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Abstract

This paper presents a probabilistic sensitivity analysis of a nonlinear electrochemical model
for lithium-ion batteries. The model is treated as a reduced virtual replica for uncertainty-
aware analysis rather than as a full digital twin. A reduced electrochemical formulation is
combined with constrained inverse parameter identification using experimental current–
voltage data to relate observable battery behavior to effective model parameters. Predictive
variability is assessed through Monte Carlo uncertainty propagation and global sensitivity
analysis under both charging and discharging conditions. The results indicate that the
particle radius of the positive active material and the effective electrodes area are the
dominant contributors to terminal-voltage uncertainty, whereas the electrode thickness
parameter and negative electrode active material particle radius have a moderate influence
within the studied ranges. Rank-based and variance-based sensitivity measures are more
informative than linear indices for this reduced nonlinear system. From a mathematical
perspective, the work integrates reduced-order modeling, inverse problem formulation,
numerical simulation, and uncertainty quantification in one computational framework for
battery analysis. The results support uncertainty-aware parameter prioritization, calibration
of reduced electrochemical models, and provide a basis for future work on battery design,
control, and digital-twin-oriented extensions under uncertainty.

Keywords: nonlinear mathematical modeling; lithium-ion batteries; reduced electrochemical
model; inverse parameter identification; probabilistic sensitivity analysis; uncertainty
quantification; parameter prioritization
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1. Introduction
Recent trends indicate a rapid growth trajectory for the global lithium-ion battery

market. According to data from Grand View Research, Inc. (San Francisco, CA, USA) [1], the
global lithium-ion battery market was valued at USD 53.6 billion in 2020, with an expected
average annual growth rate (CAGR) of 19.0% from 2020 to 2028. Factors influencing this
growth include advancements in the design of smart devices, reduction of carbon dioxide
emissions, focus on renewable energy sources, and the adoption of electric vehicles and
other equipment requiring properly designed lithium-ion batteries.
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Reliable mathematical modeling of lithium-ion batteries is essential for their state
estimation, control, and design optimization. Among available modeling approaches,
Equivalent Circuit Models (ECMs) are widely used in industrial applications due to their
computational efficiency and the easy parameterization process [2]. However, ECMs lack
direct physical interpretability since they are based on empirical fitting of experimental
data rather than electrochemical principles, which limits their applicability in internal state
analysis and uncertainty-aware modeling.

More physically grounded approaches are based on electrochemical modeling. The
pseudo-two-dimensional (P2D/DFN) model, developed by Newman and co-workers [3,4],
describes lithium-ion transport and electrochemical reactions using coupled nonlinear par-
tial differential equations. It provides detailed spatial and temporal distributions of lithium
concentration and potential in both solid and electrolyte phases. However, this accuracy
comes at the cost of high computational complexity and a large number of parameters. The
model typically includes geometric, material, transport, and electrochemical parameters,
making parameter identification challenging and computationally expensive [2,5].

The physical parameters of electrochemical models can be categorized into those
that remain constant during battery aging and those that evolve over time [6]. Parame-
ter variations reflect degradation mechanisms such as loss of active material or changes
in transport properties. These effects can be identified using electrochemical measure-
ments or optimization-based estimation techniques. However, experimental identifica-
tion often requires invasive procedures, while numerical optimization methods suffer
from high computational cost and parameter identifiability issues due to strong coupling
between variables.

Reduced-order electrochemical models have therefore been developed to mitigate
these limitations. The Single Particle Model (SPM) simplifies the P2D structure by repre-
senting each electrode as a single spherical particle, assuming uniform reaction kinetics
and neglecting electrolyte dynamics. This leads to a significant reduction in computational
complexity but introduces approximation errors, particularly at higher C-rate conditions.

The Single Particle Plus (SP+) model extends the SPM by incorporating electrolyte
dynamics and heterogeneous reaction effects, improving accuracy while maintaining
computational efficiency. Nevertheless, even with these enhancements, accuracy limi-
tations may still appear at high current rates, where full electrochemical coupling becomes
significant [2].

Further reduced electrochemical formulations, such as the Simplified Electrochemical
(SEC) model and its improved version (ISEC), employ excitation-based identification
techniques and model simplifications to achieve high computational efficiency. However,
their accuracy may deteriorate at high C-rates, and parameter estimation remains sensitive
to excitation design and operating conditions [7].

From a mathematical modeling perspective, these approaches represent a hierarchy of
model reduction strategies, ranging from full-order coupled PDE systems (P2D) to low-
order surrogate representations (ECM). Each class of models involves a different trade-off
between accuracy, computational cost, and physical interpretability.

From a computational perspective, parameter identification in electrochemical bat-
tery models remains a challenging inverse problem due to the large number of strongly
coupled parameters and varying degrees of identifiability. These structural properties
significantly increase estimation complexity, making accurate determination of individual
parameter contributions difficult. As a result, a wide range of identification methods has
been developed, spanning classical optimization techniques and data-driven approaches.

Common strategies include evolutionary algorithms such as genetic algorithms [8–10],
particle swarm optimization [11,12], and related heuristic methods, which iteratively min-
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imize the discrepancy between model predictions and experimental data. To improve
efficiency, sensitivity-based approaches have also been proposed; for example, Gu et al. [13]
introduced a sensitivity-oriented stepwise optimization (SSO) method based on the Sobol
framework, enabling parameter decoupling and more efficient staged optimization.

Probabilistic approaches such as Bayesian inference provide a framework for pa-
rameter estimation under uncertainty by incorporating prior knowledge [14–16], while
machine learning methods, including neural networks [17] and support vector machines,
enable data-driven parameter inference from experimental observations [18]. In particular,
Li et al. [18] demonstrated a hybrid artificial intelligence framework using the Cuckoo
search algorithm for parameter identification in P2D models, achieving robust estimation
from operational data.

Hybrid approaches combining multiple optimization and learning strategies have also
gained attention, as they improve robustness and convergence properties while mitigating
limitations of individual methods [19–21]. For instance, Huang et al. [19] proposed a hybrid
optimization framework combining Cuckoo search and particle swarm optimization for
electrochemical model parameter estimation.

Ultimately, the choice of a parameter identification method depends on model com-
plexity, data availability, and the specific objectives of the estimation problem.

A quantitative comparison reported in recent studies highlights the trade-offs be-
tween electrochemical battery models. P2D/DFN models achieve the highest accuracy
but require the highest computational effort, while SPM-based models significantly reduce
computational cost but introduce larger approximation errors under high C-rate conditions.
SP+ models provide a compromise between accuracy and efficiency, whereas ECMs achieve
minimal computational costs but lack physical interpretability. These observations confirm
that no single model simultaneously optimizes accuracy, computational efficiency, and
physical insight [22–24].

Despite extensive research on electrochemical modeling and parameter identification,
most existing studies address either model accuracy, computational efficiency, or parameter
estimation independently. A unified framework that jointly evaluates validation accuracy,
computational cost, and parameter sensitivity analysis remains limited in the literature. In
particular, global probabilistic sensitivity analysis combined with uncertainty propagation
has not been sufficiently explored for reduced electrochemical models.

In this work, the reduced electrochemical model is studied as an uncertainty-aware
computational surrogate of the battery system. The contribution is integrative rather than
methodological: reduced-order electrochemical modeling, inverse parameter identification,
Monte Carlo uncertainty propagation, and comparative global sensitivity analysis are
combined within one framework. The study does not perform design optimization, con-
troller testing, or digital-twin operation; instead, it focuses on parameter prioritization and
interpretation of model uncertainty from a mathematical and computational perspective.

The structure of this paper is as follows: Section 2 presents the electrochemical model
suitable for parameters identification and real applications. Section 3 presents an approach
used for uncertainty and sensitivity analysis of model results and parameters. Section 4
describes the experimental data, numerical simulations, validation results, and the results
of sensitivity analysis, followed by summarized conclusions in Section 5.

2. Model of Lithium-Ion Battery
The model and life of lithium-ion batteries vary due to the chemical and physical

properties of the batteries. Electrochemical models (EMs) are used to describe the internal
reactions within batteries through three key transport phenomena: migration, diffusion,
and convection. Since convection has a minimal effect, it is typically neglected in battery
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modeling. Among the most widely used electrochemical models are the P2D and the SP
models. These models allow the assessment of battery aging mechanisms.

The P2D model, grounded in porous electrode theory, describes lithium trans-
port along the electrode thickness (macroscale) and diffusion within spherical parti-
cles (microscale). It represents the active material as spherical particles distributed
across the electrode domain, enabling the modeling of concentration gradients driven by
the electrolyte.

In the P2D and related models, lithium-ion transport dynamics in the electrolyte phase
are considered along the x-direction, while diffusion in the solid phase is described in the
radial coordinate under a spherical particle assumption, with electrochemical reactions
occurring at the particle surface. The model comprises ten coupled nonlinear partial
differential equations governing mass and charge conservation in both the solid and
electrolyte phases [2]. These equations form a nonlinear PDE-coupled system defined on a
mixed spatial domain, combining a one-dimensional macroscopic coordinate and a radial
microscopic coordinate.

The solid-phase diffusion in the particles along the particles, as well as the diffu-
sion of lithium-ions in the liquid-phase across the electrode thickness, are governed by
Fick’s second law of diffusion. Meanwhile, the electrochemical reactions occurring at
the solid/liquid interface of the particles are described by the Butler–Volmer equation of
chemical kinetics [2].

Due to its complexity, the P2D model requires considerable computational resources
and time to solve. An effective way to lower this computational complexity is to derive
approximate analytical solutions of the PDEs governing diffusion in both the liquid and
solid phases. Through model simplification and parameter regrouping, the number of
physical parameters can be reduced, while their interdependencies are decoupled, making
them easier to determine.

A further simplification of the P2D model is the SP model, which offers significantly
reduced computational costs. In this approach, the electrode-thickness dimension present in
the P2D model is removed, and each electrode is represented by a single spherical particle,
while the electrolyte phase is neglected. This reduction eliminates spatial dependence in
the electrolyte phase and reduces the system to a single-particle radial diffusion problem,
significantly decreasing the dimensionality of the original PDE system.

A standard lithium-ion battery cell consists of three key components: porous negative
and positive electrodes, a separator, and an electrolyte (Figure 1). During the discharge
process, lithium ions (Li+) diffuse to the surface of the active material particles, where they
participate in an electrochemical reaction that generates electrons. The Li+ then migrates
through the electrolyte to the positive electrode, where they are reinserted into the active
material. The dynamics of the cell depend on its chemistry, especially on both the lithium
concentration and the speed of its diffusion and uptake.

Lithium-ion batteries are available in several chemistries, each offering distinct advan-
tages and trade-offs in terms of energy density, safety, cost, and cycle life. Lithium iron
phosphate is valued for its excellent thermal stability, long cycle life, and strong safety
characteristics, making it especially attractive for applications where reliability and safety
are prioritized over maximum energy density [25].

In the SP model, it is assumed that all particles in each electrode are identical and
behave in a similar manner. As a result, each electrode can be modelled as a single spherical
particle with a radius Ri, where the subscript i = p or i = n denotes the positive or negative
electrode, as shown in Figure 1. Additionally, the current through an electrode is assumed
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to be evenly distributed across all the particles. Lithium ions move within the spherical
solid particle via diffusion, described by Fick’s second law of diffusion [26]:

∂Cs,i(r, t)
∂t

=
Ds,i

r2
∂

∂r

(
r2 ∂Cs,i(r, t)

∂r

)
, 0 ≤ r ≤ Ri, t > 0, (1)

where Cs,i is the solid-phase lithium-ion concentration, t is time, r is the radial coordinate,
Ds,i is the solid-phase diffusion coefficient, and Ri is the radius of the solid-phase particle.
This equation represents a nonlinear diffusion process in spherical coordinates, where the
radial symmetry reduces the governing equation to a one-dimensional parabolic PDE.

Figure 1. Schematic representation of 3 key regions in a lithium-ion cell (models: P2D and SP).

The initial (t = 0) concentration for (1) is

Cs,i(r, 0) = Cs,i
0, 0 ≤ r ≤ Ri, (2)

where Cs,i
0 is the initial solid-phase lithium-ion concentration.

The model of concentrations on the boundary

Ds,i
∂Cs,i(r, t)

∂r

∣∣∣∣
r=0

= 0, Ds,i
∂Cs,i(r, t)

∂r

∣∣∣∣
r=Ri

= −Ji, t > 0, (3)

where Ji represents the molar flux of lithium ions at the surface and can be expressed
as [27]:

Jp =
I

F·Sp
, Jn =

I
−F·Sn

, (4)

where I is the total current passing through the cell tabs, Si is the total electroactive surface
area of the electrode i, and F is Faraday’s constant. In this work, the current sign convention
is defined such that I > 0 corresponds to charging (lithium insertion into the positive
electrode), while I < 0 corresponds to discharging. This convention is consistently used
throughout all model equations, including diffusion boundary conditions, SOC evolution,
and terminal voltage computation. The boundary conditions ensure zero flux at the particle
center and a flux-driven Neumann condition at the particle surface, coupling the diffusion
dynamics with the electrochemical reaction current.
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However, the SP model does not account for concentration and potential distributions
in the electrolyte phase. An extended model that incorporates lithium-ion transport in
the electrolyte is referred to as the SP+ model [2]. In this formulation, the pore-wall flux
density is approximated based on the applied current density. This extension reintroduces
electrolyte-phase dynamics, partially restoring the spatial coupling neglected in the SP
formulation while maintaining a reduced-order structure.

Let I denote the applied current. Under the assumption of a uniform reaction distri-
bution within the electrodes, the reactive ion current density j at the two collectors can be
determined using the following expressions:

jn ≈ IRn

3F
(

1 − εn − ε f ,n

)
ln A

, (5)

jp ≈ −
IRp

3F
(

1 − εp − ε f ,p

)
lp A

, (6)

where lp, ln are the thicknesses of the positive and negative electrodes, εp, εn are the porosity
of the positive and negative electrodes, ε f ,p, ε f ,n are the effective porosities of the positive
and negative electrode, A is the effective area of the electrodes.

In the SP+ model, a simplified method for solid-phase diffusion based on a three-
parameter parabolic approximation [28] is applied to derive expressions for the average
solid-phase concentration Cs,i,avg and the surface solid-phase concentration of active parti-
cles Cs,i|r=Ri

. In this approximation, the radial concentration profile inside a spherical parti-
cle is represented by a parabolic form, and the coefficients in the resulting expressions follow
from the average-concentration balance and the surface-flux boundary condition [2,28]:

Cs,i,avg(t) = Cs,i
0 −

t∫
0

3
ji
Ri

dt, i = n, p, (7)

Cs,i|r=Ri
(t) = Cs,i,avg(t) +

[
8Ds,iqi,avg(t)− ji

]
Ri

35Ds,i
, (8)

where qi,avg is an auxiliary state variable introduced by the parabolic approximation to
represent the curvature of the solid-phase concentration profile. Under constant current
conditions, it can be expressed as:

qi,avg(t) =
3ji

4Ds,i

[
exp

(
− t

τs,i

)
− 1
]

, τs,i =
R2

i
30Ds,i

, i = n, p. (9)

Equation (9) is the analytical solution of the corresponding first-order differential
equation

dqi,avg

dt
= − 45ji

2R2
i
−
(

30Ds,i

R2
i

)
qi,avg, i = n, p. (10)

Under dynamic conditions, this differential equation is discretized in time using a
forward Euler scheme, which yields [2]:

qi,avg(tk+1) = qi,avg(tk)−
[

45ji
2R2

i
+ 30

Ds,i

R2
i

qi,avg(tk)

]
(tk+1 − tk). (11)

Parabolic profile approximation reduces the original PDE system to a set of time-
dependent ODEs, enabling efficient numerical implementation while preserving key
diffusion characteristics.
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The state of charge (SOC) for both positive and negative electrodes is defined as the
ratio of the local lithium-ion concentration to the maximum concentration of lithium-ions
that can actively participate in electrochemical reactions within the electrode [27]:

θi =
Cs,i

Cs,i,max
. (12)

The initial and surface SOCs for positive and negative electrodes are defined as
follows, respectively:

θi
0 =

Cs,i
0

Cs,i,max
, (13)

θi,sur f =
Cs,i|r=Ri

Cs,i,max
. (14)

As indicated in (12) and (13), the initial θi
0 is a constant, whereas the surface θi,sur f

varies with time.
The surface concentration of solid-phase lithium ions determines the open-circuit

potentials of the electrodes, denoted by Up and Un. The open-circuit voltage (OCV) of the
battery, defined as the difference between the electrode potentials, is given by

OCV = Up

(
θp,sur f

)
− Un

(
θn,sur f

)
. (15)

This definition assumes quasi-equilibrium conditions at the electrode interfaces, where
kinetic overpotentials are neglected. The empirical expressions for Up and Un in the
LiFePO4/graphite system are provided in Section 4.2.4, where the OCV–SOC relationships
are represented using composite analytical functions.

Usually, the SP+ model offers greater computational efficiency compared with the
P2D model, making it more suitable for large-scale simulations or real-time applications.
Nevertheless, due to the interdependence of its internal structures and physical param-
eters, accurately determining the model parameters remains a nontrivial problem. In
particular, parameters, including diffusion coefficients, geometric properties, and effective
electrochemical parameters, are often difficult to measure directly and must instead be in-
ferred from experimental data through parameter identification or optimization techniques.
This leads to an inverse problem formulation, where model parameters are inferred from
observable terminal voltage data.

3. Uncertainty and Sensitivity Analysis
Once the battery model has been developed and the results are obtained, it is crucial

to evaluate the uncertainty and sensitivity associated with these results. The consideration
of uncertainty is essential for any further model application or decision-making [29]. The
method of probabilistic quantification of result uncertainty and of result sensitivity to
parameter uncertainty is discussed below.

Initially, uncertainty analysis is intended to assess how uncertain the estimates of
the dependent variables are. Probabilistic sensitivity analysis, which is closely related,
focuses on quantifying how uncertainties in the input parameters contribute to the overall
uncertainty of the model’s response [29,30].

The purpose of the sensitivity analysis of results is the following:

1. to estimate the sensitivity of simulation results impacted by parameters,
2. to analyze the influence of the main assumptions on the final results.

The estimation of the variation of model results when model parameters change is
important for [5]:
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1. analyzing the probabilities of values of model results;
2. finding parameters that are most important for the accuracy of model results;
3. understanding the main dependencies of system behavior.

Using sensitivity analysis, it can be estimated which parameter values improve ac-
curacy and reduce uncertainty in model results, and which parameter corrections are not
meaningful due to their small influence on model variation [31]. Thus, the results of sensi-
tivity analysis [32] may show which variables are worth correcting to improve accuracy
and which corrections have little influence on the result of uncertainty.

For initial uncertainty and sensitivity analyses, Monte Carlo (MC) simulations might
be used. The simulations involve running the model multiple times with different values
of input parameters (variables or factors) based on their probability distributions [33].

The outcomes of these or similar simulations might then be applied to identify:

1. The degree of uncertainty in the model’s predictions;
2. Identification of which input variables contributed to this uncertainty.

Generally, the process of simulation-based or sample-based analysis comprises five
main steps [34]:

1. Definition of input parameters. The input parameters of the model are defined as
random variables, and each uncertain parameter is assigned a probability distribution.
This approach maintains the representation of model uncertainty.

2. Generation of random samples. Using different combinations of input parameters,
sets of random parameter samples are generated. This procedure statistically allows a
representative study of the entire parameter space.

3. Model evaluation. Each generated parameter sample is used for calculations, obtaining
a set of model outputs. This creates a representation that describes the model’s
behavior under varying input values.

4. Uncertainty analysis. The model results are analyzed using statistical methods to
determine key characteristics such as means, variance, and other indicators. This step
allows for a quantitative assessment of the model uncertainty.

5. Sensitivity analysis. The influence of input parameters on model results is evaluated
using indicators such as correlation coefficients. This analysis allows us to identify the
parameters that mostly determine the uncertainty of the model.

Various software tools, like SimLab [33], may help with such a process for probabilistic
uncertainty and sensitivity analysis. SimLab was developed by the European Commission’s
Joint Research Centre (JRC) and used in this study (specifically, the SimLab 2.2 version).
It offers a comprehensive framework for performing uncertainty and global sensitivity
analyses, including Monte Carlo sampling-based and variance-based sensitivity analysis
methods. The software was used as a computational environment for generating parameter
samples and estimating relevant sensitivity indices.

For a randomly generated sample of values for parameters, several sensitivity indices
are commonly available when performing sensitivity analysis:

• Pearson (PEAR) and Spearman (SPEA) correlation coefficients;
• Partial (PCC) and partial rank (PRCC) correlation coefficients;
• Standardized (SRC) and standardized rank (SRRC) regression coefficients;
• Smirnov indices.

PEAR indices are simple linear correlation coefficients between each parameter and
the resulting model outputs. To obtain SPEA indices, a rank transformation is applied to
model inputs and outputs before calculating correlation coefficients. Rank transformations
substitute raw data values for their ranks within the set: the smallest value is assigned rank
1, the second smallest—rank 2, and so on. Sensitivity indices employing rank transforma-
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tions are better suited for measuring monotonic non-linear relationships between inputs
and outputs.

The PCC index measures the correlation between a parameter and the model output
after removing the linear effects of other parameters. For parameter Xj and model output
Y, two linear regression models are built:

X̂j = α0 + ∑
k ̸=j

αkXk; (16)

Ŷ = β0 + ∑
k ̸=j

βkXk. (17)

Partial correlation coefficients are then obtained by calculating the correlation between
variables Xj − X̂j and Y − Ŷ. PRCC is like the PCC obtained on ranked data.

SRC indices are obtained by building a linear regression model for output values yi

using parameter values xij:
yi = γ0 + ∑

j
γjxij + εi, (18)

where γj are coefficients of the linear regression model associated with parameters xj,
determined using the least squares method or other approaches. Each coefficient is
then standardized using the standard deviations of the related parameter (sj) and model
output (s).

The standardized coefficients γ∗
j =

γjsj
s can then be used for sensitivity analysis

regardless of parameter ranges and scales. SRRC indices are obtained by performing a rank
transformation before the process. Additionally, the coefficient of determination (R2) can
be calculated to measure the goodness of fit of the built regression model. This way R2 can
be used to measure the validity of both SRC and SRRC indices for the analyzed model.

Smirnov indices quantify the influence of a parameter on model output distribution
using the Kolmogorov–Smirnov test statistic. Based on a predetermined threshold, model
outputs are separated into behavioral and non-behavioral groups. For each group and
parameter, a cumulative distribution function (CDF) is constructed. For parameter Xi, the
Smirnov sensitivity index is calculated as

Si = sup
x

∣∣Fi(x)− Fi(x)
∣∣, (19)

where Fi(x) is the CDF of behavioral outputs, and Fi(x)—the CDF of non-behavioral out-
puts. Smirnov indices are moment-independent and effective for non-linear non-monotonic
models [35].

Additionally, quasi-Monte Carlo samples of parameters might be generated to cal-
culate Sobol sensitivity indices. Sobol indices decompose output variance into portions
assigned to parameters and their interactions (combinations), as described in [32]. Sobol
indices are effective in global sensitivity analysis for non-linear non-monotonic models. For
this study, first-order (no interactions) and total-order (all interactions) Sobol indices were
also calculated for each parameter.

4. Experimental and Simulation Analysis
4.1. Data Description and Preprocessing

The experimental data were collected during tests of the electrical behavior of a lithium
iron phosphate (LiFePO4) battery. During the experiment, the main battery parameters,
current and terminal voltage, were recorded. Measurements were taken at discrete time
intervals throughout the experiment.
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It should be noted that no additional experimental datasets under different operating
conditions (e.g., varying current profiles, C-rates, temperatures, or different cells) were
available; therefore, the analysis is based on this single measured dataset.

Before performing the analysis, standard preprocessing steps were applied [36,37].
First, all records containing missing values were removed. From the initial dataset of
674,304 samples, 555,036 samples (82.31%) were identified as empty and excluded from
further processing. This resulted in a cleaned dataset of 119,268 valid measurements (17.69%
of the original dataset).

After preprocessing, a uniform downsampling (every 100th sample) was applied to
reduce data density and computational cost. This operation was justified by the relatively
slow-varying nature of the battery current and voltage signals compared to the original
sampling frequency. As a result, the essential temporal structure of the data was preserved,
including the transitions between discharging and charging regimes.

Importantly, the retained current values exhibit only minor local variation over adja-
cent samples in the original dataset, meaning that the downsampling does not distort the
underlying dynamics or remove significant transient behavior. Statistical inspection of the
full and reduced datasets confirmed that the distributions of current and voltage remain
consistent after downsampling, preserving the physical representativeness of the data.

Formally, the processed dataset can be described as a discrete-time sequence:

D = { (tk, Ik, Vk)|k = 1, . . . , N} (20)

where tk denotes the time index, Ik ∈ R is the current, Vk ∈ R is the terminal voltage, and
N = 1192 is the total number of samples after preprocessing.

The data were divided into charging and discharging modes based on the sign of
the current, i.e., Ik > 0 corresponds to charging, while Ik < 0 corresponds to discharging.
This ensures that both operational regimes are fully preserved in the reduced dataset. The
data analysis showed that during charging, the terminal voltage increased, whereas during
discharging, the voltage decreased. During the experiment, the current varied between
−13 A and 13 A, while the terminal voltage ranged from 2.6 V to 3.63 V, corresponding to
the typical operating range of LiFePO4 batteries [3]. The measured terminal voltage during
charge and discharge is shown in Figure 2.

Figure 2. Experimentally measured voltage as a function of time with color-coded current regimes.
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The processed dataset was used for parameter identification and in-sample model
evaluation by analyzing the discrete-time input–output relationship between current
and voltage.

4.2. Simulation Results and Model Validation
4.2.1. Model Formulation and Numerical Implementation

The experimental LiFePO4 cell was modeled using the SP+ electrochemical model,
which describes solid-phase concentration dynamics and captures the dependence of
terminal voltage on current.

Since the exact electrochemical parameters of the investigated cell were not available,
the model parameters were selected based on values reported in the literature for LiFePO4

cells. This approach ensures physically consistent model behavior and is widely adopted
in battery modeling studies. The parameter set used in the model is presented in Table 1.

Table 1. List of parameters used in the battery model.

Description Parameter Value Unit Notes

Effective area of electrodes A 0.05 m2 Fixed [2]

Thicknesses of
positive electrode lp 80 µm Representative

(literature range) [2,38]

Thicknesses of
negative electrode ln 90 µm Representative

(literature range) [2,39]

Porosity of positive electrode εp 0.3 – Fixed
(selected from range) [40]

Porosity of negative electrode εn 0.35 – Fixed
(selected from range) [40]

Effective porosity of
positive electrode ε f ,p 0.05 – Effective

(assumed porosity)

Effective porosity of
negative electrode ε f ,n 0.05 – Effective

(assumed porosity)

Particle radius of positive
active material Rp 0.15 µm Calibrated

(literature-informed) [41]

Particle radius of negative
active material Rn 8 µm Calibrated

(literature-informed) [41]

Maximum Li+ concentration
in positive electrode Cs,p,max 51,000 mol/m3 Adjusted

(literature-informed) [2]

Maximum Li+ concentration
in negative electrode Cs,n,max 30,500 mol/m3 Adjusted

(literature-informed) [42]

Solid-phase diffusion
coefficient in positive electrode Ds,p 1.1 × 10−15 m2/s

Calibrated
(literature-informed) [41]

Solid-phase diffusion
coefficient in negative electrode Ds,n 1.1 × 10−14 m2/s

Calibrated
(literature-informed) [41]

Faraday’s constant F 96,485 C/mol Fixed
(no uncertainty)

Internal resistance Rohm 0.00347 Ω Estimated
(literature-informed) [43]

Initial SOC SOC0 0.10 – Estimated
(literature-informed) [44]
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The SP+ model parameters are obtained through a combination of literature-based
values and inverse modeling using experimental measurements. Geometric parameters,
including electrode thicknesses, porosity, and maximum solid-phase concentrations, are
fixed according to reported values for LiFePO4 cells, ensuring physical consistency of the
model structure. The particle radii and solid-phase diffusion coefficients are treated as
calibration variables and are refined within bounded physically admissible ranges through
an optimization-based identification procedure. The internal resistance and initial state
of charge are directly estimated from experimental data to ensure consistency with the
measured electrical response.

From a mathematical perspective, the identified parameters represent effective quanti-
ties that capture the aggregated behavior of underlying electrochemical processes within
the reduced-order SP+ formulation. All optimized parameters are constrained to lie within
literature-based bounds, ensuring that the resulting solution remains physically meaningful
and consistent with known material properties.

The internal resistance Rohm was estimated based on the ratio of the change in voltage
to the change in current:

Rohm =
∆V
∆I

, (21)

where ∆V is the change in terminal voltage, and ∆I is the corresponding change in current.
This procedure enables the identification of the linear voltage response to current varia-
tions and allows the initial internal resistance of the battery to be determined under the
experimental conditions.

The initial state of charge of the battery (SOC0) was determined from the first mea-
sured terminal voltage by selecting an SOC value that minimizes the difference between
the modeled and measured open-circuit voltage (OCV). The corresponding initial concen-
trations were calculated according to:

Cs,p
0 = SOC0 · Cs,p,max and Cs,n

0 = (1 − SOC0) · Cs,n,max. (22)

This approach ensures that the model initialization is directly linked to the experi-
mental data, which increases model reliability and enables its application in real battery
diagnostics or control algorithms.

The experimentally estimated initial state of charge SOC0 is used to initialize the
electrode-level SOC variables in the SP+ model through the corresponding initial solid-
phase concentrations, ensuring consistency between the macroscopic experimental esti-
mation and the microscopic model formulation. This provides a consistent link between
the measured terminal voltage-based SOC estimation and the concentration-based SOC
definition used in the model equations.

The model was discretized in time using an implicit finite difference scheme. The
time step was selected to match the sampling interval of the experimental data, ensuring a
one-to-one correspondence between measurements and simulation points. At each time
step, the resulting nonlinear system of equations was solved iteratively within MATLAB
R2022b. The numerical implementation was performed in the MATLAB environment,
including model initialization, parameter configuration, time-domain simulation, and
post-processing of results. Convergence of the iterative procedure at each time step was
ensured using a fixed relative tolerance criterion, while the implicit formulation provided
numerical stability for the selected discretization.

https://doi.org/10.3390/math14122162

https://doi.org/10.3390/math14122162


Mathematics 2026, 14, 2162 13 of 26

4.2.2. Optimization-Based Parameter Identification

The identification of the SP+ model parameters was formulated as a nonlinear opti-
mization problem, aiming to minimize the discrepancy between the modeled and experi-
mentally measured terminal voltage.

Let p ∈ Rm denote the vector of model parameters, which includes the solid-phase
diffusion coefficients and particle radii:

p =
{

Ds,p, Ds,n, Rp, Rn
}

. (23)

The effective electrode area was not included in the optimization vector and was
treated as a fixed parameter based on literature values due to its strong coupling with
particle radius and diffusion-related parameters, which may lead to identifiability issues.

The parameter identification problem is defined by minimizing the objective function:

min
p

1
N ∑N

k=1

(
Vmodel(k, p)− Vexp(k)

)2, (24)

where Vmodel(k, p) is the terminal voltage predicted by the SP+ model at time step k, Vexp(k)
is the corresponding experimental measurement, and N is the number of samples. The
resulting optimization problem is a nonlinear least-squares problem, generally non-convex
due to the nonlinear dependence of the state equations on the parameter vector.

The optimization problem is subject to physical constraints on the parameters:

pmin ≤ p ≤ pmax, (25)

where the bounds are selected based on literature values to ensure physical plausibility.
In this study, the nonlinear optimization problem was solved using the MAT-

LAB lsqnonlin function. The initial parameter vector was defined as p0 = [1 × 10−15,
1 × 10−14, 0.1 × 10−6, 6 × 10−6] corresponding, respectively, to

(
Ds,p, Ds,n, Rp, Rn

)
. The

lower and upper bounds were defined as pmin =
[
1× 10−16, 1× 10−15, 0.05× 10−6, 1× 10−6],

pmax =
[
1 × 10−13, 1 × 10−12, 1 × 10−6, 15 × 10−6]. The solver was configured with a max-

imum of 200 iterations and MATLAB default tolerance settings.
Due to the nonlinear dependence of the model output on the parameters, the resulting

optimization problem is generally non-convex and may contain multiple local minima.
Therefore, numerical optimization techniques are required. In this study, the parameter
identification problem was solved using a nonlinear least-squares approach, which provides
an efficient and robust approximation of the optimal parameter set.

This formulation establishes a mathematically consistent inverse problem framework
linking experimental voltage measurements with the reduced-order SP+ electrochemical
model and serves as a basis for further extensions such as adaptive estimation and real-time
battery state inference.

4.2.3. State-of-Charge Analysis

The state-of-charge (SOC) analysis was performed based on the simulation results
of the SP+ model, which provides SOC values at each discrete time step. This enables a
consistent analysis of the progression of both charging and discharging phases.

The SOC dynamics of the modeled LiFePO4 battery are presented in Figure 3, with
charging (I > 0) and discharging (I < 0) modes distinguished based on the sign of the
current. The SOC values vary in the range from approximately 0.1 to 0.87, corresponding
to the selected initial and boundary conditions of the model.
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Figure 3. SOC dynamics of the battery during charging and discharging phases.

It can be observed that the increase in SOC during charging and the decrease during
discharging are close to linear, which is consistent with a constant or slowly varying current
regime in the modeled experiment. However, it should be noted that this behavior is
observed specifically for the considered current profile and initialization conditions and
should not be interpreted as a general property of LiFePO4 electrochemical dynamics.

Thus, the presented SOC response reflects the behavior of the simulated case study
rather than a generalized validation of the model under all operating conditions.

The SOC dynamics form the basis for further voltage analysis, as each SOC value can
be associated with the corresponding modeled open-circuit voltage (OCV) and terminal
voltage. This allows for the evaluation of the model’s agreement with experimental data
under different operating conditions.

4.2.4. OCV vs. SOC Analysis

To describe the electrical behavior of the LiFePO4 battery, empirical open-circuit po-
tential (OCP) functions for the positive (cathode) and negative (anode) electrodes were
incorporated into the SP+ electrochemical model. The electrode open-circuit potentials
are defined as functions of their corresponding states of charge. Different analytical and
empirical forms for electrode OCP–SOC relationships can be found in the literature, de-
pending on battery chemistry and the intended modeling application [28,43,45]. In this
work, these electrode OCP functions were adopted from prior model-development work
for the same LiFePO4 battery. Since the objective of this paper is not to derive the electrode
OCP functions themselves, but to analyze a probabilistic reduced-order SP+ model for
lithium-ion batteries with uncertainty-based sensitivity analysis, these functions were kept
fixed throughout the study.

The LiFePO4 cathode exhibits a characteristic OCV–SOC profile consisting of a steep
increase at low SOC, a pronounced plateau in the mid-SOC region, and a gradual rise at
high SOC. In contrast, the graphite anode OCV–SOC relationship is comparatively flat,
with only minor nonlinear variations near the SOC boundaries [43]. These fundamentally
different behaviors necessitate flexible analytical approximations capable of capturing both
smooth and highly nonlinear regions.

To accurately represent these characteristics, a hybrid empirical formulation is em-
ployed. The adopted OCV functions combine polynomial terms and logarithmic terms
to describe the overall OCV–SOC trend, while additional hyperbolic tangent terms im-
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prove the representation in regions with rapid voltage variation, particularly near low- and
high-SOC boundaries.

This structure provides a smooth and differentiable approximation that is suitable for
numerical simulation within the SP+ framework.

The cathode OCP is described as follows:

Up

(
θp,sur f

)
= 3.76 + 0.23ln

(
θp,sur f + 0.01

)
− 0.22ln

(
1 − θp,sur f + 0.01

)
−1.895 θp,sur f + 3.867 θ2

p,sur f − 4.445 θ3
p,sur f − 2.201 θ4

p,sur f

+7.055 θ5
p,sur f − 0.506 θ6

p,sur f − 3.29 θ7
p,sur f − 1.55 θ8

p,sur f

+0.197 θ9
p,sur f + 2.604 θ10

p,sur f + 1.244 θ11
p,sur f − 3.598 θ12

p,sur f

+1.183 θ13
p,sur f − 0.5 · tanh

(
35
(

0.1 − θp,sur f

))
+ 0.45

·tanh
(

35
(

θp,sur f − 0.9
))

(26)

and the anode OCP is described as follows:

Un

(
θn,sur f

)
= 0.01

(
−0.556 − 0.25ln

(
θn,sur f + 0.01

)
+0.22ln

(
1 − θn,sur f + 0.01

)
+ 0.005 θn,sur f + 3.867 θ2

n,sur f

−4.445 θ3
n,sur f − 2.201 θ4

n,sur f + 7.055 θ5
n,sur f − 0.506 θ6

n,sur f

−3.29 θ7
n,sur f − 1.55 θ8

n,sur f + 0.197 θ9
n,sur f + 2.604 θ10

n,sur f

+1.244 θ11
n,sur f − 3.598 θ12

n,sur f + 1.183 θ13
n,sur f

)
,

(27)

where θp,sur f and θn,sur f denote the surface state of charge of the cathode and anode,
respectively. In this study, these OCP functions were treated as fixed model relations, and
their suitability was evaluated through the resulting agreement between simulated and
measured terminal voltage.

The open-circuit voltage of the cell is calculated as:

OCV = Up

(
θp,sur f

)
− Un

(
θn,sur f

)
. (28)

Figure 4 presents the OCV dependence on SOC, distinguishing between charging and
discharging modes. In the analyzed interval, SOC varies approximately from 0.1 to about
0.87, while the OCV ranges from approximately 2.65 V to 3.45 V.

Figure 4. OCV dependence on SOC in a LiFePO4 battery for charge and discharge modes.
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It can be observed that OCV is a nonlinear function of SOC, characterized by relatively
small variations in the mid-SOC region and steeper slopes at the extreme regions.

This dependence is used in the subsequent analysis to evaluate the modeling of
terminal voltage and its agreement with the experimental data.

4.2.5. Terminal Voltage Modeling and Comparison

The terminal voltage V(t) in the SP+ model is computed from the difference of elec-
trode open-circuit potentials and the ohmic overpotential:

V(t) = Up

(
θp,sur f

)
− Un

(
θn,sur f

)
− I(t) · Rohm. (29)

This formulation defines a reduced-order terminal-voltage model, where the voltage is
obtained as the difference between the electrode open-circuit potentials with an additional
ohmic contribution consistent with the adopted current sign convention, where a positive
current corresponds to charging and a negative current corresponds to discharging. This
approach allows the real voltage response of the cell to be evaluated in relation to changes
in the experimental current, both during charging and discharging phases. The modeled
voltage was compared with experimental measurements (Figure 5) to assess the accuracy
of the model across the entire SOC range. The numerical results indicate that the mean
absolute error (MAE) is 0.01 V, while the root mean square error (RMSE) is 0.01571 V.
The RMSE (<50 mV) is consistent with accuracy levels reported for simplified lithium-ion
battery models [46]. Considering the average terminal voltage (≈3.12 V), the RMSE corre-
sponds to a relative error of approximately 0.5%, while the mean absolute percentage error
(MAPE) is 0.309%, indicating strong agreement between the modeled and experimental
voltage responses.

Figure 5. Comparison of modeled and experimental terminal voltage over time, for both charging
and discharging modes.

The maximum absolute error reaches 0.17204 V and occurs primarily in the extreme
state-of-charge (SOC) regions, where strong nonlinearities in electrochemical behavior are
more difficult to capture using reduced-order models.

The coefficient of determination R2 = 0.974 indicates a strong agreement between
model predictions and experimental data. It should be noted that for electrochemical battery
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models, particularly over a limited voltage range and nonlinear OCV–SOC dependence,
R2 may be less informative than absolute error-based metrics. Therefore, model accuracy is
primarily assessed using MAE, RMSE, and MAPE. The reported accuracy metrics represent
in-sample performance across different operating regimes (charging and discharging),
rather than independent out-of-sample validation.

Figure 6 presents a comparison between the experimentally measured and SP+ model-
calculated terminal voltage values, along with the ideal 1:1 line. It can be observed that all
data points lie within a ±0.1 V interval, indicating a sufficiently good ability of the model to
reproduce the experimental data within the analyzed voltage range. However, a systematic
deviation from the 1:1 line is observed, suggesting the presence of residual structural model
errors, which may be related to the simplified OCV dependence. Even though the points
do not cluster exactly along the ideal 1:1 line, their distribution within a limited error band
indicates consistent model performance without significant local deviations.

Figure 6. Agreement between experimentally measured and SP+ model-calculated terminal voltage.

To evaluate the model response in detail, the dynamics of both OCV and terminal
voltage were also analyzed throughout the experiment, separately for the charging and
discharging phases. As shown in Figure 7, the terminal voltage closely follows the OCV
variations; however, due to the effect of the load current, deviations are observed, reflecting
the influence of internal resistance. During operation, the terminal voltage deviates from
the OCV depending on the direction of the current, being lower during charging and higher
during discharging.

Separating the charging and discharging phases, the terminal voltage was compared
with the measured data over the entire SOC range. During the charging phase, the modeled
voltage results closely match the measurements (Figure 8), whereas in the discharging
regime, larger discrepancies are observed (Figure 9). The corresponding quantitative error
metrics (MAE, RMSE, and maximum error) are reported separately for each regime in the
respective figures. A SOC-binned error analysis was not performed in this study; instead,
the model accuracy was evaluated separately for charging and discharging regimes.
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Figure 7. Comparison of the OCV and terminal voltage of the battery over time.

Figure 8. Voltage of the battery as a function of SOC during the charging phase (R2 = 0.96).

Figure 9. Voltage of the battery as a function of SOC during the discharging phase (R2 = 0.97).
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The obtained results indicate that the model can reproduce the main trends of terminal
voltage variation, although systematic deviations remain in certain operating regimes. The
increased deviations at low and high SOC values are consistent with nonlinear electrochem-
ical effects that are not fully captured by the reduced-order formulation.

This analysis confirms that the model can capture the dynamics of the LiFePO4 cell
in both charging and discharging modes and provides a basis for further refinement and
optimization of the model.

4.3. Sensitivity Analysis for Parameters Identification

Uncertainty and sensitivity analyses begin with generating a sample of parameters
when the distributions of parameters are known. Each set of parameters provides different
model outputs of SOC and terminal-voltage values over the specified period. This reflects
the uncertainty of model results.

Evaluating the uncertainty of model results quantitatively requires analyzing the
model outputs as random values and estimating statistical characteristics of their distribu-
tions, such as mean, standard deviation, quantiles, and confidence intervals.

The generated sample must obey the ranges and probabilistic distributions of param-
eters used in the model. While custom probability distribution functions may highlight
stronger parameter interactions and alter sensitivity rankings, uniform distributions ensure
valid parameter values and are standard practice when data are scarce [47]. Given the lim-
ited availability of distributional data for LiFePO4 battery model parameters, uniform distri-
butions were selected within parameter ranges found in the literature [2,26,38,39,41,48–51].
However, certain ranges, as indicated in Table 2, were calibrated to exclude values that
cause severe model instability. Further narrowing of parameter ranges was considered, but
it would have compromised consistency with documented parameter values. Moreover, a
systematic sensitivity analysis of range widths is beyond the scope of the present study.
Therefore, the adjusted literature-informed ranges were retained.

Table 2. List of uncertain parameter distribution ranges used in random sample generation.

Parameter Unit Description Range Notes

A m2 Effective area of electrodes 0.04–0.18 Calibrated [2,50]

lp µm Thickness of positive electrode 62–100 Literature-informed [2,38]

ln µm Thickness of negative electrode 50–100 Literature-informed [2,39]

εp - Porosity of positive electrode 0.233–0.489 Literature-informed [40]

εn - Porosity of negative electrode 0.3–0.36 Literature-informed [2,48]

Rp µm Particle radius of positive
active material 0.1–10 Calibrated [2,48]

Rn µm Particle radius of negative
active material 1–20 Adjusted [42,46]

Ds,p m2/s
Solid-phase diffusion

coefficient in positive electrode 1 × 10−18–1 × 10−11 Adjusted [38,49]

Ds,n m2/s
Solid-phase diffusion

coefficient in negative electrode 1 × 10−15–1 × 10−10 Adjusted [39,42]

The reported sensitivity rankings should therefore be interpreted as conditional on
the assumed independent uniform input distributions and the selected literature-informed
parameter ranges. If narrower calibrated distributions were adopted, the absolute values
of the sensitivity measures would change and, in some cases, the ranking of moderately
influential parameters could also change.
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Parameters for the maximum Li+ concentration in positive and negative electrodes
Cs,p,max and Cs,n,max were not considered for sensitivity analysis, as these parameters
strongly correlate with the charging and discharging data collected. Furthermore, variations
in these parameters influence results beyond altering the output distribution: any changes
in maximum Li+ concentration in either electrode directly impact the observed SOC interval.
Therefore, identification of these parameters must be prioritized to accurately depict charge
dynamics before identifying other parameters used to model voltage. In addition, the
effective porosity of each electrode is held fixed as an effective non-uncertain parameter for
the analyzed battery composition due to scarcity of distributional data in relevant literature.

To perform initial uncertainty and sensitivity analysis, a random sample of 10,000 sets
of values was generated for the remaining uncertain parameters. The ranges of parameter
distributions are listed in Table 2.

With each set of values for parameters, the model estimates a slightly different func-
tion of terminal voltage values over the observed battery charge and discharge periods.
Uncertainty and sensitivity analysis are performed on the distribution of terminal volt-
age values (as model results) during the time-wise midpoint of charging and discharging
cycles separately.

The failure of significance tests for PEAR coefficients, together with the low R2 calcu-
lated for the SRC index (0.503), reflects the strong non-linearity of the SP+ model, which
violates the linearity assumptions these methods rely on. Similarly, SPEA coefficients fail
the significance test, which would indicate non-monotonic relationships between model
parameters and outputs. However, Spearman correlation coefficients are bivariate measures
that do not control for confounding among parameters. In contrast, PRCC and SRRC are
multivariate measures that operate on ranked data to assess the monotonic relationship
between each parameter and output while controlling for linear or rank effects of all other
parameters. This means that PRCC and SRRC are more informative and reliable when
detecting monotonic relationships in multiparameter systems. The relatively high R2 cal-
culated for the SRRC index (0.910) suggests the parameter–output relationship is largely
monotonic, which supports the use of rank-based indices as primary sensitivity measures
in this study.

To complement these rank-based approaches, this study incorporates Sobol indices,
which capture both individual parameter contributions and interaction effects. This makes
them suitable for general nonlinear and nonmonotonic systems.

During Sobol sensitivity analysis, an increasing sample size N = 2n was explored,
starting at N = 16. Samples were generated using quasi-random LpTau sequences. Con-
vergence was observed at N = 512, with the number of model evaluations reaching
(2 · k + 2) · N = 10240 (here k = 9 is the parameter count). The described Sobol analysis de-
sign ensures stable and reproducible Sobol indices and closely aligns with other sensitivity
measures obtained through random sampling.

Additionally, Smirnov indices are included for their moment-independence and ability
to detect distributional shifts that variance-based measures might miss. Together, Sobol
and Smirnov indices serve as robust secondary sensitivity measures.

Consequently, indices suited primarily for linear models (PEAR, PCC, SRC) were
omitted from further study. Additionally, SPEA was omitted due to its bivariate nature,
which fails to account for parameter interactions. PRCC and SRRC were therefore retained
as multivariate rank-based measures, while Smirnov and Sobol indices were used as
complementary moment-independent and variance-based measures. For Sobol analysis,
quasi-random LpTau sequences were used, and first-order and total-order rankings were
checked for stability as the sample size increased. Comparison of the absolute values of
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remaining relevant sensitivity indices for each parameter when modelling the battery in
charge mode is displayed in Figure 10.

Figure 10. Abs. values of sensitivity indices for parameters when modelling in charge mode.

Based on the analysis, such parameters as the particle radius of the positive active
material (Rp) and the effective area of electrodes (A) are the most impactful towards
the uncertainty of the model results in charge mode and should be prioritized during
identification. Depending on the chosen sensitivity index, parameters for the thickness of
each electrode (lp, ln) and negative active material particle radius (Rn) provide moderate
impact towards model uncertainty. The rest of the analyzed parameters (diffusion and
porosity coefficients) have minimal impact on uncertainty within selected intervals.

Sobol first-order sensitivity indices (Sobol1) rank Rp and A as the only significantly
impactful parameters. Tests where parameters are varied individually while others are
randomized confirm that these parameters are a major source of model instability. Values
beyond the ranges set and listed in Table 2 for Rp and A parameters disrupt model calcula-
tions and inflate resulting voltage values. Total order Sobol indices (SobolT) further signify
the impact of the aforementioned parameters on model results and their uncertainty.

Similarly, for each uncertain parameter when the battery is in discharge mode, sensi-
tivity indices are calculated and compared in Figure 11.

Figure 11. Abs. values of sensitivity indices for parameters when modelling in discharge mode.
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In the case of discharge mode, the same parameters are ranked as most impactful
toward the uncertainty of the model: particle radius of the positive active material (Rp) and
the effective area of electrodes (A). Only the thickness of the positive electrode (lp) can be
considered moderately impactful in this case, too. According to the Sobol indices, Rp has
a much stronger impact on model result uncertainty than A or any other parameter, and
manual tests of parameter variation confirm this. It must be said that the model is more
stable when using battery discharge data and the same parameter ranges.

The uncertainty of model results, impacted by parameters and instability, can be
visually diagnosed using simple frequency plots. The histograms of voltage during the
halfway point of both charge and discharge cycles are provided in Figure 12.

Figure 12. Voltage uncertainty at the halfway point of charge (left) and discharge (right) cycles.

During battery charging mode, the mean of the voltage at the midpoint of the cycle is
3.530 V, deviating from the median of 3.362 V due to frequent extremities caused by model
instability. The standard deviation is 0.384. During the midpoint of battery discharging, the
mean voltage is 2.942 V, which is close to the median of 3.099 V. Fewer extremities also lead
to a lower standard deviation of 0.358.

The narrower modal region of the voltage distribution during charging likely stems
from inherent asymmetries in electrode kinetics. Due to differences in reaction rate and
mechanism depending on current direction, the anodic and cathodic charge-transfer coeffi-
cients typically differ [52]. As a result, the overpotential during charging is less sensitive
to kinetic parameter variations compared to discharge mode. Therefore, parameter uncer-
tainty has a diminished impact on terminal voltage uncertainty in charge mode, leading to
a concentrated distribution histogram.

The estimated sensitivity indices for each parameter under charging and discharging
conditions are detailed in Tables 3 and 4, respectively. In both charge and discharge modes,
the main contributors to output uncertainty are the same two parameters: Rp and A. As the
model is more prone to instability when modelling a battery in charging mode, sensitivity
analysis reveals several other parameters to consider during identification to reduce the
uncertainty of results: lp, ln and Rn. Finally, the remaining sensitivity indices, as well
as manual tests, reveal the low impact of remaining parameters, leading to a simpler
parameter identification process.
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Table 3. Sensitivity measures for parameters when modeling in charge mode.

Parameter PRCC SRRC Smirnov Sobol1 SobolT

A −0.91900 −0.70000 0.74178 0.35 0.76
lp −0.49500 −0.17100 0.14733 0.00 0.12
ln −0.21800 −0.06720 0.06911 0.00 0.00
εp 0.01992 0.00598 0.02633 0.00 0.00
εn 0.00832 0.00250 0.01867 0.00 0.00
Rp 0.89646 0.60700 0.44689 0.15 0.53
Rn 0.32953 0.10473 0.18244 0.00 0.00

Ds,p −0.00722 −0.00217 0.03756 0.00 0.00
Ds,n 0.00001 0.00000 0.03556 0.00 0.00

Table 4. Sensitivity measures for parameters when modeling in discharge mode.

Parameter PRCC SRRC Smirnov Sobol1 SobolT

A −0.44700 −0.34200 0.48711 0.00 0.03
lp −0.17200 −0.12000 0.12289 0.00 0.00
ln 0.00983 0.00673 0.03322 0.00 0.00
εp −0.02440 −0.01670 0.03756 0.00 0.00
εn 0.00769 0.00526 0.03544 0.00 0.00
Rp −0.68100 −0.63700 0.60189 0.95 0.99
Rn −0.01750 −0.01190 0.02389 0.00 0.00

Ds,p 0.02017 0.01381 0.01633 0.00 0.00
Ds,n −0.00451 −0.00309 0.03344 0.00 0.00

5. Conclusions
The SP+ electrochemical model, formulated as a reduced-order nonlinear dynamical

system, provides a mathematically consistent framework for describing the input–output
behavior of a lithium-ion battery based on experimental data. The model preserves the
essential electrochemical mechanisms of the underlying P2D formulation while signifi-
cantly reducing the dimensionality of the governing equations, thereby enabling efficient
numerical implementation.

The parameter identification problem was successfully formulated as a constrained
nonlinear least-squares optimization problem, allowing the identification of physically
plausible parameters directly from experimental measurements. This inverse problem
formulation ensures a stable and consistent mapping between the input current and the
terminal voltage response.

The model demonstrates high predictive accuracy in reproducing the SOC and termi-
nal voltage dynamics of the investigated LiFePO4 cell of the battery during both charging
and discharging regimes. The obtained error metrics (MAE = 0.01 V, RMSE = 0.01571 V,
MAPE = 0.309%) confirm the adequacy of the proposed approach for reduced-order bat-
tery modeling. The observed deviations at extreme SOC values indicate the influence
of nonlinear electrochemical effects and suggest that further accuracy improvements are
primarily associated with the refinement of the OCV representation and the inclusion of
concentration polarization and activation polarization effects. They become significant
at high C-rates and extreme SOC values and are likely responsible for the larger voltage
prediction errors observed in those regions, while also indicating that additional validation
under independent operating conditions is needed.

Statistical significance tests on sensitivity measures, as well as the coefficients of
determination (R2 = 0.503 for raw data, R2 = 0.910 for ranked data) obtained from
standardized regression models suggest non-linear yet monotonic relationships between
model parameters and open-circuit terminal-voltage response. The limitations of linear
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approaches in capturing the non-linear dependence of input and output reinforce the need
for advanced mathematical techniques for parameter identification and validation.

Global sensitivity measures consistently identified the most influential physical param-
eters across both charge and discharge modes: the particle radius of the positive electrode
active material (Rp) and the effective electrode area (A). Sensitivity indices based on rank
transformation revealed that parameters for the thickness of each electrode (lp, ln) and
negative electrode active material particle radius (Rn) are moderately impactful towards
model uncertainty. Parameter importance rankings based on sensitivity indices provide a
mathematically justified criterion for parameter prioritization.

These findings identify mathematically influential parameters rather than direct design
contributors. In particular, the effective electrode area is interpreted primarily as a geometry-
related model parameter with strong influence on the voltage response, not as a design
variable optimized in the present study. The results support uncertainty-aware parameter
prioritization and calibration of reduced electrochemical models. Future work may extend
the framework to broader operating conditions, independent validation datasets, and
additional voltage-loss terms such as concentration polarization and activation polarization.
In this sense, the proposed reduced model may serve as a basis for future virtual-replica or
digital-twin-oriented developments.
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