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Abstract

Signal processing systems operating in noisy or dynamically changing environments re-
quire computational architectures capable of multilevel parallel information processing.
Biological sensory systems have naturally evolved such architectures through hierarchi-
cal organization, providing inspiration for efficient computational models. This paper
presents a mathematical model of the direct parallel-hierarchical transformation (PHT),
its FPGA implementation, and an application to laser-beam spot processing. The original
experiment yielded an average coordinate-determination error of 0.47%, a maximum error
of 1.6%, and a standard deviation of 0.36%. The 269-frame tr0_269 dataset constitutes
one sequentially acquired frame sequence; its 70/199 division is therefore treated as an
internal functional division within that sequence rather than as a separation of independent
laser tracks. For the subsequent 199-frame segment, the complete modified PHT chain
gave a mean coordinate-determination error of 0.567 pixels; the repeated calculation gave
0.569 pixels, supporting reproducibility within this frame sequence. For an additional
check, separate completed frame sequences were used without overlap: TRASSA(00 and
FRAMEOQ02-FRAMEQ5 were used for implementation checks and parameter definition,
whereas FRAMEQO6-FRAME11 were not used for parameter selection and were used only
for subsequent evaluation of the method. The FMT headers show that FRAME(02-FRAME11
are separate completed acquisition sequences with individual start and end times; the gaps
between successive sequences substantially exceed the 40 ms inter-frame period, excluding
their interpretation as contiguous fragments of one continuously stored FMT file. No
sequence and no frame contributed to both groups. The 38-section method produced a
lower mean coordinate-determination error than the six-section method in all six evalua-
tion sequences, with means across the six sequences of 0.815 and 1.321 pixels, respectively
(Wilcoxon statistic 0; one-sided p-value 0.015625; 95% confidence interval from whole-
sequence resampling, —1.178 to —0.152 pixels). In an additional evaluation of the complete
PHT on FRAMEO6-FRAMEI11, the shape-coefficient limits were determined only from
TRASSA00 and FRAMEQ2-FRAMEDQS as the central 95% empirical interval [0.637, 0.862]
and then applied unchanged to FRAMEQ6-FRAME11. On the same evaluation frames, the
mean same-frame error of the complete PHT was 0.961 pixels versus 0.822 pixels for the
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direct 38-section stage. The complete method produced a larger same-frame error in all six
sequences because its acceptance logic can retain the preceding accepted coordinate. The
FPGA implementation reached 7 ms/frame with register memory and 25 ms/frame with
serial memory.

Keywords: parallel-hierarchical transformation; signal processing; laser beam spot
classification; FPGA implementation; railway infrastructure maintenance

MSC: 68W10; 94A12; 68U10

1. Introduction

Signal processing systems must increasingly contend with large volumes of spatially
and temporally structured data, demanding computational architectures that efficiently
exploit the inherent hierarchical and parallel organization of such signals [1]. Biologi-
cal sensory systems—auditory, visual, olfactory, and others—have evolved multilevel
filtering mechanisms that perform convergence and divergence of signal features across
hierarchical processing layers, achieving robust perception under noisy, high-dimensional
conditions [2—4]. Formalizing these mechanisms as mathematical models provides a princi-
pled basis for developing artificial signal processing systems with similar properties.

The concept of parallel-hierarchical transformation (PHT) captures this biological
organization within a computational framework: input signal fields are decomposed level
by level, with each level forming sets of common and distinctive features that propagate
to the next hierarchical stage. This structure corresponds closely to the modular cortical
architecture described by Mountcastle [5] and the hierarchical sensory analysis documented
across different sensory modalities [2—4]. While deep neural networks have demonstrated
strong empirical performance on hierarchical signal processing tasks [6,7], their connection
to the underlying biological principles of hierarchical organization remains largely implicit.
Previous studies on PHT [8] established its theoretical foundations, whereas the present
work extends these studies through a complete mathematical formalization and an FPGA-
based implementation evaluated on a challenging real-world task.

Previously published laser-spot localization approaches include contour- or shape-
based center estimation [9] and optical-image processing methods [8]. Their processing
principles differ from the direct parallel-hierarchical transformation developed here; robust-
ness under atmospheric disturbances must therefore be assessed experimentally rather than
assumed. The proposed parallel-hierarchical transformation addresses these limitations
through multilevel decomposition of spatial features and efficient parallel processing.

Recent studies have also demonstrated the effectiveness of diagnostic parameter
extraction and mathematical modeling for improving the accuracy of technical condition
assessment in engineering systems [10,11].

Beyond optical signal processing, parallel-hierarchical transformation has significant
potential for processing heterogeneous diagnostic information in railway track infrastruc-
ture monitoring and maintenance. Modern railway inspection systems integrate laser
scanning, machine vision [12,13], ultrasonic testing, eddy-current inspection, inertial mea-
surement units, and track geometry measurement systems [14], generating large volumes
of multidimensional data that require efficient hierarchical feature extraction and intelligent
data fusion. However, the integration of heterogeneous diagnostic data into a unified
computational framework capable of real-time hierarchical analysis remains a challenging
problem for railway infrastructure maintenance [15]. Owing to its multilevel organiza-
tion and computational efficiency, the proposed method could in principle be adapted
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for analyzing multisource diagnostic information, in support of rail defect identification,
infrastructure condition assessment, and condition-based maintenance [16] within digital
railway asset management systems [17]. This application is outlined here as motivation
only; it is not evaluated experimentally in the present study, which validates PHT on laser
beam spot images.

The aim of this work is to develop and validate a direct parallel-hierarchical trans-
formation method for the classification and coordinate determination of laser beam spot
images. The principal contributions are: (I) a complete mathematical model of direct PHT
incorporating matrix decomposition operators; (II) an FPGA-based implementation achiev-
ing processing speeds of up to 7 ms/frame; (III) an experimentally demonstrated reduction
in coordinate-prediction error relative to the baseline contour-based method [8] used in
the original comparison, for all five forecasting techniques tested, averaging 17.6% and
ranging from 2.3% to 32.2%; (IV) evaluation on separate completed acquisition sequences,
with TRASSAQ00 and FRAMEO2-FRAMEO5 used for implementation checks and parameter
definition and FRAMEO6-FRAMEI11 used only for subsequent evaluation; (V) a separate
evaluation of the complete PHT on FRAMEQ6-FRAMEL11 using shape-coefficient limits
determined only from TRASSA00 and FRAMEO2-FRAMEQS and then applied unchanged;
and (VI) comparative evaluation against two baseline coordinate-determination methods
under a unified per-frame protocol.

Existing approaches to the classification and coordinate determination of laser beam
spot images rely predominantly on contour-based processing, which treats the image
as a single, flat feature space. Such approaches contain no explicit parallel-hierarchical
structure and lose accuracy when the spot is deformed by atmospheric distortion, because
turbulence-induced local variations are not separated from the stable spatial features
carrying the position of the energy center. A transformation is therefore required that filters
the input field level by level, progressively separating stable from variable components.
The direct parallel-hierarchical transformation (PHT) developed in this work provides
such a mechanism: it performs a level-by-level decomposition of the input numerical fields
and forms the output results as tail elements. Its justification follows from the principles of
hierarchy and parallelism observed in models of evolutionary development, above all in
neurobiological sensory systems.

The research reported here aims to formalize this hierarchical and parallel organization
as a mathematical model and to validate it on the classification and coordinate determina-
tion of laser beam spot images implemented on an FPGA platform. The accomplishment of
the objective involved resolving the following tasks:

- Describe examples of hierarchy and parallelism in models of evolutionary development.
- Formulate a mathematical model of direct parallel-hierarchical transformation.

Show the effectiveness of the model based on practical results.

2. Theoretical Framework of the Direct
Parallel-Hierarchical Transformation

The mechanism of the evolutionary development model is directly observable in
the formation of the auditory, visual, olfactory, somatosensory, gustatory, and vestibular
representations by which man perceives the outside world [2-5,18], supplemented by
signals from within the body reporting limb position, temperature, chemistry and blood
volume [2,3]. All forms of sensation carry information about the state of the space-time
environment (STE): where and when a stimulus appeared and how long it lasted. Com-
paring different sets of states, the perceptual system first determines the states common
to them—formed from features such as brightness, color, timbre, pitch, taste, temperature
and pressure—and then the distinctive states, as the segments that differ. Perception may
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therefore be represented as an iterative process of parallel spatio-temporal comparison of
signal parameters and selection from them of common and distinctive features—signals,
each new set of distinctive features generating, through evolutionary change, a new set
of common features; it proceeds continuously and simultaneously in all systems of the
human senses. The common features—signals are conveyed to the cerebral cortex along
independent pathways, where generalized filtering forms new sets, each of which char-
acterizes a new hierarchical level of sensory processing. Images of the outside world are
constructed at the later stages of sensory analysis by combining the most purified data
passed through the filters of the individual sensory systems; synthesis proceeds in reverse
order, a new set being formed at each level from the “reflections” of features—signals held
in memory. The filtering is of a growing nature in some sensory systems and of a declin-
ing one in others, but in both cases convergence and divergence filter and amplify the
information, which acts on the neurons of a single hierarchical level—a neural local area
network retaining the information flow within that level. All parts of sensory systems
include at least stimulus detectors, that is, specialized receptor neurons; a primary receiving
center at which information from a group of detector blocks converges; and secondary and
integrating centers fed by the primary centers. In more complex systems, the integrating
centers, which distinguish the more general feature sets, are also interconnected, and their
interaction creates thinking and consciousness. The formation and evolutionary change in
the distinctive features—signals is the sign for their new selection at the next hierarchical
level [2-5], and the speed of their formation in the cortex determines the human capacity
for analysis. Thinking and awareness may thus be represented as parallel, interconnected
processing of sensory information across sensory zones of increasing hierarchical order, the
highest of which form the most common and the most distinctive feature sets.

In this regard, this approach coincides with the fundamental concept of the American
physiologist W. Mountcastle [5]. According to Mountcastle’s theory, the cerebral cortex
consists of complex multicellular ensembles whose basic unit is formed by about a hundred
vertically connected neurons of all cortical layers. Several such simple vertical ensembles
can be combined by means of intercolumn connections into a larger information-processing
unit—a module, or modular column, which acts as a unit that processes information [5].
Modules are grouped into larger aggregates, which create the primary visual or auditory
cortex, or the cortex responsible for movement, depending on where the aggregate pre-
dominantly receives information from. Information processing is conducted in parallel
channels: each aggregate performing one main function also contains smaller subgroups of
vertical units associated with subgroups of other aggregates performing other functions,
so that any subgroup of modules may belong to different distributed systems depending
on the information currently received. The algorithm of such a network is universal: it
consists in the parallel-hierarchical formation of sets of common and distinctive features of
the state of STE, generalization between different types of sensory information occurring
only after the network has been constructed for a given set of features.

The detector-based and spatial-frequency descriptions of signals provide complemen-
tary perspectives on hierarchical image processing. In optical applications, laser-beam
images can be analyzed through explicitly structured processing stages; prior work on laser-
beam image processing and modified parallel-hierarchical transformations provides the
relevant technical background [8]. The present study applies these hierarchical processing
principles specifically to laser-beam spot images.

Formally, such a model is a distributed generalized hierarchical network consisting of
a finite set of hierarchical subnets. Each subnet reflects a development process of a strictly
defined nature, the independent vertices of the subnets form independent branches of
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the generalized network, and the whole set of subnets merges into a single hierarchical
network, the structure of which is presented in Figures 1 and 2.

[ ] - set of different states of DM

[X] - set of common states of DM

Figure 1. Structure of parallel-hierarchical network.

Hierarchical subnetwork

First-grade network

Second-grade network

Figure 2. Formation of a multistage parallel-hierarchical network from individual parallel-
hierarchical networks.

Figure 1 illustrates the mechanism of connection organization during the formation of
an individual parallel-hierarchical network. The first three levels are shown, each contain-
ing parallel branches that perform the transformation. Figure 2 extends this principle to
a set of hierarchical subnetworks that are successively combined into a single multistage
parallel-hierarchical network. This multilevel interaction can be viewed in the broader
context of interconnected complex systems [19], while the specific PHT operators are de-
fined below. Within each individual network, information expands at the first level and
is compressed at the subsequent levels; upon transition to the next network, expansion
becomes possible again. Thus, the “expansion—compression” cycle is repeated as succes-
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sive networks are involved in the processing. This alternation is the structural property
formalized by the direct parallel-hierarchical transformation.

We use the following mathematical model of parallel set decomposition to formalize
the direct PHT; its conceptual basis is described in earlier work on parallel-hierarchical

transformations [8]: v = {m;},i=1,n
n R j—1 ) }
v= U= U (= S ) (o) 0
i=1 j=1 k=0

The transformation defined by model (1) is treated here as a G-transformation operator.
Its formal definition is given in Equation (2).

G(y) =7 (2)

Applying the operator defined by Equation (2) to each source array gives the ordered
decomposition presented in Equation (3).

R} R} R
1 1 1 1 1 1
"= Umli/ V2= UmZi' RV UmSi 3)
i=1 i=1 i=1

Equation (3) defines the source arrays of the first level and their elements. For an arbi-
trary hierarchical level, the level number and the number of elements in the corresponding
array are specified separately. Combining the decomposition results of the source arrays
forms the first-level matrix presented in Equation (4).

1 1 1
my; My, ... mlR% X . X
1 1 1
My Myy ... mZR% X
M= . . T 4)
1 1 1
Mgy Mgy ... mSRé X .. X
or
S R;
1
My = U {mSi}i—l ©)
s=1 -

The elements of the first-level matrix are then regrouped by columns. The resulting
matrix form is presented in Equation (6).

i = ()

s=1

The transition to the transposed matrix is defined by the transposition operator in
Equation (7).
T(M;) = M] (7)

Because the source sets may contain different numbers of elements, the maximum set
length determines the number of groups formed at the next stage of the transformation.

The elements of the transposed matrix pass to the next hierarchical level and pro-
vide the input for constructing the second-level matrix. Successive application of the
G-transformation gives the relation presented in Equation (8).
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_ 2 2
72 = U'VR} = U{mR}i} ®)
i=1 i=1
2 2 2
mi, mi, U R X X
2 2 2
my, ms, mZR% X X
2 2 2
My = | ™51 M5 Mgz X (9)
2 2 2
MRiy MRy Mrire, X X

Starting from the second level, matrix formation is not performed by transposition

alone. The elements are also grouped diagonally, which provides the inter-level continua-

tion of the transformation.

For construction of the next level, the second-level matrix is represented in the form

shown in Equation (9).

2 2 2 2
mi, M, Mi, mZR% X X
2 2 2 2
X  my my, My ... I’I/IZR% X X
2 2 2
MZ/ — X X m3q mz3, ce m3R§ X X (10)
2 2 2
X ... X My M1y oee leRil X

After the structural transformation, the next matrix is formed from the preceding
matrix without the first selected element; the result is given in Equation (10).

The first selected element is the first output result of the transformation. Starting from
the second level, each subsequent level produces the next output element.

The transition between levels is performed by the structural row-shift operator. The
rows are shifted by the required number of positions, after which the first column is
excluded from further inter-level formation.

After the structural row shift, transposition is performed. The matrix of the next level
is then obtained as shown in Equation (11).

mi,  m5 X ... ... X
. mi,  m3, mi X ... X
MI = ) ) o (11)
Maee X oo o X
Rl

The resulting matrix provides the input for the next level. The same operations are
repeated until only one resulting element remains; after that, no further non-empty matrix is
formed. This sequence of operations defines the direct parallel-hierarchical transformation.

The notation in Equations (1)—(11) specifies the input numerical field, its elements, the
number of input elements, the index and number of G-transformation steps, the number of
elements at the current step, the selected value, the number of source arrays, the hierarchical-
level index, the matrix elements and dimensions, transposition, and the structural shift. An
empty padding position is not a data value.

Let us consider the theoretical justification of the PHT-output correlation threshold.
For each newly processed frame, the output PHT vectors of the four most recent previously
accepted frames are retained and averaged to form the current reference PHT vector. The
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current-frame PHT vector and the averaged reference vector are normalized, after which
the correlation coefficient P between them is calculated. A new coordinate is accepted only
when P is not less than 0.95; otherwise, the previously accepted coordinate is retained.
Equations (12)—(16) define vector averaging, correlation, the angle between the normalized
vectors, and the corresponding Euclidean distance. The distance-based interpretation
therefore means expressing the same correlation threshold of 0.95 as an allowable Euclidean
distance between the two normalized PHT vectors.

T + Tio + Tig + T

Tretn = n (12)

pn > P (13)

P = Un vy = cos O, (14)

dn? =2 —2p, (15)

08 Omax = 0.95; Omax = 18.19°, dmax = v/0.10 = 0.316 (16)

Equations (12)—(16) describe the four most recent accepted PHT vectors, their aver-
aging, normalization of the current and reference vectors, their correlation coefficient, the
angle between the normalized vectors, and the corresponding Euclidean distance. The
acceptance threshold is 0.95.

Noise-model interpretation. Equations (17)—(20) represent the current and reference
PHT vectors as a stable structural component plus noise and relate the correlation threshold
of 0.95 to the corresponding noise-to-structure variance ratio. This model is used only to in-
terpret the fixed correlation threshold; it does not replace the experimental reliability check.

Th=5S+ En/Tref,n =5+ €refn (17)
(o} 2 (o} 2
q= 0_7;2/ O-nz = 0-52 + 052/ 0-refz = 0-'52 + 4£ (18)
_ 5 1
Ppop 2 1+ Zlq—’— 1q2 (19)
P = 0.95; q ~ 0.08498, SNR = —10log0q ~ 10.71 dB 20)

Equations (17)—(20) represent the current and reference PHT vectors as the sum of
a stable structural component and a noise component. The model relates noise variance,
structural-component variance, correlation, and signal-to-noise ratio. It is used only for
theoretical interpretation of the fixed correlation threshold and does not replace the experi-
mental evaluation.

Thus, the correlation threshold of 0.95 has a direct geometric meaning: at the accep-
tance boundary, the normalized vectors differ by an angle of approximately 18.2°, and
their normalized Euclidean distance is approximately 0.316. Under the stated additive-
noise model, the same threshold corresponds to a noise-to-structure variance ratio of
approximately 0.085.

3. Results

Let us consider one possible application of parallel-hierarchical transformation for
coordinate calculation and classification of laser-beam spot images, examples of which are
shown in Figure 3. The 269 BMP images in tr0_269 form one sequence of consecutively
acquired frames. In the original processing scheme, the first 70 frames were used at the
preliminary stage to form the initial processing characteristics required by the algorithm,
whereas the following 199 frames were used for evaluation after those characteristics had
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been formed. Therefore, in this article the 70/199 division is treated as an internal functional
division of one frame sequence, not as a separation of independent laser tracks. Additional
completed acquisition sequences are used separately for implementation checks and for
comparison of the six-section and 38-section methods.

Figure 3. Images of 128 x 128 pixel laser path spots.

Origin of the sectioning and shape-coefficient criterion. The brightness-section stage
follows the method of sections described in [8]. For each selected intensity section, its
area and center are determined; the relation between areas at different intensity levels
characterizes the spot shape. Equations (21) and (22) give the shape coefficients used in
this procedure.

I = So.75n 1)
So.50h
4rs + 7

Iy & 512 (22)

Coordinate calculation from brightness sections is performed as follows. For each
selected brightness level, the pixels belonging to the corresponding cumulative section
are identified, and the center of that section is calculated using Equation (23). The final
coordinate of the energy center of the laser-beam spot is obtained by averaging the section-
center coordinates according to Equation (24). Using six sections gives the original method;
using 38 sections gives the modified direct method.

A A
Agxy = Zpil Xips Ak = Zpil Yip (23)

N-1 N-1
Nxn = ) 30 X Nyn = D g Vi (24)

Equations (21)—-(24) define the maximum frame intensity, the area of a cumulative
brightness section at a selected threshold, the shape coefficients, the section index, the num-
ber and coordinates of pixels in a section, and the section-center coordinates. The number
of sections is specified separately, and the final coordinate is obtained by averaging the
centers of the selected sections. The six-section variant uses six successive brightness levels;
the 38-section variant uses the same first six levels plus 32 additional successive levels.

Let us consider the construction of the computational reference and its limitations.
For each frame, the reference coordinates are obtained by the same fixed image-processing
procedure. First, the minimum and maximum intensities are determined, and the binary-
segmentation threshold is calculated using Equation (25). Pixels satisfying the condition in
Equation (26) form the binary region. Spatial moments of this region are then calculated,
and Equation (27) gives the computational reference coordinates of the energy center of
the laser-beam spot. These coordinates provide a common computational reference for the
six-section, 38-section, and complete PHT methods, but they are not an external metro-
logical measurement of the true physical beam position. The result may be affected by
threshold choice, intensity quantization, saturation, background gradients, asymmetric or
multimodal spot structure, and truncation at the image boundary. A sensitivity analysis
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was therefore performed by decreasing and increasing the coefficient in Equation (25) by
5%. Relative to the nominal reference, the mean coordinate shifts for individual sequences
were 0.114-0.401 pixels for the decreased coefficient and 0.120-0.415 pixels for the increased
coefficient; the means across the six analyzed sequences were 0.178 and 0.181 pixels, respec-
tively. The mean 38-section error across the six sequences was 0.851, 0.815, and 0.788 pixels
for the decreased, nominal, and increased coefficients, respectively. Thus, the numerical
values change slightly, but the conclusion that the 38-section method has a lower error than
the six-section method is unchanged under this plus or minus 5% coefficient variation.

Imax — I
L. = Iin + % (25)
b(x,y) = 1if I(x,y) > L;; b(x,y) = 0 otherwise (26)
My M
Mpq:ZXpyqb(X,y),Xr = m,yr =H-1- m (27)

For each evaluated frame, the coordinate-determination error of the energy center of
the laser-beam spot is calculated using Equation (28) as the Euclidean distance between
the coordinate returned by the method and the computational reference coordinate for
the same frame. The error is reported in pixels and as a percentage of the 128-pixel frame
width. It therefore measures agreement with the common computational reference rather
than the absolute metrological error of the physical laser-beam position.

100e;
e = \/Ax2 + Ay L E; = 128e (28)

The generalized scheme of the developed device is presented in Figure 4.

Input Image

Camera

Out
Classification
— and forecasting —»
module

: : :

’ Controlling module ‘

Calculating of

Preproccesing coordinates

Figure 4. Generalized block diagram of image processing of laser beam spots.

Equations (25)—(28) use the minimum and maximum frame intensities, the binary-
segmentation threshold, the intensity of an individual pixel, and the resulting binary mask.
The summation in Equation (27) extends over all image pixels, and the zeroth-order spatial
moment equals the number of pixels in the binary region, whereas the two first-order
spatial moments determine the horizontal and vertical coordinates of its center. The image
height is 128 rows. Equation (27) accounts for the adopted direction of the vertical axis.
Equation (28) compares the computational reference coordinates with those returned by
the method and gives the error for the current frame.

Figure 5 illustrates the algorithm used to calculate the coordinates and categorize laser
beam spots within a single frame, employing the direct parallel-hierarchical transformation
method [8].

The DE1-SoC board served as the foundation for conducting the simulation. The
processing speed of the complete circuitry was evaluated using actual laser-beam spot
images at a fundamental operating frequency of approximately 100 MHz:
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e  Up to 25 ms per frame when serial memory was used;
e  Up to 7 ms per frame when register memory was used; an incomplete memory matrix
was used because of the limited FPGA resources (Figure 6).

Start

Getting image from
CMOS Camera

1) Calculate the coordinates of the
center spot of the laser beam.
2) Obtaining coefficient R
3) Filtration of images

4 A
No
Renew coordinates Use previous
coordinates
Yes
Saving the filtered
image to memory |
End

Finding tail functions using the
method of direct conversion of Pl

Finding the correlation coefficient
between the tail of current and
averaged tails of caudal last 4
.images

R

Correlation > 0.95?

Figure 5. The combined approach algorithm for determining coordinates and classification of spots
of laser beams using the parallel-hierarchical transformation method.

The selection of classification boundaries was based on minimizing the mean error
relative to the center of the actual image. In order to identify the optimal boundaries, the
mean error for different boundary distances was estimated depending on the selected
correlation coefficient of the combined method.
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The graph of the average error, depending on the choice of threshold for one of the
tracks, is presented in Figure 7.

Relative error, %
o
w

0.48

0.46

Figure 6. Models of the computational complex of parallel-hierarchical processing of images of
extended laser lines and predictive characteristics for optical communication systems based on FPGA
usage: (a)—first modification and (b)—second modification.

0.74—0.76

0.72—0.78 0.7—0.8 0.68—0.82 0.65—0.85 0.60—0.90
Selected threshold

Figure 7. Average coordinate-determination error as a function of the selected threshold for one

selected laser track.

Figure 7 shows the dependence of the average coordinate-determination error on
the selected threshold for one selected laser track. The curve has a distinct minimum
corresponding to the range in which the coordinate-determination error is smallest. Further
widening of the acceptance range increases the error because the decision criterion becomes
less selective. The position of the minimum therefore provides the experimental basis
for choosing the working threshold for this track. Classification performance was also
evaluated using the ROC method [20], as shown in Figure 8. The developed method
produced a true-positive rate of 71% and a false-positive rate of 23%.

https://doi.org/10.3390 /math14203807


https://doi.org/10.3390/math14203807

Mathematics 2026, 14, 3807

13 of 22

Relative error, %

1.2
1
_5 0.8
g
& 0.6
= 04
=l
0.2 -
0 T T T T T T T 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
FPR (fraction)
Figure 8. Receiver operating characteristic (ROC) curve of the developed method. Both axes show
dimensionless fractions, not percentages.
The developed approach produced an average deviation of 0.47%, a maximum devia-
tion of 1.6%, and a standard deviation of 0.36%. Figure 9 presents a comparative error graph
for a route segment using the X coordinate, with the baseline contour-based method [8]
used in the original comparison.
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Figure 9. Comparative graph of relative errors.

The area under the ROC curve (AUC) was estimated as approximately 0.81 from
the available ROC graph. This graph-derived estimate complements the reported op-
erating point, for which the true-positive rate is 71% and the false-positive rate is 23%.
Because frame-level ROC scores are unavailable, the AUC value should be interpreted as a
descriptive estimate rather than as a directly computed frame-level AUC.

The graph shows that the combined method has a lower average error than the baseline
contour-based method over the displayed route segment, corresponding to more accurate
trajectory calculation for these data.

In laser-beam data transmission systemes, it is important not only to determine the
position of the energy center in each laser-path image but also to predict its subsequent
position. The 199-frame reanalysis belongs to the same frame sequence and therefore
characterizes that sequence only. Relative to the same computational reference, the intensity-
weighted centroid produced a mean coordinate-determination error of 4.627 pixels (3.615%
of image width), the six-section method produced 1.755 pixels (1.371%), and the complete
modified PHT algorithm produced 0.567 pixels (0.443%). These values should not be
interpreted as estimates of accuracy on other independent laser tracks.
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The direct 38-section method produced the lower mean error of 0.368 pixels. This
value characterizes direct coordinate determination for the current frame: a new coordinate
of the energy center of the laser-beam spot is calculated for every frame and compared
with the computational reference coordinate calculated for that same frame. The complete
PHT method includes two additional sequential control stages after coordinate calculation.
First, a laser-beam-spot shape coefficient is calculated as the mean normalized intensity
of pixels belonging to the image region above one-half of the maximum frame intensity.
For reproduction of the original SCR071-SCR269 calculation, the previously established
acceptance interval 0.70-0.77 is retained. Second, the output PHT vector of the current frame
is compared with an average reference PHT vector formed from the output PHT vectors
of the four most recent previously accepted frames. Both vectors are normalized, and the
correlation coefficient between them is calculated. The new coordinate is accepted only
when the correlation coefficient is at least 0.95; otherwise, the newly calculated coordinate
is not accepted and the previously accepted coordinate is retained. Consequently, the
values 0.368 pixels for the direct 38-section method and 0.567 pixels for the complete
PHT characterize different processing procedures and should not be interpreted as two
measurements of exactly the same operation.

We next perform a reproducibility check of the complete processing chain. The
complete PHT calculation was repeated for frames SCR071-SCR269. The laser-beam-spot
shape coefficient was calculated as the mean normalized intensity of pixels in the region
above one-half of the maximum frame intensity; for this check within the same frame
sequence, the original interval 0.70-0.77 was retained. Four initial reference PHT vectors
were formed from frames SCR067-SCR070. Of the subsequent 199 frames, 131 passed
the primary shape-coefficient condition and 118 passed both the shape and PHT-vector
correlation conditions. The repeated mean coordinate-determination error of the energy
center of the laser-beam spot was 0.569 pixels; the standard deviation was 0.475 pixels, the
median was 0.433 pixels, and the maximum was 3.318 pixels. The repeated mean differs
from the previously reported value of 0.567 pixels by only 0.002 pixels. This confirms
numerical reproducibility of the complete PHT for the SCR071-SCR269 sequence.

Let us examine the effect of the number of sections using separate completed frame
sequences. The tr0_269 dataset contains 269 consecutively acquired BMP frames of the laser-
beam spot image. In the original processing scheme, the first 70 frames were used at the
preliminary stage to form the initial processing characteristics required by the algorithm,
whereas the following 199 frames were used for evaluation after those characteristics
had been formed. Thus, the boundary after frame 70 separates two processing stages
within one frame sequence and does not represent a separation of independent laser
tracks. For the additional numerical analysis, completed acquisition sequences were
divided into two non-overlapping groups. TRASSA00 and FRAMEO2-FRAMEQ5 were
used for implementation checks and parameter definition. FRAMEQO6-FRAME11 were
not used when those parameters were selected and were used in their entirety only for
subsequent evaluation. The FMT headers provide the frame count, image dimensions,
inter-frame period, and individual acquisition start and end times. FRAME02-FRAMEL11
each contain 2044 frames of 128 x 128 pixels with a 40 ms inter-frame period and have
separate start and end times. The intervals between the end of one acquisition sequence and
the beginning of the next are substantially longer than one inter-frame period. FRAMEQ02-
FRAMEI11 are therefore treated as separate completed frame sequences rather than as
contiguous fragments of one continuously stored FMT file. No sequence and no frame
contributed to both groups. TRASSAQ0 contains 933 frames, and FRAME02-FRAME11
contain 2044 frames each, giving 21,373 readable frames in total. Both section-count variants
use the same sequence of brightness levels starting from the maximum frame intensity.
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The six-section variant uses the first six levels; the 38-section variant continues the same
sequence with 32 additional levels. Thus, the first six sections are identical in both variants;
the only difference is the additional 32 successive brightness sections. The center of each
selected section is calculated, and the final coordinate is obtained from the centers of the
selected sections.

For the same SCR071-SCR269 sequence, the standard deviation, median, and max-
imum coordinate-determination error of the energy center of the laser-beam spot were
0.463, 0.423, and 2.845 pixels for the complete modified PHT algorithm; 1.028, 1.629, and
5.690 pixels for the six-section method; and 1.157, 4.661, and 8.074 pixels for the intensity-
weighted centroid method. These values characterize this single frame sequence and are
reported descriptively.

Consecutive frames within one acquisition sequence are statistically dependent. There-
fore, individual frames are not treated as independent statistical units in the comparison.
For each of FRAME(06, FRAMEO07, FRAMEO08, FRAMEQ9, FRAME10, and FRAME11, the
coordinate-determination error of the energy center of the laser-beam spot was first calcu-
lated for every frame using Equation (28) and then averaged over the complete sequence.
Each sequence therefore contributes one paired result: a mean error for the 38-section
method and a mean error for the six-section method, calculated from the same frames rela-
tive to the same computational reference. The mean errors for the 38-section and six-section
methods, respectively, were: FRAMEO6, 0.885 and 1.084 pixels; FRAMEQ7, 0.667 and 0.801;
FRAMEDO0S, 0.705 and 0.887; FRAMEQ9, 0.801 and 1.019; FRAMEI0, 0.638 and 0.769; and
FRAMEL11, 1.196 and 3.367 pixels. FRAME11 has the same FMT format, dimensions, frame
count, and frame period as FRAMEO6-FRAME10 and was therefore retained in the analysis.
Its larger six-section error coincides with greater frame-to-frame intensity variability and
is not used as a reason for exclusion. The 38-section method had the lower mean error in
all six sequences. The means across the six sequences were 0.815 and 1.321 pixels, and the
medians were 0.753 and 0.953 pixels for the 38-section and six-section methods, respectively.
For each sequence, the difference between the mean 38-section error and the mean six-
section error was calculated; all six differences were negative. A paired one-sided Wilcoxon
signed-rank test gave a statistic of 0 and a p-value of 0.015625. A statistic of 0 means that
none of the six sequences had a larger mean error for the 38-section method than for the
six-section method. Resampling whole sequences rather than individual frames gave a 95%
confidence interval from —1.178 to —0.152 pixels for the mean paired difference. Because
the entire interval is below zero, this result further supports the lower mean error of the
38-section method. This analysis accounts for within-sequence frame dependence by using
the mean of the entire sequence, rather than the individual frame, as the statistical unit
of comparison.

We also perform an additional evaluation of the complete PHT on the separate com-
pleted frame sequences FRAMEO6-FRAME11. The original shape-coefficient interval
0.70-0.77 reproduced the calculation for SCR071-SCR269 but did not represent the shape-
coefficient distribution in the other sequences. To avoid using FRAMEQO6-FRAME11 to
select new limits, the revised shape-coefficient interval was calculated only from TRASSA00
and FRAMEQ2-FRAMEQ5, the sequences used for implementation checks and parameter
definition. The central 95% empirical interval of the shape coefficient gave fixed limits of
0.637-0.862. These limits, together with the unchanged PHT-vector correlation threshold
of 0.95, were then applied to FRAMEO6-FRAME11 without sequence-specific adjustment.
For each evaluation sequence, frames 67-70 were used only to initialize the four reference
PHT vectors required to begin sequential processing; these four frames were excluded
from the error calculation and were not used to determine or modify the shape-coefficient
limits or the correlation threshold. Frames 71-2044 formed the evaluation segment, giving
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1974 frames per sequence. The numbers of frames passing the shape-coefficient condition
and both sequential conditions, respectively, were: FRAMEQ6, 1912 and 1910; FRAMEO07,
1956 and 1950; FRAMEOS, 1932 and 1928; FRAME09, 1903 and 1901; FRAMEI10, 1935 and
1931; and FRAMET11, 1750 and 1747. In total, 11,367 of 11,844 evaluated frames (95.97%)
passed both conditions. The mean coordinate-determination errors of the complete PHT
for FRAMEO6-FRAME11 were 0.903, 0.672, 0.763, 1.215, 0.650, and 1.562 pixels, respectively.
On exactly the same frames, the direct 38-section method gave 0.894, 0.669, 0.710, 0.803,
0.642, and 1.216 pixels. Thus, the complete PHT had the larger same-frame error in all six
evaluation sequences; the means across the six sequences were 0.961 and 0.822 pixels for
the complete PHT and direct 38-section method, respectively. A paired one-sided Wilcoxon
test for the six sequence-level pairs gave a statistic of 21 and a p-value of 0.015625 for the
alternative that the complete-PHT error is greater. Resampling whole sequences gave a 95%
confidence interval of 0.014-0.274 pixels for the mean increase. This additional evaluation
supports the explanation of the 0.368-versus-0.567-pixel difference: the complete PHT is
not simply another way of calculating the same coordinate. Its sequential acceptance logic
can retain a previously accepted coordinate, so the same-frame error can increase when the
spot position changes.

The forecasting results below were obtained using coordinates generated by the pro-
posed PHT-based processing chain. Comparison of the average prediction error shows that
the proposed preprocessing gave lower errors than the baseline contour-based method from
the original comparison [8] for each of the five forecasting methods tested, although the
magnitude of the improvement depended on the forecasting method. The corresponding
relative errors and reductions were:

- Exponential smoothing with damping: 0.66% versus 0.69%; relative error reduc-
tion, 4.3%.

- Exponential smoothing with an additive model: 0.85% versus 0.87%; relative error
reduction, 2.3%.

- AR model: 0.97% versus 1.43%; relative error reduction, 32.2%.

- Linear network S5: 0.37% versus 0.46%; relative error reduction, 19.6%.

- Multilayer perceptron MP5-2-1: 0.38% versus 0.47%; relative error reduction, 19.1%.

Across the five methods, the mean prediction error decreased from 0.78% to 0.65%,
corresponding to an overall relative reduction of 17.6%. The reduction for individual
methods ranged from 2.3% to 32.2%; the mean of the five relative reductions was 15.5%,
with a standard deviation of 12.3 percentage points.

The results demonstrate that the proposed direct parallel-hierarchical transformation
method achieves competitive accuracy in laser beam spot classification and coordinate
determination. The average error of 0.47%, maximum error of 1.6%, and standard deviation
of 0.36% represent a meaningful improvement over the baseline contour-based method [8].
The proposed method reduced the prediction error relative to the baseline contour-based
method [8] for all five forecasting methods tested, which indicates that the gain originates
from the PHT decomposition itself rather than from any particular downstream prediction
technique; the magnitude of the reduction was, however, method-dependent, ranging from
2.3% to 32.2% relative to the corresponding baseline error.

The observed reduction in average prediction error (17.6% on average, though vary-
ing by method) aligns with the theoretical expectation that level-by-level decomposition
progressively filters irrelevant spatial variation, leaving increasingly purified feature sets
for downstream classification. This mirrors the convergence—divergence architecture of
biological sensory pathways [2—-4], where successive hierarchical levels filter common and
distinctive signal features before integration in higher cortical areas. The comparison
between the PHT network structure and Mountcastle’s modular cortical columns [5] is a
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structural analogy concerning hierarchical, partly parallel organization; it does not establish
equivalence between the biological and computational mechanisms or independently prove
their robustness.

The ROC operating point of a true-positive rate of 71% and a false-positive rate of 23%
should be interpreted together with how it was obtained: it was not selected by optimizing
an ROC-specific criterion such as the Youden index or a cost-weighted classification loss,
but is the point reached on the curve when the classification boundary is fixed by the
criterion described in Section 3—minimization of the mean coordinate error relative to the
center of the actual image (Figure 7). The threshold was therefore tuned for coordinate
accuracy, and the resulting classification behavior is a consequence of that choice rather
than an independently optimized target; a localization criterion and a classification criterion
need not share the same optimum.

Judged on its own terms as a classification result, this operating point is moderate
rather than strong: it corresponds to a miss rate of 29%, a specificity of 77%, a Youden index
of 0.48, where zero corresponds to chance-level separation and one to perfect separation,
and a balanced accuracy of 74%. The area under the ROC curve (AUC) was estimated as
approximately 0.81 from the available ROC graph. However, frame-level ROC scores, a
second operating point, and a confidence interval for the AUC are not available, and no
corresponding ROC curve was obtained for the baseline contour-based method. Therefore,
the present data do not allow a direct classification-level comparison of PHT with the
baseline contour-based method over the full range of decision thresholds. We regard this
single-operating-point reporting, together with the absence of an explicit cost model justify-
ing the chosen trade-off, as a limitation of the present classification evaluation rather than
as evidence that a true-positive rate of 71% and a false-positive rate of 23% is optimal; a full
frame-level ROC analysis with directly computed AUC and its confidence interval, together
with a stated cost model for missed versus false detections, is identified as necessary future
work. The well-defined minimum in the error-versus-threshold curve (Figure 7), with error
rising again as the threshold widens, is nonetheless consistent with the theoretical proper-
ties of the PHT decomposition, in which tail elements at each level represent increasingly
specific spatial features and over-broad thresholds aggregate elements belonging to distinct
feature classes.

Processing speeds of up to 7 ms/frame and 25 ms/frame on the DE1-50C plat-
form confirm the practical viability of the method for real-time laser tracking in optical
communication systems. These processing times correspond to throughputs of approxi-
mately 142.9 frames/s for the register-memory configuration and 40 frames/s for the serial-
memory configuration. Thus, the register-memory configuration provides approximately
3.57 times the throughput of the serial-memory configuration. The incomplete memory ma-
trix used in the register-memory configuration, necessitated by FPGA resource constraints,
suggests that a full-resource implementation would yield further speed improvements.

The present study does not include a CNN- or RNN-based comparison implemented
on the same laser beam spot dataset; a controlled, same-dataset benchmark is identi-
fied below as an important limitation and a priority for future work. To contextualize
the magnitude of the reported improvement in the meantime, two recent deep-learning
studies addressing the same physical task—laser-spot localization and prediction under
atmospheric turbulence—are considered for comparison here, on the understanding that
differences in dataset and error metric mean their figures cannot be compared directly
with the results of this study. A deep-learning-enhanced spot center positioning and re-
construction method evaluated under atmospheric turbulence—the same distortion source
considered in this study—improved Manhattan-distance positioning precision by more
than 2.24 pixels and reconstruction PSNR by more than 3.25 dB relative to traditional
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methods [21]. For the specific sub-task of predicting a future spot position under atmo-
spheric turbulence, directly analogous to the forecasting comparison performed in Section 3,
an RNN-based feature-matching prediction method reduced average prediction error by
44-62% relative to classical centroid /Hough/Gaussian-fit baselines and by a further 12%
relative to a CNN-LSTM baseline [22]. These results provide only qualitative context for
the 17.6% average improvement of PHT over the baseline contour-based method reported
in Section 3, because differences in datasets, evaluation metrics, and experimental protocols
do not permit a direct quantitative comparison with the cited deep-learning-based methods.

Beyond this contextual placement, the PHT method offers an interpretable hierarchical
structure with explicitly defined decomposition levels, making it easier to analyze failure
modes and tune classification boundaries than the implicit, high-dimensional feature
representations learned by CNNs [7,23]—a relevant advantage in safety-critical optical
applications. A direct, quantitative comparison of PHT against a CNN or RNN baseline
trained and evaluated on the same dataset used in this study was not performed here; this is
an important limitation of the present work and a priority for future research, since it would
allow the accuracy-interpretability trade-off between PHT and deep learning methods to be
assessed under identical experimental conditions rather than through cross-study literature
comparison. Nevertheless, the scientific significance of the proposed approach lies not in
exceeding deep-learning accuracy but in achieving improvements of a comparable order
of magnitude through a deterministic, mathematically transparent PHT computational
core that does not require iterative parameter learning or gradient-based optimization; the
training subset is used only to form the reference characteristics required by the surrounding
classification and reliability procedure, while every intermediate tail element remains
traceable to an explicit decomposition level. Combined with the demonstrated real-time
FPGA implementation at up to 7 ms/frame, this establishes PHT as a scientifically distinct
and practically valuable alternative to deep learning for hierarchical signal processing
in resource-constrained, safety-critical, and interpretability-sensitive applications, where
a favorable accuracy-interpretability-efficiency trade-off is often more valuable than a
marginal gain in raw accuracy.

Future work should also investigate the extension of PHT to three-dimensional
and video signal contexts, building on earlier work on hierarchical optical-image pro-
cessing [8]. Integration of adaptive threshold selection through online learning—rather
than the static minimization used here—represents a further direction for reducing sen-
sitivity to atmospheric variability. Extension to other modalities where hierarchical sen-
sory structure is present, including medical imaging [8] and acoustic signal processing,
warrants exploration.

The following discussion sets out an application domain for PHT that, unlike the laser
beam spot results reported above, was not implemented or evaluated experimentally in
the present study; it is included to motivate and scope future work. Railway infrastructure
maintenance increasingly relies on automated inspection systems capable of early detection
and classification of rail defects. Modern railway inspection vehicles integrate laser scan-
ners, machine vision systems, ultrasonic testing, eddy-current sensors, and track geometry
measurement equipment to acquire large volumes of heterogeneous diagnostic information.
Efficient processing of these data requires advanced computational methods that support
multilevel feature extraction, hierarchical data integration, and intelligent classification in
real time.

The proposed parallel-hierarchical transformation offers a candidate unified computa-
tional framework for processing such multisource diagnostic information. In the envisaged
scheme, which has not been implemented or evaluated on railway data here, lower hierar-
chical levels would extract local geometric, textural, and structural features from inspection
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data, whereas higher hierarchical levels would integrate these features into generalized
descriptors for defect identification and infrastructure condition assessment.

Taking the classification principles defined in UIC recommendations and EN 16729 [24]
as the target taxonomy, the proposed approach could in principle be adapted for the
identification of major categories of rail defects, such as rolling contact fatigue (head
checking and gauge corner cracking), squats, corrugation, shelling and spalling, transverse
and longitudinal cracks, welded joint defects, rail head and side wear, corrosion damage,
plastic deformation, and other surface defects associated with cyclic loading and material
degradation. No such adaptation was implemented or tested in this work; these categories
indicate the intended scope of a future study rather than demonstrated detection capability.

The hierarchical representation is intended to allow simultaneous analysis of local
defect characteristics and the overall condition of railway track components. Whether
this would improve classification reliability or reduce false-positive detections relative to
existing rail inspection pipelines has not been tested and cannot be inferred from the laser
beam spot results reported above, for which classification performance is itself characterized
only at a single ROC operating point. Integration of information obtained from laser
scanning, machine vision, ultrasonic testing, eddy-current inspection, and track geometry
monitoring is likewise proposed as a route towards comprehensive condition assessment
in support of condition-based maintenance, rather than as a demonstrated result.

The frame rates reached by the FPGA implementation on laser beam spot images are
of the order required by onboard railway inspection systems, although no railway sensor
interface, data rate, or inspection payload was implemented or benchmarked here. Because
the present study validates the proposed transformation only on laser beam spot images, the
expectation that its computational principles carry over to railway infrastructure diagnostics
rests on the application-independence of the underlying mathematical framework rather
than on experimental evidence. The extracted hierarchical features are therefore put
forward, but not yet shown, to be informative descriptors for rail defect identification,
infrastructure condition assessment, and maintenance decision support.

Therefore, the proposed parallel-hierarchical transformation is put forward as a
promising, but as yet experimentally unverified, computational framework for intelligent
railway track infrastructure maintenance. Its hierarchical organization and efficient parallel
implementation suggest opportunities for future integration into condition-based and
predictive maintenance systems, Digital Twin technologies, and Al-based railway asset
management platforms, with the aim of contributing to improved operational safety, in-
frastructure reliability, and lifecycle management. Realizing and quantifying these benefits
would require validation on railway inspection data, which is beyond the scope of the
present study.

4. Conclusions

This study formulated a complete mathematical model of the direct parallel-
hierarchical transformation (PHT), extending the theoretical foundations established
in [8,14]. The model was implemented on a DE1-SoC FPGA platform and demonstrated
experimentally using classification and coordinate determination of laser-beam spot images
distorted by atmospheric turbulence. The scope of statistical inference was revised after
auditing the recovered acquisition archive.

In the original experiment, the developed method achieved an average coordinate-
determination error of 0.47%, a maximum error of 1.6%, and a standard deviation of 0.36%,
with an ROC operating point of a true-positive rate of 71% and a false-positive rate of 23%.
In the descriptive evaluation of 199 frames from one frame sequence, the complete modified
PHT gave a mean coordinate-determination error of the laser-beam spot energy center of
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0.567 pixels (0.443% of the frame width), and the repeated calculation gave 0.569 pixels.
The additional analysis of the section-count effect used FRAMEO6-FRAME11, which were
not used for parameter selection. The 38-section method had a lower mean coordinate-
determination error than the six-section method in all six sequences; the means across the
six sequences were 0.815 and 1.321 pixels, respectively (Wilcoxon statistic 0; one-sided
p-value 0.015625; 95% confidence interval for the paired difference from whole-sequence
resampling, —1.178 to —0.152 pixels). A separate evaluation of the complete PHT on the
same six sequences used the shape-coefficient interval 0.637-0.862 determined only from
TRASSA00 and FRAMEQ2-FRAMEQS and the unchanged correlation threshold of 0.95. On
frames 71-2044, 11,367 of 11,844 frames passed both sequential acceptance conditions. The
mean same-frame error across the six sequences was 0.961 pixels for the complete PHT
versus 0.822 pixels for the direct 38-section stage. The complete-PHT error was higher
in all six sequences, quantitatively confirming that the two procedures serve different
processing purposes: the complete chain applies sequential acceptance logic and may retain
the preceding coordinate, whereas the direct 38-section method calculates a new coordinate
for every frame. Relative to the baseline contour-based method, PHT preprocessing reduced
the average prediction error across five forecasting methods by 17.6%, from 0.78% to 0.65%.
The processing chain reached 7 ms/frame with register memory and 25 ms/frame with
serial memory.

The archive review shows that the 269-image tr0_269 dataset used for the
70/199 division is one sequentially acquired frame sequence. Its frame-level error dis-
tribution is therefore reported as a descriptive characteristic of that sequence, and ear-
lier frame-level significance calculations are not used as evidence of accuracy on other
acquisition sequences. The additional analysis is based on six separate completed se-
quences, FRAMEQO6-FRAME11, each used in its entirety and each having its own FMT
header, start and end times, and 2044 frames. The intervals between successive sequences
substantially exceed the 40 ms inter-frame period, so these sequences are not treated as
contiguous fragments of one continuously stored FMT file. In the section-count compari-
son, the complete frame sequence, rather than the individual frame, is the statistical unit.
FRAMEO06-FRAME11 were not used for implementation checks or parameter selection.
The additional complete-PHT evaluation also shows that the original shape-coefficient
interval 0.70-0.77 applies to the original SCR071-SCR269 sequence; for evaluation on other
sequences, a fixed interval was therefore determined only from TRASSA00 and FRAMEQ2-
FRAMEQ5 and then applied unchanged to FRAMEO6-FRAMEL11. The complete-PHT and
direct 38-section results are intentionally distinguished: the direct stage calculates a co-
ordinate for the current frame, whereas the complete chain additionally decides whether
to accept that coordinate or retain the preceding one. Further limitations are the ab-
sence of a same-dataset CNN or RNN comparison and the availability of only a graph-
derived AUC estimate of approximately 0.81, without frame-level ROC scores or an AUC
confidence interval.

Because the transformation operates on abstract numerical fields, its computational
principles are application-independent. A prospective extension, not evaluated in the
present study, is the hierarchical fusion of heterogeneous railway diagnostic data—
laser scanning, machine vision, ultrasonic and eddy-current testing, and track geometry
measurement—in which low-level geometric and textural features would be aggregated
into generalized descriptors supporting rail defect identification and condition-based main-
tenance decision support [12-17]. Experimental validation of PHT on railway inspection
data remains a direction for future research.
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