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A B S T R A C T

This work presents a novel integrated design of a fractional-order capacitor of order 0.5 with an adjustable 
pseudocapacitance controlled by a DC bias voltage. The device was fabricated using the 65 nm TSMC CMOS 
process. The pseudocapacitance can be adjusted in the range from 39 to 87 nF/sec^0.5 by applying a serial DC 
bias voltage at the input terminal (from 0 up to 0.7 V), and from 39 to 57 nF/sec^0.5 by adjusting the bulk-source 
voltage (from 0 up to 0.9 V) available at an independent terminal. The maximum error of adjustment between 
the simulated and measured responses is 12%. The first tuning approach is advantageous for remote adjustment 
of specific applications from a preceding stage within the signal-processing chain, where the signal source itself 
provides the required DC control component. The operational frequency range spans two decades. The opera
tional frequency bandwidth ranges approximately from 2 kHz to >500 kHz, varying with DC driving. Signal 
amplitudes up to 100–200 mV can be processed linearly without introducing significant distortion. Process- 
corner and temperature variation (from − 40 ◦C to +40 ◦C) analyses indicate maximum parameter deviations 
of up to 10%. The size of the chip is comparable to that of common SMT components, with a cell layout area of 
0.911×0.162 mm (0.148 mm2). The application example of the electronically fractional-order RLC low-pass filter 
is presented, demonstrating a slope of -30 dB/dec and pole frequency adjustability between 22 kHz and 13 kHz 
through electronic tunability of the designed CPE.

1. Introduction

Fractional order (FO) circuits [1] have been beneficially used in 
many electronic and sensing applications, including biology and 
biomedicine [2–4], food quality assessment [5,6], food safety [7,8], and 
many other areas. Fractional-order elements (FOEs) [1], considered 
both as physical circuit components and as mathematically defined 
impedances [9], have a significant impact on circuit theory. Their 
non-integer order enables a balance between purely resistive or capac
itive (or eventually, inductive) behavior, giving rise to a variety of 
interesting phenomena. These properties enable novel approaches to 
control [10–12], compensation [13], and electronic adjustment [14] in 
practical applications. Moreover, the fractional nature of the elements 
can also facilitate an extension of the achievable tuning range [14].

The impedance of a FOE with capacitive behavior is defined as ZCα (s) 
= 1/(sαCα). The parameter α denotes the FO of the impedance 
(0 < α < 1), while Cα represents the pseudocapacitance, measured in 
units of F/sec1− α. A fractional-order two-terminal device is also known 
as a constant phase element (CPE), as defined by Morrison and Valsa 
[15–17]. The theoretical phase of such an element lies in the range 
− 90◦ < φα < 0◦ and is directly related to the order according to 
φCα = − α⋅90◦ The ideal FO impedance has a frequency- 
independent phase. The magnitude of the impedance is defined as 
|ZCa(f)| [dBΩ] = − α⋅20⋅log(f) + 20⋅log(1/(2πCa)).

In many recent studies [18–27], the tunability of circuit applications 
has not been provided by the FOE itself, but rather by other circuit 
features. This approach is frequently based on the parameters of active 
elements [20–27]. Although several works enabling intentional 
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variation of FOE features, such as pseudocapacitance, order or both, 
have been published [18–30], most of them employ active imple
mentations with multiple active devices [20,22–24,27]. Such solutions 
inherently suffer from additional power consumption and various limi
tations related to operating frequency, dynamic range, accuracy, and 
linearity [18–27].

Adjustable passive solutions [18,28–30] represent a quite new idea 
in this field. Early non-adjustable realizations were based on 
material-layer or liquid-based technologies, in which distributed RC 
networks are formed using layered structures [18,31], liquids [32], 
nanocomposites [33], or carbon nanotubes [34]. However, many of 
these approaches do not support dynamic and continuous adjustability. 
More recent pioneering works [28,29] have presented the possibility of 
electronically adjusting pseudocapacitance values. However, all of these 
solutions using discrete elements, which significantly limits their 
compactness and practical integration as a single solid-state device or a 
small chip. Therefore, this work has the following objectives: 

a) a fully integrated fractional-order capacitor with tunable pseudoca
pacitance, enabling a compact package comparable to a surface 
mounted technology (SMT) device or smaller than solid-state passive 
FOEs [31–34] and standard discrete RC solutions [16,17,19,28,29],

b) pseudocapacitance adjustability at a fixed fractional order via a se
rial DC bias voltage,

c) pseudocapacitance adjustability at a fixed fractional order via an 
independent control terminal,

d) no or very low power consumption,
e) an operational frequency range spanning at least two decades, from 

units of kHz up to hundreds of kHz,
f) a pseudocapacitance range that yields impedance magnitudes lower 

than those typically available at active device terminals when used in 
circuit synthesis and design, thereby ensuring minimal loading and 
impact on active device terminals.

Based on an analysis of recent solutions available in the literature, no 
existing solution allows all of the abovementioned objectives simulta
neously. However, these features are highly desirable in a wide range of 
many applications, including adjustable fractional-order circuits and 
systems [14,35,36], as well as modeling and characterization tasks [37,
38].

Adjustable CPEs are primarily intended for the design of adjustable 
applications in analog and mixed-mode electronics. The order of an ideal 
CPE determines the phase relationship between voltage and current at 
the two-terminal interface, and consequently also defines the slope of 
the impedance magnitude characteristic. In contrast, the pseudocapa
citance determines the vertical position of the impedance magnitude 
response and can therefore be regarded as an analogy to the capacitance 
value of a conventional integer-order capacitor. Although both param
eters are important, practical tuning of parameters in applications, such 
as adjustment of time constant, pole frequency or oscillation frequency, 
primarily requires variation of the pseudocapacitance. This is because 
the fractional order changes the phase as well as the pseudocapacitance 
simultaneously. The electronic adjustability of passive CPEs through 
pseudocapacitance control enables simple tuning of both passive and 
active circuits, including filter cutoff frequencies, time constants of in
tegrators, differentiators, controller parameters [10–13,21–27], and 
oscillation frequencies of oscillators and signal generators [14,37,38]. In 
general, pseudocapacitance tuning directly modifies the effective time 
constants of the system, thereby providing the desired application-level 
tunability. In particular, combining passive CPEs with active circuitry 
based on operational amplifiers enables efficient electronic control of 
circuit parameters. Even a relatively narrow pseudocapacitance tuning 
range may be highly beneficial, since fractional-order elements often 
introduce nonlinear and highly sensitive dependences between the 
application parameters and the fractional-order element characteristics. 
As a result, substantial tuning effects can be achieved even with 

relatively small control-voltage variations.
Table 1 summarizes the most important parameters of selected de

signs from the literature. A detailed analysis of the results summarized in 
Table 1 indicates that existing solutions do not provide the possibility of 
adjusting pseudocapacitance either by means of an additional serial 
voltage applied directly to the impedance terminal (i.e., through our 
signal source) or via an independent control terminal (in passive solu
tion). The first approach enables device control directly from the signal 
source through its DC component. This feature can be advantageous, for 
example, when a preceding block in a signal chain controls the filter 
response by superimposing a DC component onto the produced signal. 
The second approach enables independent adjustment without affecting 
the signal path or impedance terminal in any way. The proposed solu
tion uniquely combines both adjustment mechanisms. Furthermore, to 
the best of our knowledge, the presented design represents the first 
fabricated on-chip device based on R-MOS (MOS capacitor) sections 
with intentional adjustment for applications in fractional-order circuits 
and systems. Recent studies indicate that many passive fractional-order 
solutions do not provide systematic pseudocapacitance tuning at all. 
Existing adjustable approaches are typically based on active devices and 
therefore require additional power consumption, which is not necessary 
in the proposed design.

The impedance magnitude range was intentionally selected to 
remain below the typical terminal resistance of active devices. As a 
result, the proposed element can be readily integrated into active cir
cuits and systems without significantly affecting the behavior of the CPE 
or the overall system performance. In addition, implementation as a 
compact chip cell substantially improves device miniaturization and 
practical applicability compared to conventional discrete-component 
solutions.

On the other hand, certain limitations must be considered. The 
achievable on-chip capacitance values are inherently restricted to the 
range of tens to hundreds of pF in order to be maintain a practically 
feasible chip area. Consequently, the lower operational frequency limit 
is constrained to range of hundreds of Hz. Other qualitative character
istics, such as the operational bandwidth and the achievable number of 
frequency decades, can still be influenced by the design methodology, 
including the selection of the number of sections and the corresponding 
component values.

2. Proposed CMOS CPE

Fig. 1 shows the RC-based prototype CPE used as the basis for the 
design of tunable solutions employing CMOS elements. The initial 
values of elements were obtained based on the Morrison-Valsa’s 
approach [15–17]. The design specifications for the initial CPE topology 
were as follows. The nominal initial operational bandwidth of the 
original RC topology is targeted at three decades, ranging from units of 
kHz to hundreds of MHz, with a phase shift of − 45◦ (order α = 0.5) and a 
pseudocapacitance Cα = 40 nF/sec0.5. The effective frequency range 
extends from 8 kHz to 4 MHz, with a phase ripple of approximately 
±2–3◦. To meet these requirements, a four-section topology was 
selected, which is sufficient to achieve the intended performance. 
External parasitic capacitances are expected to influence the 
high-frequency operational limits due to their parallel contribution the 
Cp element. Given the very small values of Cp, the operational band
width of the fabricated device is therefore expected to be limited to two 
decades. In particular, external stray capacitances on the designed PCB 
are in the range of 2–5 pF. While the well-known topology shown in 
Fig. 1 provides the desired fractional-order behavior, it does not offer 
electronic adjustability of the key CPE parameters. To enable tunability, 
the capacitors were replaced with NMOS transistors, as shown in Fig. 2. 
The required capacitance values were used to determine the MOS 
transistor width-to-length (W/L) ratios according to [30,39–41]: 

Cn ≅ Wn⋅Ln⋅Cgg, (1) 
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Table 1 
The comparison of chosen electronically adjustable solutions of CPEs.
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[18] *** Yes Yes No N/A No Voltages 4 N/A Yes - 0.82 Yes N/A IP S N/A
[20] 16/5 Yes Yes No No No Voltages 2 N/A* No - 0.25, 0.5, 0.75 No No DA M N/A
[21] 3/2 Yes Yes No No No Currents 2 N/A* No - 0.3, 0.5, 0.7 No No IA S N/A
[22] 8/2 Yes Yes No Yes Yes Current 2 31.2→18.9 kH/sec0.5 Yes 1.7 0.5 No No IA M 0.68
[23] 8/2 Yes Yes No No Yes Currents 2 7.8→78.2 pF/sec0.2 

24.6→2.5 kH/sec0.2
No 10 

9.8
0.2 No No IA S 2.00 

1.96
[24] 11/2 Yes Yes No No No Current 2 N/A* No - 0.1→0.9+ No No IA S N/A
[25] 3/2 Yes No N/A N/A Yes Currents 2 949→94.9 pF/sec0.5 No 10 0.5 No No IA S, M 4.00
[26] 2/23 Yes No No No Yes Voltage 2 9.2→85.1 μF/sec0.75 

2→19.6 μF/sec0.5 

0.34→3.1 μF/sec0.25 

1.79→0.19 kH/sec0.75 

408→41 H/sec0.5 

68→6.5 H/sec0.25

No 9.3 
9.8 
9.1 
9.4 
10 
10.5

0.25, 0.5, 0.75 No No IA M < 1.00

[27] 9/2 Yes Yes No No No Current 2 N/A* No - 0.33, 0.5, 0.67 No No IA S N/A
[28] -/15 Yes No No No Yes Voltage 3 46→464 μF/sec0.75 No 10 0.25 Yes Yes DP M 6.00
[29] -/8 Yes No No No Yes Voltage 1 15→109 μF/sec0.5 No 7.3 0.5 Yes No DP M 1.83
[29] -/13 Yes No No No Yes Voltage 1 654→138 nF/sec0.5 No 4.7 0.5 Yes Yes DP M 1.08
[30] -/10 Yes No No No Yes Voltage 3 7→14 nF/sec0.5 Yes 2.0 0.5 Yes Yes IP S 1.80
Fig. 2 -/10 Yes No Yes Yes Yes Voltage 2 39→87 nF/sec0.5 

39→57 nF/sec0.5
Yes 2.3 

1.5
0.5 Yes Yes IP M 2.30 

1.50

* Solutions that show examples of various orders and pseudovalues without specifying the adjustment range for each order are marked as N/A, this indicates that adjustment is possible, but there is no available data for 
comparison; ** Theoretical discussions of scalability.

+ Discrete step of 0.1 (discontinuous adjustment).
*** A different approach is used (a distributed RC network based on the conductive layers available in the CMOS process). 

Abbreviations in Table I: DA – discrete active, DP – discrete passive, IA – integrated active (CMOS), IP – integrated passive (CMOS); M – measurement, S – simulation 
Figure of merit = (Approximate operational frequency range in number of decades × Pseudovalue adjustability ratio) × (A + B + C + D + E) / Number of active and passive elements; A-E are binary “1″ (advantage) or 

“0″ based on the availability of the “feature”: A – electronic tuning of Cα, B – reduced/no power consumption, C – double parameter adjustment (two independent parameters for Cα adjustment), D – integrated/compact 
(minimized size), E – low importance of signal levels (good linearity); the higher number = better FOM, note that this FOM is a more comparative scoring metric than a universal or general ranking of the solutions in this 
area.
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where n is the index of the corresponding transistor (n = 1…k), and Cgg 
is the gate capacitance (see Appendix), equal to 2.67 mF/m2 (VGS = VBS 
= 0 V) for the employed CMOS process. This equation fits best the real 
verified capacity of MOS in our design.

The NMOS transistors used in the design operate as voltage- 
controlled capacitors (varactors) [29,39]. The applied DC voltage 
directly forms these capacitance values through resistors connected in 
series with the MOS gates; this the DC component of the applied control 
volage adjusts the pseudocapacitance value Cα of the CPE. In addition, 
the bulk-source voltage can also be used to tune Cα. However, the 
achievable tuning range is limited by the maximum allowable current 
through the bulk-source diode, since excessive current may lead to 
latch-up effects [39]. As a consequence, the bulk–source tuning method 
introduces power consumption associated with the driving voltage 
source (not from a supply voltage, since the circuit itself is passive and 
does not require a power supply). The resulting power consumption 
ranges from units of μW up to 500 μW within the specified Vset_BS tuning 
range. On the other hand, adjustment using the control voltage Vset_Cα 
does not introduce any additional power consumption. Therefore, the 
tuning effect of the voltage Vset_BS, on the Cα range is more limited than 
that of Vset_Cα. Nevertheless, it provides a very simple control of Cα via a 
terminal that is independent of the impedance input terminal, which can 
be advantageous in certain applications [24–27]. It should be noted that 
the transistor bulks must be isolated from the basic substrate (a p-well in 
this case). Deep n-well isolation gap was therefore used in our design 
and particular CMOS process. Fig. 2 illustrates both possibilities of the 
pseudocapacitance Cα control based on two independent DC voltages.

In general, the proposed design can be provided for all values of 
fractional order between 0 and 1. However, changing the order requires 
a completely new set of RC values derived from the design algorithm 
presented in [15–17] for the initial RC prototype (see Fig. 1). Therefore, 
unlike pseudocapacitance, the fractional order cannot be adjusted sys
tematically or continuously. Furthermore, there are practical physical 
limitations associated with the achievable element values [15–17,19]. 
Certain required component values may become either excessively small 
or excessively large, making them impractical for implementation using 

standard discrete components or even on-chip fabrication, where the 
available ranges of capacitance and resistivity are inherently limited.

The selected fractional order of 0.5, located at the midpoint of the 
achievable order range, represents a very good example and also 
favorable compromise that minimizes the influence of these imple
mentation constraint [15–17,19], since it does not require inappropriate 
component values. In addition, the choice of order 0.5 corresponds to 
the square root operator in the time-domain, which is of considerable 
practical importance in applications involving integration and differ
entiation, such as controllers and filters. This feature is also demon
strated in the application example presented in Section 5, where a 
fractional order of 0.5 reduces the transition slope of a conventional 
first-order filter magnitude response from 20 dB/dec to 10 dB/dec. In 
the presented second-order filter, the corresponding slope is reduced 
from 40 dB/dec to 30 dB/dec.

3. Experimental results

The topology shown in Fig. 2 was implemented and fabricated using 
the TSMC 65 nm CMOS process (1.2 V voltage devices used). The 
following results compare traces obtained from Cadence Spectre simu
lations with experimental measurements of the fabricated prototype. 
The nominal AC sweep (compared to experimental results in this sec
tion) was set between 100 Hz and 10 MHz and parameters identical to 
experiments. The ESD protection resistor Resd = 200 Ω and Cparasitic = 1 
pF are connected in the input impedance terminal. Further simulation 
results, especially in Sections 4 and 5, have their specific simulation 
settings and variables discussed along with presented plots.

The example of impedance plots showing both magnitude and phase 
responses are presented in Fig. 3. These results demonstrate CPE 
behavior for the minimum and maximum values of the driving DC 
voltage Vset_Cα (0 and 0.7 V, respectively). The dependence of Cα on 
Vset_Cα closely follows the capacity dependence of the VGS voltage of a 
single MOS transistor [30]. The adjustment of Cα is further captured in 
Fig. 4, which also shows the frequency ranges over which Cα remains flat 
(or minimally ripped) at both limits of the tested range. Fig. 4 shows the 

Fig. 1. Initial topology of the RC CPE solution used for further design of adjustable CPE.

Fig. 2. The resulting topology of the CMOS adjustable CPE solution with both DC control voltages.
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error plot/points (with an error/deviation of up to 7%) between the 
simulated and measured Ca = f(Vset_Ca) traces. Table 2 includes all 
technological parameters of fabricated CPE in detail. Table 3 compares 
the simulated and measured ranges of Cα values and the corresponding 
operational bandwidths. The phase ripple limits are ±3◦. Differences 
observed in the bandwidth are primarily based on the initial underes
timation of stray capacitances in parallel with Mp (i.e., Cp). Nevertheless, 
the experimental results still satisfy the design requirement of a mini
mum operational bandwidth of two frequency decades in all cases. All 
experimental measurements were performed using a Keysight E4990A 
impedance analyzer with a source signal amplitude of 50 mV. The dif
ference between simulated and measured Cα adjustment is <10%. The 
driving voltage is limited to 0.7 V because higher voltages do not result 
in further changes to Cα. This is consistent with the overall behavior of 
the Cgg capacitance as a function of VGS voltage [30].

Bulk-source voltage control of Cα was tested as a complementary 
adjustment method. The corresponding results are shown in Fig. 5, with 
a numerical comparison provided in Table 4. Compared to Vset_Cα, the 
achievable Cα tuning range is narrower in the case of Vset_BS (see Fig. 6). 
The difference between simulation and experiment in the impedance 
and phase plots is approximately 10–15%. After adjustment Cα (see 

Fig. 6), an error plot shows a maximum deviation of 12% between the 
simulation and the experiment. The maximum Cα value is reduced 
nearly by 30% relative to the Vset_Cα. This reduction originates from the 
resistor Resd (1.25 kΩ) required in the control terminal/node, as shown 
in Fig. 2. As Resd approaches to 0 Ω, the tuning characteristic becomes 
exponential. However, such a configuration is not feasible, as the 

Fig. 3. The impedance plots of CPE impedance for typical Vset_Cα examples of an adjustment: a) Impedance magnitudes, b) Impedance phases.

Fig. 4. The pseudocapacitance adjustability features: a) Dependence of Cα on the first driving voltage Vset_Cα, b) The frequency range of stable Cα.

Table 2 
The resulting parameters of the topology shown in Fig. 2.

n Rn Mn

1 ​ 185 kΩ → [W = 400 nm, L = 97.4 μm] 135 pF → 3 × [W = 844 μm, L = 20 μm]
2 ​ 64 kΩ → [W = 400 nm, L = 33.6 μm] 47 pF → [W = 881 μm, L = 20 μm]
3 ​ 23 kΩ → [W = 400 nm, L = 12.1 μm] 16 pF → [W = 300 μm, L = 20 μm]
4 ​ 8 kΩ → [W = 400 nm, L = 11.1 μm] 5.6 pF → [W = 105 μm, L = 20 μm]
p ​ 350 kΩ → [W = 400 nm, L = 184 μm] 3 pF → [W = 50 μm, L = 20 μm]

Table 3 
Comparison of the simulation (Expectation) and experimental results for Ca 
value adjustment by Vset_Ca.

Order (α) 0.5 (− 45◦ ± 3◦)

Test simulated measured
Vset_Cα range [V] 0 → 0.7
Cα range [nF/sec0.5] 39.0 → 84.4 39.0 → 87.0
Ratio of Cα variation (max/min) [-] 2.2 2.3
Adjustability ratio (ratio of Cα / Vbias 

range)
3.1 3.3

Operational bandwidth range [Hz] 1.9 k → 3.31 M (0 V) 
22.9 k → 4.37 M (0.7 
V)

2.8 k → 0.57 M (0 V) 
10.9 k → 1.51 M (0.7 
V)

Ratio of operational bandwidth [-] 
(max/min)

1 743 / 190 204 / 139
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resulting uncontrolled current could damage the BS diode and poten
tially trigger latch-up [39]. Although an additional series resistance is 
also present at the impedance input, its value is more than three orders 
of magnitude lower than the generated impedance magnitude, and its 
effect can therefore be neglected.

Fig. 7 presents a photograph of the device under test, including the 
designed PCB with auxiliary circuitry and measurement accessories, 
integrated within the package. Fig. 8 shows the layout of the proposed 
chip, which has dimensions of 0.911×0.162 mm (0.148 mm2).

Due to the very limited number of chip samples, the repeated mea
surement uncertainty with various chip samples for statistical evalua
tion was not performed. However, the results of the process variations 
obtained in Cadence simulations (see Section 4) provide details about 
fabrication deviations and related uncertainties.

4. Characterization results of CPE under various conditions

The proposed CPE shown in Fig. 2 was analyzed via Cadence simu
lations to evaluate the influence of process variations and temperature 
changes. Since the proposed device is fully passive and does not require 
a power supply, no DC supply biasing is present. Consequently, the in
fluence of supply-voltage variations does not need to be considered. The 
long-term stability of the proposed device was not analyzed. However, 
the maximum expected parameter deviations resulting from process 
variations are analyzed in the following subsections. Evaluation of long- 
term stability under continuous operation over periods of several weeks 
is planned as part of future work. Besides, the sensitivity of the device to 
variations in the tuning (“bias”) voltages Vset_Ca and Vset_BS was tested. A 
± 10% variation of both control voltages was applied at voltage corre
sponding to the highest tuning sensitivity of Ca, approximately 0.3 V for 
Vset_Ca and 0.5 V for Vset_BS (see Figs. 4 and 6). The resulting pseudoca
pacitance Ca variation was ±5 nF/sec0.5 (±9% of the nominal value of 
Ca) for Vset_Ca and ±2 nF/sec0.5 (±4% of the nominal value of Ca) for 
Vset_BS.

4.1. Process corners and temperature analysis of the designed CPE

Corner analysis was performed at room temperature (27 ◦C) using 
the standard worst-case process corners with the initial settings Vset_Cα =
Vset_BS = 0 V. All process-corner simulations were performed using the 
standard typical–typical (tt), slow–slow (ss), fast–fast (ff), and skewed 
slow–fast (sf) and fast–slow (fs) process corners. Detailed descriptions of 
the corner models cannot be provided due to restrictions imposed by 
TSMC regarding the public disclosure of technology-specific parameters 
and process characteristics. The corresponding results are shown in 

Fig. 5. The impedance plot of CPE impedance for the typical Vset_BS examples of adjustment: a) Impedance magnitudes, b) Impedance phases.

Table 4 
Comparison of simulation (Expectation) and experimental result for Ca value 
adjustment by Vset_BS.

Order (α) 0.5 (− 45◦ ± 3◦)

Test simulated measured
Vset_BS range [V] 0 → 0.9
Cα range [nF/sec0.5] 38.0 → 59.0 39.0 → 57.0
Ratio of Cα variation (max/min) [-] 1.6 1.5
Adjustability ratio (ratio of Cα / Vbias 

range)
1.8 1.7

Operational bandwidth range [Hz] 2.8 k → 7.58 M (0 
V) 
1.1 k → 4.30 M (0.9 
V)

2.7 k → 0.53 M (0 
V) 
1.4 k → 0.60 M (0.9 
V)

Ratio of operational bandwidth [-] 
(max/min)

2 707 / 3 910 196 / 429

Fig. 6. The pseudocapacitance adjustability features: a) Dependence of Cα on the second driving voltage Vset_BS, b) The frequency range of stable Cα.
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Fig. 9. These results indicate only a minor influence on the low- 
frequency impedance magnitude, with the impedance at 100 Hz vary
ing between 295 kΩ and 350 kΩ, which results only in a slight shift of 
the operational band. Nevertheless, the phase response remains within 
the specified fluctuation limits of ±3◦. At 100 kHz, the variation of the 
key parameters reaches approximately ±4 nF/sec0.5 for the pseudoca
pacitance and ±0.2◦ for the phase response.

The results of the optimistic Monte Carlo process-variation analysis, 
consisting of 100 simulation runs assuming a normal distribution with 
3σ spread, are shown in Fig. 10. In this case, the performance variation is 
significantly smaller than in the worst-case corner analysis, with the 
low-frequency impedance ranging from approximately 324 kΩ to 368 
kΩ. Histograms plotted in Fig. 11 summarize the distributions of the key 

parameters, the pseudocapacitance and phase angle evaluated at the 
center of the operational bandwidth. The maximum pseudocapacitance 
deviation remains within ±4 nF/sec0.5 from the nominal (mean) value, 
while the phase variation is limited to ±0.2◦ at 100 kHz.

Temperature sensitivity was evaluated over the range from − 40 ◦C to 
+40 ◦C, and the corresponding results are shown in Fig. 12. This tem
perature range was selected to present the most common operating 
conditions expected for the proposed device in analog signal processing 
and communication systems. It covers temperatures above standard 
room temperature as well as sub-zero outdoor temperatures. The influ
ence of the temperature appears to be even less significant than the 
previously discussed process variations. In fact, the resulting traces are 
so similar that Fig. 12 shows only detailed view of the responses to 

Fig. 7. The fabricated prototype and its measurement on a PCB.

Fig. 8. The real layout of the CPE cell presented in Fig. 2 on the manufactured chip.

Fig. 9. Effect of hard corners on CPE performance: a) Impedance magnitude responses, b) Impedance phase responses.
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highlight the differences. The variation of the low-frequency resistance 
is less than ±10 kΩ, specifically from approximately 348 kΩ to 358 kΩ). 
However, these deviations occur outside the intended operational fre
quency range of the CPE. Variations of the key parameters within the 
operational band are almost negligible: the pseudocapacitance changes 

by only about ±0.2 nF/sec0.5, while the phase variation remains with 
approximately ±0.1◦. This analysis shows significant robustness of the 
solution against temperature variation.

Fig. 10. Process variation effects on CPE performance (100 runs): a) Impedance magnitude responses, b) Impedance phase responses.

Fig. 11. Process variation effects on CPE performance: a) Histogram of pseudocapacitance, b) Histogram of phase.

Fig. 12. Effects of temperature variation on CPE performance: a) Detail of impedance magnitude responses, b) Detail of phase responses.
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4.2. Nonlinearity of generated impedance

MOS devices are inherently nonlinear elements. Therefore, the signal 
amplitude plays a crucial role in their operation. This section explores 
the influence of the harmonic (sinusoidal) excitation amplitude on the 
linearity of the proposed CPE, evaluated through the current response by 
voltage excitation across the device. Voltage amplitudes across the CPE 
ranging from 10 mV to 300 mV (600 mVP-P) were tested for the default 
configuration Vset_Cα = Vset_BS = 0 V. The corresponding results are 
shown in Fig. 13. Simulation-based explorations were performed for 
three frequencies: 1 kHz (the starting frequency of the operational 
range), 10 kHz, and 100 kHz. The results shown in Fig. 13 indicate that 
the maximum excitation amplitude ensuring sufficiently linear opera
tion without distortion is approximately 200 mV for all tested cases. 
Example current waveforms are shown in Fig. 13(b). Results for 100 kHz 
are not included, since the impedance magnitude at this frequency is 
sufficiently low to provide even better linearity than at 1 kHz, making 
their presentation unnecessary.

The influence of DC tuning voltages Vset_Cα, and Vset_BS on linearity 
was also explored. Both control voltages were tested independently at 
values of 0 V, 0.4 V, and 0.8 V, corresponding to the feasible tuning 
range limits. The results shown in Fig. 14 indicate that the applied 
control voltages primarily introduce a DC shift in the observed current, 
while having only a minimal effect on current linearity, distortion, and 
overall device performance. In particular, the phase angle remains 
within the intended ripple limits, while pseudocapacitance Cα is inten
tionally modified by the applied control voltage. The test frequency was 
set to 10 kHz and the excitation amplitude was set at the maximum 
linear operating value of 200 mV. At frequencies close to the lower edge 
of the operational band, the impedance magnitude increases signifi
cantly, current distortion becomes more significant. Therefore, under 
such conditions, the excitation amplitude should preferably remain 
below 100 mV, as demonstrated in the case of results obtained for 1 kHz 
(see Fig. 15). It should also be noted that no DC shift in the current is 
observed when the pseudocapacitance is controlled via Vset_BS, as shown 
in Fig. 14(b). In the context of this work, the nonlinearity limit is defined 
as the operating condition under which the total harmonic distortion 
(THD) of the output signal remains below limit of 5%. Distortion levels 
exceeding approximately 5% are readily observable in the time-domain 
waveform as illustrated in Fig. 13. In addition to THD, deviation of the 
measured A-V characteristic from the ideal linear response (represented 
by the red and black dashed lines) serves as an important indicator 
(criterion) of the onset of nonlinear behavior within specific regions of 
the operational bandwidth. It should be noted that THD evaluation can 
be affected by the finite bandwidth of the device, particularly when the 
test frequency approaches the upper limit of the CPE operational range. 

Under such conditions, higher-order spectral components may be 
attenuated differently, influencing the measured THD value. Therefore, 
the primary nonlinearity criterion adopted in this work is the deviation 
from the ideal linear A-V characteristic, which provides a consistent 
measure across all tested frequencies (1 kHz, 10 kHz, and 100 kHz).

4.3. Noise performance estimation

A simplified noise analysis was also performed to obtain an 
approximate estimate of the noise performance. It should be noted that 
accurate noise characterization is difficult in practice, since many 
additional factors beyond the proposed circuit itself, such as the PCB, 
interconnections, cables, and measurement instruments, can signifi
cantly influence the observed noise behavior. Therefore, the presented 
analysis is regarded only as an estimation.

The estimation focuses primarily on thermal noise contributions 
generated by the resistive elements in the CPE topology shown in Fig. 1, 
while the MOS elements are considered as capacitors from the small- 
signal perspective. The simulation-based results, shown in Fig. 16, 
indicate a maximum noise contribution of approximately 76 nV/√Hz at 
low frequencies. The average noise spectral density, estimated as an 
approximate mean value between the minimum and maximum levels in 
Fig. 16, is around 30 nV/√Hz. Assuming a bandwidth of 10 MHz, this 
corresponds to an estimated effective noise voltage of 95 μV, which 
represents a peak-to-peak noise voltage of about 0.6 mV. Such noise 
levels are comparable to the hundreds of μV range that commonly occur 
in standard low-frequency analog systems. Based on this estimation, the 
resulting signal-to-noise ratio (SNR) exceeds 50 dB for an input signal 
with a peak-to-peak level 200 mV (corresponding to 100 mV amplitude). 
In practice, the SNR may vary substantially due to numerous secondary 
effects and commonly fluctuates within approximately ±10–20 dB, 
based on practical measurement setup.

5. Application example – tunable fractional-order RLC low-pass 
filter

To demonstrate practical applicability of the proposed CPE, a simple 
passive RLC low-pass filter topology shown in Fig. 17 was selected. The 
design requirements were a magnitude-response slope of − 30 dB/dec 
and a stop-band phase shift of − 135◦. Such characteristics may be 
desirable in specific controller structures and analog signal-processing 
applications [10,11], but they cannot be achieved using conventional 
integer-order passive circuits, where only slopes of 20 dB/dec or 40 
dB/dec are available for 1st and 2nd order passive filters, respectively. 
Moreover, this type of response cannot be realized using standard 
integer-order elements with electronic tunability. Therefore, the 

Fig. 13. Impact of applied signal voltage level on CPE linearity: a) Current through the CPE as a function of applied amplitude and frequency, b) Observed current 
waveforms at 10 kHz.
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proposed CPE provides an excellent illustrative example of a practical 
fractional-order application. The selected component values, R = 1 kΩ 
and L = 500 mH, were chosen to optimally match the operational fre
quency range of the proposed CPE, i.e. from units of kHz up to hundreds 
of kHz, while enabling pole frequency tuning within the range of tens of 
kHz. The selected inductance value is required to achieve the desired 
filter operating range in the kHz region. Such an inductor can be phys
ically realized in two common forms. The first option is a conventional 
coil using a relatively thin wire on a ferromagnetic core. This solution is 

comparatively large, heavy, and bulky, and typically exhibits a series 
resistance of only a few tens of Ω. The second option is a compact 
molded or resistor-shaped inductor. This implementation occupies 
substantially less space and is comparable in size to standard 
through-hole technology (THT) resistor packages. However, its series 
resistance is typically higher, reaching a few hundred Ω. The parasitic 
series resistances of this order affect the quality factor of the filter by 
introducing additional losses. Nevertheless, in the proposed design, the 
influence of the series resistance of the inductor is partially masked by 
the dominant filter resistance (can be included to R = 1 kΩ) and has only 
a limited impact on the overall response. The voltage transfer function of 
the topology is: 

KV(s) =
1

s1+αCαL + sαCαR + 1
. (2) 

Fig. 14. Impact of applied DC driving voltages on CPE linearity (signal level 200 mV): Observed current waveforms at 10 kHz for: a) Vset_Cα and b) Vset_BS.

Fig. 15. Impact of applied DC driving voltages on CPE linearity for Vset_Cα adjustment observed for 1 kHz: a) Signal level 200 mV, b) Signal level 100 mV.

Fig. 16. The thermal noise density estimation from RC CPE in Fig. 1.

Fig. 17. Example of the proposed CPE application in a tunable RLC fractional- 
order filter.
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From this expression, the pole frequency can be approximated as 

ωp ≅ (LCα)
− 1
1+α. The selected CPE order α = 0.5 fulfils the required 

magnitude slope and phase response, since a filter of order 1+α exhibits 
a slope 1.5 × 20 dB/dec together with the desired high-frequency phase 
shift. Based on the previously discussed device characteristics, the 
pseudocapacitance Cα controlled by the voltage Vset_BS can be adjusted 
within the range of 39 and 59 nF/sec0.5. For demonstration purposes, 
two control voltages Vset_BS = 0 and 0.6 V, were selected, corresponding 
to Cα = 39 and 53 nF/sec0.5, respectively. This tuning range results in 
pole frequency adjustment from fp ≅ 22 kHz down to 18 kHz. Cadence 
simulation results for the nominal process corner are shown in Fig. 18. 
The obtained magnitude slope reaches − 31 dB/dec, while the stop-band 
phase shift is about − 132◦, both of which are in very good agreement 
with the intended specifications.

Furthermore, the existing DC-coupled signal path enables direct fil
ter tuning through the signal source, or through the preceding section of 
the signal-processing chain. This feature represents a significant 
advantage, since the DC component of the processed signal can directly 
control the filter characteristics. In this operating mode, the achievable 
pole-frequency tuning range is wider because the pseudocapacitance 
adjustment using Vset_Cα provides a larger tuning range than bulk-source 
control. Specifically, the control voltages Vset_Cα = 0 and 0.6 V corre
spond to Cα = 39 and 85 nF/sec0.5, respectively. Consequently, the pole 
frequency reaches from 22 kHz to 13 kHz, as shown in Fig. 19. The 
resulting magnitude slope remains close to − 30 dB/dec, while the stop- 
band phase shift in is very similar to the previous case.

6. Conclusion

This work has introduced a novel CMOS-based implementation of an 

adjustable CPE device of order 0.5, operating over a bandwidth span
ning from units of kHz up to hundreds of kHz. Although the practical 
experimental limits are influenced by the real parameters of the package 
and PCB, the realized device still achieves the targeted operational 
bandwidth of two frequency decades. Serial DC bias control provides a 
wider tuning range of and significantly higher adjustment accuracy with 
respect to theoretical predictions compared to bulk–source voltage 
control, whose precision is inherently limited by the behavior of the BS. 
Nevertheless, the availability of dual pseudocapacitance control offers 
important advantages for the application of FOEs in adjustable circuits, 
such as filters, oscillators, differentiators, and integrators used in control 
systems. In particular, bulk adjustment can be advantageous in scenarios 
where a DC component superimposed on the signal voltage at the 
impedance terminal is either not possible or not desirable. The presented 
application example based on a fractional-order passive RLC low-pass 
filter effectively demonstrates the intended functionality of the pro
posed CPE in analog implementations. Both tuning mechanisms were 
verified and compared. The filter pole frequency was electronically 
adjusted between 22 kHz and 13 kHz while maintaining the intended 
transition slope of − 30 dB/dec between passband and stopband regions. 
The main results can be summarized as: 

• Minimal compact size of the voltage adjustable fractional-order 
capacitor (0.148 mm2),

• pseudocapacitance can be varied from 39 to 87 nF/sec0.5 using a 
serial DC bias voltage adjustment (first control voltage) in the range 
of 0 to 0.7 V.

• pseudocapacitance range from 39 to 57 nF/sec0.5 was achieved 
through bulk-source voltage adjustment (second control voltage) 
over the range of 0 to 0.9 V,

Fig. 18. Simulated fractional RLC filter voltage transfer responses when tuning is performed by Vset_BS: a) magnitude responses, b) phase responses.

Fig. 19. Simulated fractional RLC filter voltage transfer responses when tuning is performed by Vset_Cα: a) magnitude responses, b) phase responses.
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• resulting characteristics remain within the predefined acceptable 
limits up to a maximum deviation of 10% from nominal values,

• the maximum linear operating amplitude was found to be approxi
mately 100 mV for tuning via Vset_Cα and about 200 mV for tuning via 
Vset_BS,

• simulations predict noise levels in the range of several tens of nV/ 
√Hz, which is typical for circuits of this type,

• the adjustable fractional-order filtering application example shows 
performance of presented solution.
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Appendix

The proposed solution employs nonlinear MOS transistors as replacements for conventional capacitors [39–46]. Although such an implementation 
is feasible, it introduces several limitations that must be considered. The nonlinear behavior of MOS capacitances is well described in [39–44]. These 
nonlinear effects are typically significant under conditions involving large voltage and current variations, especially during switching operation, 
where the charge and voltage trajectories become strongly nonlinear. For example, [43] demonstrates highly nonlinear dependencies of CGS and CGD 
on VGS for VDS variations reaching tens or even hundreds of V. The operating conditions in the proposed design are substantially different. The device is 
intended for small-signal operation with voltage amplitudes in the range tens of mV, where these nonlinear effects are considerably less significant and 
can be omitted. The analysis presented in the paper confirms proper AC for signal amplitudes up to 100–200 mV.

In general, MOC capacitances can be modeled as the sum of an extrinsic parasitic component Cov (overlap capacitance determined by geometry, 
permittivity, and technological constants) and an intrinsic voltage-dependent component Cint , associated with the MOS operating and regime and 
controlled by voltages such as VGS, VBS, and VDS [39–42]. The total capacitance can therefore be expressed as Cgg = Cov + Cint. Our case is specifically 
different from standard NMOS because drain, bulk and source electrodes are tied together. The overall gate capacity is defined as Cgg (VGS = VGD =

VGB) = ∂QGtot
∂VGS

, then Cgg = CGS + CGD + CGB. For VGS (VG) < 0 V (accumulation region), the total capacitance approaches the oxide capacitance plus 
overlap component Cgg = Cov + W⋅L⋅Cox. In this region, the capacitance is essentially fixed and determined only by geometry and material parameters. 
For VGS around 0 V and 0 < VGS < Vth (below threshold), the channel is depleted and the oxide capacitance Cox is now in series with depletion 
capacitance Cdep, i.e.: Cgg = Cox⋅Cdep/(Cox + Cdep) = Cox/(1 + Cox/Cdep), where the depletion capacitance is given by Cdep = εSi⋅A/Wd, with εSi denoting 
the permittivity of silicon, A the active area, and Wd the depletion layer width, which depends on VGS [39–42]. For positive VGS (VGS > Vth, inversion) 
the transistor is in triode (VDS = 0 V) region. Then Cgg is distributed between CGS and CGD (CGB = 0) as: CGS = CGD ≈ 1/2⋅W⋅L⋅Cox, then Cgg = W⋅L⋅Cox. 
Note that literature (for example [39–42]) knows also formula for saturation (VGS > Vth, VDS > VGS - Vth) where Cgg dominant part is defined by CGS ≈

2/3⋅W⋅L⋅Cox but it is not accurate in our case (because VDS = 0 V). Based on above discussions, our solution uses equation Cgg ≈ W⋅L⋅Cox for calculation 
of initial values of CPE ladder capacitances (considering VGS = VGD = VGB = 0 V). Note that in large processes or manual calculations, all of the 
capacities are considered constant, regardless of VGS, VBS, etc.

The influence of VGS (where VGS = VGD = VGB) on Cgg capacitance can be approximately expressed through the derivative of the total charge QGtot 

with respect of VGD (see Fig. 108 in [45]): Cgg = ∂QGtot
∂VGD

≈ Cox
1+Cox/Cs

. The substrate capacitance CS (or Cdep) itself depends on the substrate potential and 
therefore on VGD [46]. However, the complete analytical expressions are highly complex and impractical for common engineering applications. 
Fig. A1 documents our discussion (W/L size 105 μm/20 μm, Cgg ≅ 5 pF for VGS = VGS = 0 V). The capacity changes between three modes of operation: 
accumulation (high value), depletion (low value) inversion (high value). 
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Fig. A1. Illustration of Cgg = f(VGS) for 105 μm /20 μm NMOS.

The bulk voltage adjustment impacts the capacitance for weak and moderate forward bias of BS diode (where DC VGS = 0 V and VBS > 0 V). The 
bulk-source (body effect varying with threshold voltage) adjusts the capacity in weak bias conditions in accordance to Cgg ≈ Cox⋅Cdep/(Cox + Cdep) 

where Cdep = εSi⋅A/Wd, with εSi denoting the permittivity of silicon, A the active area, and Wd the depletion layer width Wd =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2⋅εSi
q⋅NA

(2⋅ϕF − VBS)
√

, 

where NA is substrate doping, q is electron charge and ϕF is Fermi potential. The capacity rapidly increases when the BS diode becomes to strong 

forward bias (above 0.4 V in our case) and has exponential form defined by contribution of diffusion capacitance: Cgg(VBS) ≈
τ⋅Is
VT

e
VBS
VT , where τ is carrier 

lifetime, VT is thermal voltage and is junction saturation current [41,42]. The exponential increase is limited by maximal forward current (Resd resistor 
in our case). As demonstrated in [30,39–46] the experimentally observed tuning characteristics obtained in this work are consistent with the theo
retical behavior predicted by these models. Incorporating all the aforementioned mechanisms into the definition of pseudocapacitance Cα is not 
feasible and is not suitable for most engineers and designers. If necessary, we can only estimate some empirical constants, see for example [28].
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