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Two methods on the basis of time averaged projection moiré techniques are proposed for the identification of the 
machine and cross directions of paper and paperboard. For industrial applications the method based on the analysis of 
the experimental images of the three lowest eigenmodes is proposed. Orthotropic constitutive model is to be taken into 
account for machine made paper and single ply paperboard. It is assumed that the paper and paperboard in a printing 
device are loaded in their planes and thus a problem of plane stress is solved. Then the eigenmodes of bending vibrations 
as of a plate are analyzed. 
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1. INTRODUCTION∗ 

The qualities of paper and paperboard in the longitudi-
nal and transverse directions of production of the sheet 
differ, because in the process of production of the material 
most of the wooden plies are directed according to the 
machine direction of the paper [1]. Such initial distribution 
of plies in the material, the length of the plies being much 
greater than their diameter, influences the anisotropic 
mechanical properties of the material of the paper and 
paperboard (see Fig. 1). The anisotropy of the paper when 
compared with the paperboard is lower because of the lower 
thickness of the sheet of it [2]. In the research papers [3 – 5] 
after investigating the qualities of different types of paper 
and paperboard it was determined that the ratio of the 
qualities of the material in the machine direction (MD) and 
cross direction (CD) is about 1.2 ÷ 2. In the process of design 
and production of products made from paper and paperboard 
it is important to take into account anisotropic qualities of 
the material and to choose the machine direction of 
production of those materials in the correct way. In the paper 
[6] it is determined that the machine direction of paperboard 
has substantial influence on the qualities of resistance to 
statical compression of paperboard boxes. Different qualities 
of paper and paperboard in the machine and cross directions 
also influence the eigenmodes of their materials experiencing 
tension and action of vibrations. In the paper [7] the influence 
of defects in the thin sheet of paper to the eigenmodes was 
investigated. In the paper [8] according to the obtained low 
frequency modes of vibrations of the paperboard the modulus 
of elasticity and Poisson‘s ratios in the machine and cross 
directions of the paperboard were determined. The ratio of the 
determined parameters is about two. Orthotropic qualities of 
paper and paperboard are and can be investigated by other 
non-destructive methods such as ultrasound [9] and the 
method of projection moire [10]. 
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Fig. 1. The principal material directions for paper/paperboard: 

machine direction (MD), cross machine direction (CD) 
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Fig. 2. Paperboard sheet loading schemes: a – scheme of 
symmetric paperboard load, b – scheme of asymmetric 
paperboard load: 1 – impression cylinder, 2 – paper,  
q – vertical static load, MD – machine direction,  
CD – cross machine direction, s – displacement  
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The purpose of this paper is to identify the machine 
direction of the paper and paperboard and also the 
character of tension of the sheet of those materials in the 
printing machine by using non-destructive methods on the 
basis of experimental optical methods of investigation. 

The sheet of paper and paperboard in the printing 
machine may be loaded symmetrically (see Fig. 2, a) and 
non-symmetrically (see Fig. 2, b). 

The model for the analysis of vibrations of machine 
made paperboard in a printing machine is proposed on the 
basis of the material described in [11, 12]. It is assumed 
that the paperboard in a printing machine is loaded in its 
plane. The static problem of plane stress by assuming the 
displacements at the boundary of the analyzed paperboard 
to be given is solved. Then the eigenmodes of bending 
vibrations as of a plate are calculated. 

Two methods on the basis of time averaged projection 
moiré techniques are proposed for the identification of the 
machine and cross directions of a paper and paperboard. 

Experimental investigations of the eigenmodes of 
vibrations of the paper and paperboard were performed 
using the experimental setup described in [12]. 

2. MODEL FOR THE ANALYSIS OF VIBRA-
TIONS OF THE PAPER AND PAPERBOARD  

Further x, y and z denote the axes of the system of 
coordinates. First the static problem of plane stress is 
analyzed. The element has two nodal degrees of freedom: 
the displacements u and v in the directions of the axes x 
and y. The stiffness matrix has the form: 
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where Ni are the shape functions of the finite element and: 
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where Ex and Ey are the modulus of elasticity and νxy and νyx 
are the Poisson’s ratios. The vector of displacements {δ} is 
determined by solving the system of linear algebraic equations. 

Then the eigenproblem of the plate is solved. The 
element has three nodal degrees of freedom: the transverse 
displacement of the paper w and the rotations Θx and Θy about 
the axes of coordinates x and y. The mass matrix has the form: 
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where ρ is the density of the material of the paper and: 
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The stiffness matrix has the form: 
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where the stresses σx, σy, τxy are determined from: 

[ ][ ]{ }.
x

y

xy

D B
σ
σ δ

τ

 
   = 
 
  

 (11) 

3. EIGENMODES OF THE MACHINE MADE 
PAPERBOARD IN A PRINTING MACHINE 
UNDER SYMMETRIC LOADING 

The displacements at the boundary of the analyzed 
paperboard are given and they produce the loading vector. 
The square piece of paperboard is analyzed. The following 
boundary conditions of symmetric loading are assumed: on 
the lower boundary it is assumed that u = v = 0; on the 
upper boundary it is assumed that u = 0 and v = 10–5 m. 
The vector of displacements is determined by solving the 
system of linear algebraic equations. 
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The main qualities of the material of the paper and 
paperboard used in the experimental investigations are 
presented in Table 1. 

It is assumed that the modulus of elasticity 
Ey = 0.68·109 Pa, Poisson’s ratio νxy = 0.45, Poisson’s ratio 
νyx = 0.10, thickness h = 0.00027 m, density ρ = 1111 kg/m3. 
The eigenmodes for machine direction of paperboard are 
presented in Fig. 3, a – f). The eigenmodes of vibration of 
this paperboard obtained by using the method of 
experimental investigation are presented in Fig. 3, a* – c*. 

For another problem it is assumed that the modulus of 
elasticity Ey = 2.00·109 Pa, Poisson’s ratio νxy = 0.10, 
Poisson’s ratio νyx = 0.45. The eigenmodes for cross 
direction of paperboard are presented in Fig. 4, a – f. For 

this problem the results of experimental investigations are 
presented in Fig. 4, a* – c*. 

Table 1. Technical characteristics of paper and paperboard 

Property Paperboard Paper 

Basic weight, g/m2 300 80 

Paperboard sheet thickness, µm 270 102 

Density, kg/m3 1111 785 

Paperboard stifness MD/CD, mNm 3.6/2.4 0.42/0.31 

Poisson’s ratio ν, MD/CD  0.45/0.10 0.40/0.14 

Modulus of elasticity E, MD/CD GPa 2.00/0.68 1.10/0.34 
 

    
a b c d e f 

5 cm
 

5 cm
 

5 cm
 

a* b* c* 
Fig. 3. The eigenmodes for machine direction of paperboard under symmetric loading: a – first eigenmode, b – second eigenmode,  

c –  third eigenmode, d – fourth eigenmode, e – fifth eigenmode, f – sixth eigenmode, a* – experimental projection moiré image 
of the first eigenmode, frequency – 122 Hz, b* – experimental projection moiré image of the second eigenmode, frequency – 
128 Hz, c* – experimental projection moiré image of the third eigenmode, frequency – 145 Hz. Amplitude: 8×10–6 m 
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a* b* c* 
Fig. 4. The eigenmodes for cross direction of paperboard under symmetric loading: a – first eigenmode, b – second eigenmode, c – third 

eigenmode, d – fourth eigenmode, e – fifth eigenmode, f – sixth eigenmode, a* – experimental projection moiré image of the 
first eigenmode, frequency – 120 Hz, b* – experimental projection moiré image of the second eigenmode, frequency – 126 Hz, 
c* – experimental projection moiré image of the third eigenmode, frequency – 141 Hz. Amplitude: 8×10–6 m  
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4. EIGENMODES OF THE MACHINE MADE 
PAPER IN A PRINTING MACHINE UNDER 
UN-SYMMETRIC LOADING 

For un-symmetric loading the boundary conditions on 
the upper boundary are changed, that is on the upper 
boundary linear variation of the displacement v is assumed 
with v = 5·10–6 m on the left side of the boundary and 
v = 1.5·10–5 m on the right side of the boundary. 

The first eigenmodes for machine direction of the 
paper are presented in Fig. 5 (a – f). 

For this problem the results of experimental 
investigation for the first, second and third eigenmode of 
vibrations are presented in Fig. 5 (a* – c*). 

The first eigenmodes for cross direction of the paper 
are presented in Fig. 6 (a – f).  

For this problem the results of experimental 
investigation for the first, second and third eigenmode of 
vibrations are presented in Fig. 6 (a* – c*). 

From the obtained results (Fig. 3 – 6 (a – c and a* – c*)) 
is seen the satisfactory congruity of the theoretical and 
experimental results. 
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Fig. 5. The eigenmodes for machine direction of paper under un-symmetric loading: a – first eigenmode, b – second eigenmode, 
c – third eigenmode, d – fourth eigenmode, e – fifth eigenmode, f – sixth eigenmode, a* – experimental projection moiré image 
of the first eigenmode, frequency – 152 Hz, b* – experimental projection moiré image of the second eigenmode, frequency –
175 Hz, c* – experimental projection moiré image of the third eigenmode, frequency – 205 Hz. Amplitude: 4×10–6 m 

 

     
a b c d e f 

5 cm
 

 

5 cm
 

5 cm
 

a* b* c* 

Fig. 6. The eigenmodes for cross direction of paper under un-symmetric loading: a – first eigenmode, b – second eigenmode, c – third 
eigenmode, d – fourth eigenmode, e – fifth eigenmode, f – sixth eigenmode, a* – experimental projection moiré image of the 
first eigenmode, frequency – 146 Hz, b* – experimental projection moiré image of the second eigenmode, frequency – 170 Hz, 
c* – experimental projection moiré image of the third eigenmode, frequency – 194 Hz. Amplitude: 4×10–6 m 
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5. NON-DESTRUCTIVE IDENTIFICATION OF 
THE MACHINE AND CROSS DIRECTIONS 
OF A PAPER AND PAPERBOARD 

Two methods are proposed for the solution of this 
problem. 

Method 1. This method is based on the analysis of 
distribution of deflection in the first eigenmode. From 
Fig. 3, a, and Fig. 4, a, it is evident that both eigenmodes 
are of similar character, but the distribution of deflections 
in them is different. Thus from the experimental images 
obtained by using time averaged projection moiré it is 
possible to identify the machine direction and the cross 
direction. 

Practical application of the method showed that in 
industrial environments external noise and vibrations 
caused by the elements of the printing device and other 
sources influence the accuracy of measurement. Another 
source of inaccuracy is the difficulty of assuring precise 
symmetry of loading. Thus the method was generalised by 
analyzing not only the first eigenmodes, but several lowest 
eigenmodes. On the basis of practical experience it is 
recommended to analyze the time averaged projection 
moiré images of the three lowest eigenmodes. From the 
presented experimental results in the figures it is evident 
that the experimental images of the second eigenmodes 
enable to clearly identify the directions of orthotropy of the 
polygraphic material. When interpreting the experimental 
time averaged projection moiré images one is to have in 
mind that the loading is not always precisely symmetric. In 
order to be able to judge about the errors introduced by the 
non-symmetry of loading one is to have in mind the 
general character of the eigenmodes for non-symmetric 
loading of the polygraphic material which are presented in 
the figures. When the first eigenmodes become too similar 
to the ones under non-symmetric loading, one is to take 
efforts to increase the symmetricity of loading of the 
printing material in the printing device and only then the 
experimental measurements are to be continued. 

Method 2. This method is based on the analysis of the 
lowest eigenmode which is of totally different character. 
From Fig. 3, f, and Fig. 4, f, it is evident that the sixth 
eigenmodes are of different character. Thus from the 
experimental images obtained by using time averaged 
projection moiré it is possible to identify the machine 
direction and the cross direction. In this method one is to 
be careful when calculating which eigenmode is being 
registered in the experiment. 

Experimental investigations indicated that for higher 
eigenmodes the excited vibrations are usually of lower 
amplitude and thus require higher precision of 
measurement (higher density of moiré lines using time 
averaged projection moiré). This method is more sensitive 
to environmental noise and vibrations and can be 
implemented only in laboratory investigations. Thus for 
industrial applications the previous method is 
recommended. For the materials with higher anisotropy the 
eigenmodes of totally different character would be lower in 
their sequence and they would be among the first 
eigenmodes of the polygraphic material. In such problems 
this method would be advantageous with respect to the 
previous one. But for the usual polygraphic materials 

experimental investigations indicate that the anisotropy is 
insufficient for successful industrial application of this 
method. 

6. CONCLUSIONS 

The model for the analysis of vibrations of machine 
made paper and paperboard in a printing machine is 
proposed using the orthotropic constitutive relationship. It 
is assumed that a paper in a printing device is loaded in its 
plane. The static problem of plane stress by assuming the 
displacements at the boundary of the analyzed paper to be 
given is solved. Then the eigenmodes of bending 
vibrations as of a plate are calculated. 

Symmetric and un-symmetric loading problems are 
analyzed. Both machine direction as well as cross direction 
are considered as directions of loading. 

Two methods on the basis of time averaged projection 
moiré techniques are proposed for the identification of the 
machine and cross directions of polygraphic materials. For 
industrial applications the method based on the analysis of 
the experimental images of the three lowest eigenmodes is 
proposed. 

Two methods for the identification of the directions of 
orthotrophy have been proposed: 

1) on the basis of the image of the lowest 
eigenmode; 

2) on the basis of the lowest eigenmode of 
substantially different character (in our problem 
for the sixth eigenmode). 

Both methods were insufficiently reliable in industrial 
environments under the action of external noise and 
vibrations. So the first method was generalized: the images 
of several lowest eigenmodes were used in the procedure 
of identification of the directions of orthotrophy. 

Extensive experimental investigations enabled to reach 
a conclusion that the use of the three lowest eigenmodes 
produces reliable results in industrial applications of the 
proposed method of identification. Thus the final 
recommendation for practical implementations of the 
method of identification is to register the images of the 
three lowest eigenmodes and to perform their mutual 
comparisons. Because of some errors in the symmetricity 
of loading and because of the action of external noise and 
vibrations the identification of the directions of 
orthotrophy may not be possible from the images of some 
of those eigenmodes, but among them there usually is at 
least one eigenmode from the images of which the 
identification can be successfully performed (in the 
presented results of experimental investigations it was the 
second eigenmode which evidently enabled to identify the 
directions of orthotrophy). 

The obtained results are used in the process of 
identification of paper and paperboard material properties 
and the character of loading of the printing material in the 
printing machine. 
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