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1. Introduction

Many highway bridges were designed and built years ago 
for smaller vehicular loads those that they are incorpo-
rated in existing design codes and standards. Therefore, 
the behaviour of structural members (girders, slabs, piers) 
of these bridges should be inspected and controlled more 
carefully. This requirement is indispensable for bridges 
whose structural members and bearings have been over-
loaded by unforeseen exceptional action effects caused by 
abnormal extraordinary traffic loads of heavy industrial, 
construction, powerhouse and way equipments (Fig. 1).

For seccessful ordinary and sheduled maintenance of 
existing bridges, it is expedient to know the revised values 
of residual reliability indices of their overloaded members 
and systems. Extreme action effects and mechanical prop-
erties of materials of bridge members confirmed by quality 
statistical information data may be treated as an effective 
measure in the revision of their reliability indices. For the 
sake of safe motor transport, these indices for overloaded 
structural members of existing bridges should be defined 
as exactly as it is possible in bridge engineering practice. 
However, the semi-probabilistic limt state analysis cannot 
be acknowledged as an universal and reliable metod in the 
redesign of existing structures (Ellingwood 1996; Madsen 
1987; Melchers 1999).

Probabilistic models help road and bridge engi-
neers objectively calculate load ratings of bridge struc-
tures designed not only by limit state formats, but also 
by allowable stress and load factor approaches (LeBeau, 
Wadia-Fascetti 2007). However, a probability-based de-
sign of bridge structures may be acceptable to designers 
only under the indispensable and easy perceptible con-
dition that they may be translated into reality using un-
sophisticated but quite exact mathematical approach-
es. Besides, the structural safety of overloaded bridge 
members should be quantified by the same models as 
in design stades.

In spite of fairly developed up-to-date concepts of re-
liability, hazard and risk theories, it is very difficult to im-
plant probability-based methods in structural design and 
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Fig. 1. Extraordinary load
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redesign practice due to the shortage of methodological 
approaches and applied mathematical models .

The intention of this paper is to introduce structural 
bridge engineers and researchers to the new concept of the 
transformed Bayes theorem in the revised reliability as-
sessment of the structures of highway bridges subjected to 
abnormal action effects caused by extraordinary loads.

2. Structural safety margins of particular members

The deck system of girder highway bridges is a significant 
part of their superstructures directly carrying the vehicu-
lar loads. The girders of deck systems can be classified into 
four groups consisting of precast or cast-in-situ concrete, 
steel and composite (steel and concrete) bending members 
(Fig. 2).

The system reliability may be much higher than the 
girder reliability. Therefore, the difference between the 
reliability indices of girders and deck systems may be 
considered as a measure of girder bridge redundancy. 
However, in any case the survival or failure probability of 
girders should be analysed and predicted. 

The resistance of structural members (girders, slabs, 
piers) to bending, compression, tension and torsion is 
represented in design practice by the resistance of their 
particular members (normal or oblique sections and con-
nections). The resistance of particular members of non-
deteriorating bridge structures may be treated as a station-
ary process. The safety margin of particular members shall 
be presented as:

	 ,	 (1)

where X and θ – the vectors of basic and additional random 
variables which contain the design model uncertainties asso-
ciated with resistance and action effects.

The probability distribution of the resistance, R, for 
concrete or composite (steel and concrete) and steel par-
ticular members may be modeled by Gausian and lognor-
mal distributions, respectively.

The probability distributions of permanent SG and 
sustained live  action effects caused by self-weight and 
surfacing weight loads are close to a normal distribution.

The model of live loads on a highway bridge is based 
on heavily loaded trucks (Czarnecki, Nowak 2008). The 
max live load effect may be caused by one single heavy 
truck on the bridge or the simultaneous presence of two or 
more trucks on the bridge (Bhattacharya 2008). The val-
ue of this effect depends on many parameters, including 
the span length, girder spacing and stiffness of structural 
members. The intensity of abnormal extraordinary load 
effects also depends on these factors.

According to Caprani et al. (2008) and Bhattacharya 
(2008), the probability distribution of extreme values of 
traffic load effects  caused by multiple trucks on girder 
highway bridges is close to a lognormal distribution. This 
distribution law for action effects of girder decks is con-
firmed by Liu et al. (2009).

The dynamic load factor  for two heavily loaded 

trucks traveling side-by-side may be taken equal to 0.10 
with the coefficients of variation of static and dynamic live 
loads  and  (Eamon, Now-
ak 2004). Then, the coefficient of variation of live loads for 
road bridges may be expressed as:

	

	 .	 (2)

 
Fig. 2. Groups of the girders of deck systems: a – precast concrete; b – cast-in-situ concrete;  c – steel; d – composite girder decks
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Its value equal to 0.25 may be used in probability-
based analysis of deck and pier structures of girder bridges 
(Kudzys, Kliukas 2008a).

The additional variables of a safety margin may be 
expressed by their means  
and standard deviations  
(Hong, Lind 1996; Stewart 2001; Vrouwenvelder 2002). 
The safety margin of particular members of girder span 
beams and slabs may be presented in the form:

	 	 (3)

where their resistance and action effect values are changed 
by resisting and destructive bending moments, respec-
tively.

3. Survival probabilities of particular members 

Both permanent and live loads may be treated as use-prov-
en proof actions for structures of existing highway bridges 
(Hall 1998). According to this concept (Fig. 3a), the re-
vised density function of a resistance of particular mem-
bers may be presented as:

	 	 (4)

where fR(x) – the density function of a member resistance 
R;  – the cumulative multivariate distribution func-
tion of a conventional action effect written in the form:

	 	 (5)

The design practice showed that it is better to use the 
revised conventional resistance, Rc,r, of particular mem-
bers (Fig. 3b) the density function of which may be ex-
pressed as:

	 	 (6)

where the conventional resistance

	 	 (7)

may be modeled by Gausian or lognormal distributions.
According to Szwed et al. (2005), vehicular live load 

surcharge may be treated as an event caused by the de-
terministic unforeseen (usually static) action effect Sunf. 
Therefore, the revised safety margin of particular members 
from Eq (3) may be rewritten as:

	 ZMr = θRMR – θGMG – θQsMQs – θQunfMQunf.	 (8)

When the particular member is overloaded by deter-
ministic extraordinary action effect (Fig. 3c), the mean and 
variance of truncated normally distributed conventional 
resistance of any analysed member may be expressed as:

	 	 (9)

	 	 (10)

where 

	 	 (11)

is the primary value of conventional member resistance

	 	 (12)

is the standard normal distribution variable, 

	 	 (13)

is the conventional factor, where φ(βunf) and Φ(βunf) – the 
density and cumulative distribution functions of the vari-
able βunf by Eq (12). The statistics of additional variable 

 are: 
The survival probabilities of intact particular mem-

bers subjected to standard and unforeseen extreme live 
loads may be expressed respectively as:

	 	 (14)

	 	 (15)

where  and  – the density functions of pri-
mary and revised conventional member resistances Rc by 

 
Fig. 3. Models for structural safety analysis of load-carrying 
members by the Hall (1998) (a) and the present author’s (b, c) 
formulations
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Eq (8) and  the statistics of which are presented by Eqs 
(9) and (10).

The value of revised survival probability by  
Eq (14) helps us assess the residual reliability index of 
bridge members and their systems. This conventional 
measure of the reliability of members is their generalized 
reliability index as:

	  or ,

	  or ,
	 (16)

where  – the cumulative distribution function of 
the standard normal distribution.

According to EN 1990:2002 Eurocode: Basis of Struc-
tural Design, particular members of bridge structures may 
be designated in the same, higher or lower consequences 
class than for the entire bridge. The consequences of failure 
or malfunction of girder deck members may be associated 
with their reliability class RC2. Therefore, the target reli-
ability index βT of the particular and structural members 
of girder road bridges should be not less as 3.8. 

According to AASHTO LRFD Bridge Design Specifi-
cations of 2007 (LRFDSI-4-E4) the acceptable β = 3.5 for 
most structural members of bridges. β = 3.5–4.7 of girder 
bridge members designed by the Japanese Specification for 
Highway Bridges (Sugiyama, Yoshida 2008). βT = 4.0 may 
be selected for bridge piers (Kudzys, Kliukas 2008b)and 
this value of the βT may be selected for the structural mem-
bers of girder decks of existing bridges.

4. Bayes theorem in revised reliability analysis

When additional information on overloaded existing 
structures is gathered, it might be applied to improve the 
primary their reliability indices using the Bayes theorem. 
According to Madsen (1987), the revised failure probabil-
ity of particular members can be expressed as follows:

	 ,	 (17)

where Z – the random safety margin by Eq (1) and Eq (3); 
H > 0 – the event of visual and nondestructive inspection 
results showing a successful opposition of members to un-
foreseen extreme action effects.

The analysis of Eq (17) has disclosed that it is difficult 
to get the quantitative failure parameters of members revised 
due to some conditionalities of the event H > 0 and the cor-
relation between primary Z and inspection H functions. The 
major disadvantage is the uncertainty of the analytical model 
representing stress-strain state of overloaded particular mem-
bers (Ellingwood 1996; Melchers 1999). However, the revised 
failure probability of overloaded structural members and 
bearings of bridges may be defined combining the Bayesian 
approach with the method of transformed conditional prob-
abilities (Kudzys, Lukoševičienė 2009).

The structural resistance R of concrete, steel and com-
posite particular members can be based on either the yield 
or max strains of their reinforcing bars and profiled steels, 

respectively, induced by permanent and long-term mon-
itored live loads (Liu et al. 2009). Therefore, the capacity 
value for a member whose failure may be caused by per-
manent and single extraordinary live load should be sig-
nificantly decreased. Thus, two safety margins of particular 
members should be considered as: Z by Eqs (1) or (3) and 

	 	 (18)

as their informative or inspection safety margin, where 

 – the ratio of characteristic and mean values of 

member resistance. The event of successful withstanding 
the overloading situation of members may be expressed as:

	 	 (19)

when  and 0.25Rk ≥ Hm. These  conditions 
on the min level of overloading action permits us threat 
Sunf as the informative proof load effect of considered 
member (Ellingwood 1996).

The statistical parameters of these safety margins are:

	 	 (20)

	

	 	 (21)

,	 (22)

	 .	 (23)

The covariance of these safety margins may be de-
fined as:	

	 .	 (24)

Then, the coefficient of correlation between safety 
margins Z and H is:

	 	 (25)

When the probability distribution of the inspection 
safety margin H by Eq (18) is close to the normal distri-
bution, the survival probability of considered particular 
members may be defined as:

	 	 (26)

The bounded index of a series system Z–H may be 
expressed as:

	 	 (27)
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The correlation factor of this system is equal to , 
where the coefficient  is defined by Eq (25). 

According to the method of transformed conditional 
probabilities (Kudzys, Lukoševičienė, 2009), the intersec-
tion probability of two random events Z > 0 and H > 0 is:

	

    
.	 (28)

Therefore, the revised failure probability by  
Eq (17) may be transformed and rewritten as follows:

	 	 (29)

where the primary survival probability PS is calculated by 
Eq (14). Then, the revised value of the βT of a particular 
member is defined by Eq (16).

5. Numerical illustration

The βT of overloaded but intact tee concrete beams of the 
existing girder highway bridge is considered. During the 
service of this bridge, its span beams were overloaded by the 
deterministic static bending moments Munf = 1920 kNm 
(= 1.5 ) caused by unforeseen extraordinary traffic 
load.

The characteristic values and coefficients of variation 
of the destructive bending moments of bridge beams are: 

 1160 kNm, 

 0.1; 

 424 kNm,

  0.25; 

 1280 kNm, 

 0.25. 

The means and variances of these moments are:

MGm = 1160 kNm, 

 (0.1 × 1160)2 = 13456 (kNm)2 (normal dis-
tribution);

 300 kNm, 

 (0.25 × 300)2 = 5625 (kNm)2 (normal dis-
tribution);

 = 880 kNm, 

 (0.25 × 880)2 = 48400 (kNm)2 (lognormal 
distribution).

According to Eurocode directions, the partial factors 
for actions . Therefore, the design 
value of the joint bending moment is:

 1.35 × (1160 + 424 + 1280) = 3866 kNm. 

Case 1. The statistics of the revised resisting bending 
moment of particular members of considered beams are:

MRm = 5588 kNm,

δMR = 0.12,

 (0.12 × 5588)2 = 449650 (kNm)2,

ω = 1 – 1.645 × 0.12 = 0.8026,

MRk = 5588 × 0.8026 = 4485 kNm,

γR = 1.15, 

MRd =   = 3900 kNm > 3866 kNm (= MEd). Thus, 

 0.8026.

The indispensable condition expressed by Eq (19) is 
satisfied because the informative safety margin 

H = 4485 – 1160 – 424 – 1920 = 981 > 0.

Therefore, the βT of beams can be analysed.
The means and standard deviations of the addition-

al variables of beam safety margin are (Holicky, Markova 
2007): 

. 

Thus, the more exact statistics of resisting and de-
structive bending moments caused by permanent, sus-
tained and extreme traffic loads may be expressed as:

 5588 kNm, 

 449650 + 55882 × 0.01 = 761907 (kNm)2;

 1160 kNm, 

 13456 + 11602 × 0.01 = 26910 (kNm)2;

 300 kNm, 

 5625 + 3002 × 0.01 = 6525 (kNm)2;

 880 kNm, 

 48400 + 8802 × 0.01 = 56144 (kNm)2.

Thus, the mean and variance of conventional resist-
ance by Eq (6) are:
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Rcm = 5588 – 1160 – 3000 = 4128 kNm,

σ2Rc = 761907 + 26910 + 6525 = 795342 (kNm)2.

The probability distributions of MR, MG,  and 
 are close to the normal and lognormal distributions, 

respectively. Therefore, the primary value of the survival 
probability of the beam is equal to

  0.999754.

It corresponds to 

β = 3.48 < 03.80 (= βT)

and shows that the load-carrying capacity of the overload-
ed beam is insufficient.

According to Eqs (20)–(23), the means and variances 
of revised safety margins of normal sections as particular 
members of the considered precast concrete beams may be 
expressed as follows:

Zm = 5588 – 1160 – 300 – 880 = 3248 kNm,

σ2Z = 761907 + 26910 + 6525 + 56144 = 851486 (kNm)2;

Hm= 4485 – 1160 – 300 – 1920 = 1105 kNm > 0;

σ2H = 490810 + 26910 + 6525 = 524246 (kNm)2.

According to Eq (24), the covariance of these safety 
margins is:

Cov(Z,H) = 0.8026 × 761907 + 26910 + 
6525 = 644950 (kNm)2. 

Therefore, their coefficient of correlation by Eq (25) is:

	

According to Eq (26), the probability 

	

Then, according to Eq (27), the bounded index of 
correlation factor, , of two safety margins is:

	

Therefore, the correlation factor 

 0.96538.548 = 0.7394.

According to Eq (29), the revised failure probability 
of the beam the analysis of which is based on the Baysian 
theorem is:

Pf,r = (1 – 0.999754) × (1 – 0.7394) = 0.000064.

It corresponds to the survival probability Ps,r = 
0.999936. Thus, with the revised information data the re-
vised reliability index βr = 3.83 > 3.80 (= βT). It shows that 
the structural safety of overloaded beams is sufficient. Evi-
dently, the considered beams are safer than it was decided 
by the original procedures, when the unrevised reliability 
index was equal to 3.48.

Case 2. The statistics of destructive bending mo-
ments of considered particular members are the same as 
in Case 1. However, the statistics of their revised resisting 
moment are:

MRm = 5244 kNm; 

σ2 MR = (0.12 × 5244)2 = 449650 (kNm)2;

MRk = 5224 × 0.8026 = 4209 kNm;

MRd =   = 3660 kNm < 3866 kNm (= MEd); 

Munf  = 1920 kNm.

Case 3. All statistics are from Case 2 but the deter-
ministic bending moment Munf = 2560 kNm ( ).

The data on analysis of overloaded bridge beams are 
given in Tables 1 and 2.

Table 1. Bending moments

Case MRm, kNm MRk, kNm MRd, kNm MEd, kNm Munf, kNm

1 5588 4485 3900 3866 1920 1.5
2 5244 4209 3660 3866 1920 1.5
3 5244 4209 3660 3866 2560 2.0

Table 2. Correlation parameters and reliability indices

Case
ρZH 

by Eq (25)
β

by Eq (16)
βr

by Eq (16)
βT

by EN
1 1.02 0.965 0.740 3.48 3.83 3.80
2 1.27 0.961 0.734 3.29 3.64 3.80
3 5.57 0.961 0.808 3.29 3.78 3.80
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The data given in Tables 1 and 2 have corroborated 
that the transformed Bayes theorem may be used in the 
revised reliability analysis of existing bridge structures if 
their load effect levels were sufficiently high.

6. Conclusions

The values of unforeseen exceptional vehicular forces 
caused by abnormal traffic loads of heavy industrial, con-
struction, powerhouse and way equipment may be success-
fully applied in the structural safety assessment of mem-
bers of existing highway bridges. The revised survival or 
failure probabilities of bridge members overloaded in the 
sense of abnormal moving loads may be defined fairly un-
sophisticatedly using the concepts of Bayesian approaches 
and transformed conditional probabilities. 

Only the revised values of reliability indices of bridge 
members help engineers having min appropriate skills and 
experience assess bridge structural quality and allow avoid 
both unexpected failures and unnecessary premature re-
pairs of bridges. These values make it possible to assess 
structural quality of bridge members and their systems in 
the present time and a near future.

The new probability-based approaches and analysis 
formats proposed in this paper can be used by road and 
bridge engineers for the perfection of the maintenance 
strategy of existing highway bridges during their residual 
service life.

References
Bhattacharya, B. 2008. The Extremal Index and the Maximum 

of a Dependent Stationary Pulse Load Process Observed 
Above a High Threshold, Structural Safety 30(1): 34–48. 
DOI:10.1016/j.strusafe.2006.05.001

Caprani, C. C.; OBrien, E. J.; McLachlan, G. J. 2008. Character-
istic Traffic Load Effects Form a Mixture of Loading Events 
on Short to Medium Span Bridges, Structural Safety 30(5): 
394–404. DOI:10.1016/j.strusafe.2006.11.006

Czarnecki, A. A.; Nowak, A. S. 2008. Time-Variant Reliability 
Profiles for Steel Girder Bridges, Structural Safety 30(1): 49–
64. DOI:10.1016/j.strusafe.2006.05.002

Hall, W. B. 1998. Reliability of Service-Proven Structures, Journal 
of Structural Engineering 114(3): 608–624. 
DOI:10.1061/(ASCE)0733-9445(1988)114:3(608)

Ellingwood, B. R. 1996. Reliability-Based Condition Assessment 
and LRFD for Existing Structures, Structural Safety 18(2–3): 
67–70. DOI:10.1016/0167-4730(96)00006-9

Eamon, Ch. D.; Nowak, A. S. 2004. Effect of Secondary Elements 
on Bridge Structural System Reliability Considering Moment 
Capacity, Structural Safety 26(1): 29–47. 
DOI:10.1016/S0167-4730(03)00020-1

Holicky, M.; Markova, J. 2007. Reliability Differentiation and 
Production Quality in Codes, in Proc of the European Safety 
and Reliabilty Conference “Risk, Reliability and Social Safety”. 

Ed. by Aven, T.; Vinnem, J. E. June 25–27, 2007, London, 
England. London: Taylor and Francis, 1763–1768.

Hong, H. P.; Lind, N. S. 1996. Approximate Reliability Analysis 
Using Normal Polynomial and Simulation Results, Structural 
Safety 18(4): 329–339. DOI:10.1016/S0167-4730(96)00018-5

Kudzys, A.; Kliukas, R. 2008a. Limit State and Probabilistic For-
mats in the Analysis of Bracing Piers of Annular Cross-Sec-
tions, The Baltic Journal of Road and Bridge Engineering 3(3): 
167–173. DOI:10.3846/1822-427X.2008.3.167-173

Kudzys, A.; Kliukas, R. 2008b. Precast Spun Concrete Piers in Road 
Bridges and Footbridges, The Baltic Journal of Road and Bridge 
Engineering 3(4): 187–197. 
DOI:10.3846/1822-427X.2008.3.187-197

Kudzys, A.; Lukoševičienė, O. 2009. On the Safety Prediction of 
Deteriorating Structures, Mechanika 4(78): 5–11.

LeBeau, K.; Wadia-Fascetti, S. 2007. Comparative Probabilistic Ini-
tial Bridge Load Rating Model, Journal of Bridge Engineering 
12(6): 785–793. 
DOI:10.1061/(ASCE)1084-0702(2007)12:6(785)

Liu, M.; Frangopol, D. M.; Kim, S. 2009. Bridge Safety Evaluation 
Based on Monitored Live Load Effects, Journal of Bridge Engi-
neering 14(4): 257–269.
DOI:10.1061/(ASCE)1084-0702(2009)14:4(257)

Madsen, H.O. 1987. Model Updating in Reliability Analysis, 
in Proc of the 5th International Conference on Application of 
Statistics and Probability in Soil and Structural Engineering 
(CASP5), May 25–29, 1987, Vancouver, Canada. Institute for 
Risk Research: University of Waterloo, 564–577.

Melchers, R. E. 1999. Structural Reliability Analysis and Predic-
tion. 2nd edition. Chichester: John Wiley & Sons. 456 p. ISBN 
0471987719

Stewart, M. G. 2001. Effect of Construction and Service Loads on 
Reliability of Existing RC Buildings, Journal of Structural Engi-
neering 127(10): 1232–1235. 
DOI:10.1061/(ASCE)0733-9445(2001)127:10(1232)

Sugiyama, T.; Yoshida, J. 2008. Failure Probability Based on LRFD 
and ASD Methods – Design of Two-Span Continuous Com-
posite Two-Plate-Girder Highway Bridges in Japan, in Proc of 
the 5th European Conference on Steel and Composite Structures 
(Eurosteel 2008). Ed. by Ofner, R.; Beg, D.; Fink, J.; Greiner, 
R.; Unterweger, H. 3–5 September, 2008, Graz, Austria. Brus-
sels: ECCS European Convention for Constructional Steel-
work, 237–242.

Szwed, A.; Nowak, A. S.; Withiam, J. L. 2005. Reliability Anal-
ysis for Bridge Structures [CD-ROM], in Proc of the 9th In-
ternational Conference on Structural Safety and Reliability of 
Engineering Systems and Structures (ICOSSAR 2005). Ed. by 
Augusti, G.; Schuëller, M.; Ciampoli, M. June 20–23, 2005, 
Rome, Italy. Rotterdam: Millpress, 473–478. ISBN 978-90-
5966-056-4. 

Vrouwenvelder, A. C. W. M. 2002. Developments Towards Full 
Probabilistic Design Codes, Structural Safety 24(2–4): 417–432. 
DOI:10.1016/S0167-4730(02)00035-8

Received 8 November 2007; accepted 11 November 2009

http://dx.doi.org/10.1061/(ASCE)1084-0702(2009)14:4(257)

