measuring instruments to realise the 

techniques (instruments for environmental control and 

ultrasound system “Ultralab”), the scanning step of the 

scanner, transducer and object characteristics influence the 

phase velocity measurement results [37], [38].  

The difference between two neighbouring points at which 

signals are received is l = 0.5 mm. The distance was 

determined with the standard uncertainty of 0.006mm. The 

sensitivity coefficient Wl is equal to 1/t, where t is the 

rectangular single pulse duration 3.85 μs. The dimension 

∂ƒ/∂lu(l) has considered the uncertainty of scanner step 

which is a component of the total standard uncertainty.  

The thickness of test sample is 4mm and its variation ∆d is 

assumed to be equal to ±0.0001m. Based on this information,  

the absolute standard uncertainty can be calculated using 

rectangular distribution: 
3

)( d
du


 (Fig. 8, column 3 of the 

uncertainty budget table). 

Changes of phase velocity depend on the change of elastic 

constants. There are six independent elastic constants for 

characterization of the materials and their values are 

presented in Table 1: Density, Young‘s modulus in 

longitudinal E1 and transverse E2 directions, Poisson's 

rations in longitudinal ν12 and transverse ν23 directions and 

shear modulus in both longitudinal and transverse directions 

G12. Their standard uncertainties and sensitivity coefficients 

are calculated using the methodology described in the 

previous article [37] and presented in Fig. 8. Each elastic 

constant is changed 20% except the density, which is 

specified by the manufacturer. The phase velocity is not been 

influenced by the E2, ν12, ν23 changes. The Young‘s modulus 

E1 changes are incited a maximum change of phase velocity 

cph=30m/s. The changes of the shear modulus G12 caused a 

maximum change of phase velocitycph=83m/s. A 

rectangular distribution is used for all calculations of 

standard uncertainties related to plate materials 

characteristics.  

A complete uncertainty budget is determined for each filter. 

The results of the combined and expanded uncertainties 

calculations are presented in Fig. 8. The ll, ld, lcphmax, 

lE1lG12 corrections, but not their uncertainties, are 

estimated to be zero. It is assumed that the accuracy of the 

phase velocity measurement will not be depreciated by the 

uncertainties of E2, ν12, ν23, . 

 

 

 

 
a 
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b 

 
c) 

FIGURE 8. The expanded uncertainty of each reconstructed frequency range accordingly for filter bandwidth: a) 25 kHz, b) 50 kHz and c) 75 kHz. 

 

The phase velocity measurement results are presented in Table 

4. The expanded measurement uncertainty is calculated using 

the coverage factor p=2 for normal distribution and coverage 

probability P=0.95. When using narrower filter bandwidth 25 

kHz, the reconstructed frequency range is wider (Table 2) and 

the typical error obtained is of 1.8% mean (Table 4). While 

using the wider filter bandwidth 75 kHz, the frequency range 

of the reconstructed dispersion curve is narrower (Table 2) and 

the typical error is larger and it of 2.5 % mean (Table 4). 

 
TABLE4. Calculated relative systematic errors and expanded 
uncertainties of the phase velocity for different filters. 
 

Filter 
bandwidth, 

kHz 

Phase velocity 
cph for Ao mode, 

m/s 

Mean relative 
error 

(systematic), % 

Expanded 
relative 

uncertainty, % 

25 1173 1.8 2.2 

50 1177 2.2 2.8 

75 1180 2.5 1.9 

 

The results obtained with Monte Carlo simulation corresponds 

to the results calculated in the usual way. In all cases, there are 

positive systematic errors. Uncertainty analysis of these 

measurement results has shown that the main components of 

the combined standard uncertainty are the reconstruction of 

phase velocities dispersion curves and the uncorrected error 

for frequency range. The combined uncertainty of the phase 

velocity determination is also sensitive to the uncertainties of 

the scanner step and of the shear modulus which depends on 

the material properties of the object. The uncertainty of the 

shear modulus becomes significant when the uncertainty of 

the uncorrected error for frequency range decreases. The 

influence of the other uncertainty components to the 

measurement result will enhance accordingly. 

The repeatability of the method or repeatability of the 

variation of the measured points of dispersion curves is a part 

of the combined standard uncertainty and is equal in the best 

case approximately to 14%. At the same time the reliability of 

the method in the whole segment of the phase velocity 

dispersion curve the maximum deviation from the average 

phase velocity error is included in the total standard 

uncertainty. The influence of uncertainties of the dispersion 

curve reconstruction and the uncorrected error for frequency 

range on the measurement result are evident and dominant. 

The two components represent 85% of the total uncertainty. 

The influence of other uncertainty components on the 

measurement result shall increase when these two 

uncertainties decrease. Ignoring these small components for 

uncertainty calculation can damage the quality of decision-

making. It is important to take into account the changes in 

uncertainty, if the measuring equipment or object material is 

changed. 
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IV. CONCLUSIONS 

The reliability characteristics of the proposed hybrid technique 

for the phase velocity estimation of Lamb wave A0 mode were 

calculated and presented in this study. The experimental 

signals propagating in an anisotropic-non-homogeneous Glass 

Fibre Reinforced Plastic (GFRP) plate were used. To obtain 

the reliability characteristics of the method and to compare the 

obtained results, three different filter bandwidths 25 kHz, 50 

kHz, 75 kHz were used in the investigation. Therefore, the 

obtained reconstructed dispersion curve segments have 

covered the different frequency range sizes with different 

mean systematic error. When using the narrower filter 

bandwidth 25 kHz, the phase velocity dispersion curve was 

reconstructed essentially in wider frequency range which 

covers 88%. In the meantime when using 75 kHz only 50% 

coverage of the whole incident signal frequency bandwidth 

was achieved. The evaluated characteristics have shown that 

the narrower filters bandwidth gives smaller measurement 

errors. Using 25 kHz filter bandwidth mean systematic error 

was equal to 1.8%, while in 75 kHz the error was 2.5%. The 

narrow-band filters provided more reliable and accurate 

results and also a reconstruction of dispersion curve segment 

in wider band. Therefore, it is recommended to use narrow-

band filter for the Lamb waves A0 mode phase velocity 

dispersion curve reconstruction. 
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