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Abstract

Arnold tongues are wedge-shaped regions in parameter space associated with mode locking
and synchronization phenomena in nonlinear dynamical systems. The Caputo fractional
standard map extends the classical standard map by incorporating long-memory effects
through fractional derivatives and is known to generate Arnold tongue structures as the
fractionality parameter approaches unity. In this paper, we investigate the fractional stan-
dard map applied to matrix-valued state variables, with particular emphasis on systems
governed by high-dimensional nilpotent matrices. We show that the interplay between
fractional memory and nilpotent algebra produces hierarchical families of Arnold tongues
associated with divergent dynamics. This phenomenon is not observed in either the clas-
sical standard map or the non-fractional standard map of nilpotent matrices alone. For
idempotent matrices, the fractional standard map retains the same level of dynamical com-
plexity as its scalar counterpart. For nilpotent matrices, higher-order terms induce coupling
between the map coefficients, giving rise to substantially richer dynamical behavior. This
combination of fractional memory and nilpotent algebra provides a systematic framework
for studying higher-dimensional nonlinear dynamics beyond the scalar setting. To support
numerical investigations, an efficient computational scheme for the auxiliary parameters is
derived and calibrated using the H-rank algorithm, which provides a concise measure of
algebraic complexity in sequences generated by dynamical systems. Numerical simulations
reveal hierarchical structures of Arnold tongues of divergence together with characteristic
divergence rates of the auxiliary parameters. The hierarchical level of a given auxiliary pa-
rameter is identified as a key quantity determining the algebraic complexity of the transient
dynamics, with potential implications for information encoding in applications exploiting
transient dynamical processes.

Keywords: Arnold tongue; fractional maps; divergence rate

1. Introduction
Arnold tongues are wedge-shaped regions in parameter space associated with mode

locking, where a nonlinear periodically forced system synchronizes with the external
forcing so that the frequency ratio becomes a rational number, resulting in phase-locked
periodic dynamics [1–3]. Arnold tongues are commonly observed in systems such as
the circle map [4–6], forced oscillators [7–9], Josephson junctions [10–13], electronic cir-
cuits [14–16], lasers [17–19], and biological rhythms [20–23]. They are widely used in the
study of synchronization phenomena [24–26], nonlinear resonance [27,28], and frequency
locking in physics [29–31], engineering [32,33], and biological systems [34–36].
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Among the dynamical systems used to study resonance and chaotic behavior, the stan-
dard map (Chirikov–Taylor map) plays a fundamental role in nonlinear dynamics [37,38]
and transport processes in conservative systems [39,40]. The standard map is an area-
preserving map widely used to investigate Hamiltonian chaos [38,41]. Although Arnold
tongues do not appear directly in the standard map, it is closely related to the circle map,
where such structures arise. Therefore, the standard map contributes to understanding the
dynamical mechanisms underlying synchronization and frequency-locking phenomena.
The relevance between the standard and circle maps becomes particularly apparent when
fractional generalizations are introduced, such as formulations based on Caputo [42–44] or
Liouville [45] fractional derivatives, or fractional differences [46,47]. In these cases, as the
fractional order approaches one, the fractional standard map approaches the classical circle
map [48], allowing the emergence and investigation of Arnold tongue structures [49].

The Caputo fractional derivative is particularly well suited for discrete dynamical
systems because it preserves the standard form of initial conditions and admits a clear
physical interpretation in terms of power-law memory. Unlike the Riemann–Liouville
derivative, the Caputo derivative of a constant vanishes, which ensures consistency with
classical initial value problems. In the context of iterative maps, the Caputo formulation
introduces a convolution-type memory kernel that weights all past states with algebraically
decaying coefficients so that the entire history of the trajectory contributes to each update.
This long-memory mechanism is responsible for the slow power-law decay of correlations,
the suppression of chaotic diffusion, and the emergence of Arnold tongue structures in the
fractional standard map as the fractional order α approaches unity [42,49]. These properties
make the Caputo fractional standard map a natural and well-motivated framework for
investigating the interplay between memory effects and nonlinear dynamics.

The Caputo fractional standard map exhibits a rich variety of dynamical behaviors
that depend sensitively on the fractional order α and the nonlinearity parameter K. As α

varies between 1 and 2, the system undergoes a complex transition from the circle map,
where Arnold tongue structures and mode-locking dominate, to the classical standard map,
where Hamiltonian chaos and large-scale diffusion prevail. In the intermediate fractional
regime, the power-law memory kernel introduces long transients and suppresses chaotic
diffusion, producing an intricate interplay between regular, quasiperiodic, and chaotic
dynamics [42,49]. This sensitivity to the fractional order makes the Caputo fractional
standard map a particularly rich dynamical system for investigating the role of memory in
nonlinear phenomena.

While one possible direction for extending classical discrete maps is fractionaliza-
tion [42,45,48,49], another approach is replacing the scalar map variable with a matrix of
variables [50], allowing the system to capture higher-dimensional interactions. The intro-
duction of matrix variables has been shown to produce new dynamical effects, including
finite-time divergence and explosive instability [51,52], and has suggested applications in
image hiding [53,54], synchronization [55], and pattern formation [54]. It also has revealed
novel phenomena, such as diverging spiral waves in the Barkley model [56] and diverging
phase dynamics in the Chialvo hyperneuron model [57].

Since the classical standard map serves as a paradigmatic area-preserving chaotic
map, it provides a natural starting point for several important generalizations. Two natural
extensions arise from incorporating fractional memory and from introducing matrix-valued
dynamics. The fractional standard map incorporates long-memory effects through frac-
tional derivatives [43,49,58]. In contrast, the nilpotent version of the standard map replaces
the scalar state variable by matrices with the nilpotent structure, leading to fundamen-
tally different behavior characterized by diverging transient processes and the absence of
Arnold tongues [52]. The Caputo standard map of matrices studied in this work combines
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these two extensions. The interaction between fractional dynamics and nilpotent algebra
produces a new dynamical regime in which Arnold tongues reappear in the form of hierar-
chical structures of divergence, a phenomenon not observed in either the classical standard
map or the standard map of nilpotent matrices alone.

The proposed framework builds on a series of prior works by our research group. The
theoretical foundation for nilpotent matrix dynamics in iterative maps was established
in [52], where the conditions for exponential divergence were derived. The Caputo frac-
tional standard map in the scalar setting was investigated in [49], where Arnold tongue
structures were identified. The most direct predecessor of the current manuscript is [59],
where Arnold tongues of divergence were studied in the Caputo fractional standard map
of nilpotent matrices, but limited to the 2 × 2 matrix case.

The current manuscript makes the following original contributions that go beyond all
prior works: First, the framework is extended from 2 × 2 to high-dimensional nilpotent
matrices of order n, which is not straightforward since higher-order nilpotent terms induce
coupling between the map coefficients that does not appear in the 2 × 2 case. Second, this
coupling gives rise to hierarchical families of Arnold tongues of divergence, a phenomenon
not observed in the 2 × 2 setting or the central finding of the paper. Third, an efficient
computational scheme for the auxiliary parameters is derived, replacing falling factorial
expressions with iteratively computed coefficients. Fourth, the hierarchical level of a given
auxiliary parameter is identified as a key quantity determining the algebraic complexity of
the transient dynamics.

This article has two main goals. The first is to develop a rigorous formulation of the Ca-
puto fractional standard map for matrix-valued states, with special emphasis on nilpotent
matrices and the resulting hierarchical dynamics. The second is to analyze the dynami-
cal structures emerging in these systems, including divergence boundaries, hierarchical
Arnold tongues, and characteristic divergence rates, and to demonstrate how the H-rank
algorithm [60] can be used to measure the algebraic complexity of the generated sequences.

This manuscript is structured as follows: Section 2 presents the preliminaries, includ-
ing the fractional standard map and the definitions of idempotent and nilpotent matrices.
Section 3 introduces the fractional standard map for matrices, with separate formula-
tions for idempotent and nilpotent matrices and the corresponding computational scheme.
Section 4 describes the calibration of the numerical scheme and the H-rank algorithm used
for parameter estimation. Section 5 presents computational simulations, including the hier-
archies of Arnold tongues and the scaling behavior of the auxiliary parameters. Discussion
and concluding remarks are given in the final section.

2. Preliminaries
2.1. The Fractional Standard Map

The Caputo fractional standard map is given by [48,49]:

p(t+1) = p(t) − K
Γ(α−1)

(
t−1
∑

r=0
V2

α (t − r + 1) sin x(r) + sin x(t)
)

, (mod 2π),

x(t+1) = x(t) + p(0) − K
Γ(α)

t
∑

r=0
V1

α (t − r + 1) sin x(r), (mod 2π),
(1)

where t = 0, 1, . . .; K denotes the forcing amplitude; α is the fractional order (1 < α ≤ 2);
and Vs

α is given by:

Vs
α (m) = mα−s − (m − 1)α−s, m = 1, 2, . . . , (2)

https://doi.org/10.3390/fractalfract10060400

https://doi.org/10.3390/fractalfract10060400


Fractal Fract. 2026, 10, 400 4 of 31

where s ∈ {1, 2} corresponds to the kernels appearing in the second and first sums of
Equation (1), respectively.

At the initial iteration t = 0, the summation
t−1
∑

r=0
V2

α (t − r + 1) sin x(r) in Equation (1)

is omitted. Consequently, p(1) = p(0) − K
Γ(α−1) sin x(0), where the resulting value is taken

modulo 2π and x(0) is set to 0 [48]. The fractional standard map is a special case of
a fractional generalized map [61]. The fractional standard map reduces to the non-fractional
standard map at α = 2 but is not automatically reduced to the circle map at α = 1 [62].
However, a clear pattern of Arnold tongues emerges when the fractionality parameter α

tends to 1 [59]. Therefore, the fractional standard map can be considered to be the fractional
counterpart of the paradigmatic circle map [59].

2.2. Idempotents and Nilpotents of Order n

Before discussing fractional matrix maps in detail, we introduce special forms of
n × n matrices.

Let us construct a square matrix X with all distinct eigenvalues ρ1 ̸= ρ2 ̸= · · · ̸= ρn;
ρj ∈ R (j = 1, 2, . . . , n). A matrix of this type can be represented as an idempotent
matrix [52]:

X = ρ1D1 + ρ2D2 + · · ·+ ρnDn, (3)

where Dj (j = 1, . . . , n) are mutually commuting orthogonal conjugate idempotents satis-
fying ∑n

j=1 Dj = I (I denotes the identity matrix). Each matrix Dj is similar to a diagonal
matrix with a single nonzero element dj,j and all remaining entries equal to zero:

Dj = T


0 ... 0 ... 0
...

. . .
...

. . .
...

0 ... dj,j ... 0

...
. . .

...
. . .

...
0 ... 0 ... 0

T−1, T ∈ Rn×n, det T ̸= 0. (4)

Matrices Dj satisfy

det Dj = 0, Di · Dj =

Di, if i = j,

Θ, if i ̸= j, i, j = 1, 2, . . . , n,
(5)

where Θ denotes the zero matrix.
Now, let us proceed with a matrix that exhibits the opposite structural properties. Let

us construct a square matrix X with all equal eigenvalues ρ1 = ρ2 = · · · = ρn = ρ0 (ρ0 ∈ R).
Then this matrix can be represented as a nilpotent matrix [52]:

X = ρjI + µ1N1 + µ2N2 + · · ·+ µn−1Nn−1, (6)

where µj ∈ R (j = 1, 2, . . . , n − 1) and nilpotents Nj are constructed via similarity transfor-
mation from an inner matrix with ones on the jth super-diagonal and all other zeros entries:

Nj = T


0 ... n1,j+1 0 ... 0
0 ... 0 n2,j+1 ... 0

...
. . .

...
... ···

...
0 ... 0 0 ... 0

T−1, T ∈ Rn×n, det T ̸= 0. (7)

The determinants of nilpotent Nj (j = 1, 2, . . . , n − 1) are each equal to zero det Nj = 0.
Although each nilpotent matrix is singular, their products reveal structural patterns funda-
mental to matrix decomposition. The products of nilpotents are depicted in Table 1.
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Table 1. The multiplicity of nth-order nilpotents Nj, j = 1, 2, . . . , n − 1.

· N1 N2 N3 N4 . . . Nn−2 Nn−1
N1 N2 N3 N4 N5 . . . Nn−1 Θ
N2 N3 N4 N5 N6 . . . Θ Θ
N3 N4 N5 N6 N7 . . . Θ Θ
N4 N5 N6 N7 N8 . . . Θ Θ

...
...

...
...

...
. . .

...
...

Nn−2 Nn−1 Θ Θ Θ . . . Nn−1 Θ
Nn−1 Θ Θ Θ Θ . . . Θ Θ

Note that nilpotents Ni and Nj obey the following commutative rule:

Ni · Nj = Nj · Ni =

Ni+j, if i + j ≤ n − 1;

Θ, if i + j ≥ n, i, j = 1, 2, . . . , n,
(8)

which directly leads to: (
Nj
)j+1

= Θ. (9)

Note that a square matrix of order n may exhibit various eigenvalue configurations
and, consequently, admit forms other than the idempotent form (3) or the nilpotent
form (6). For example, it may possess 3 distinct eigenvalues and n − 3 repeated eigenvalues.
The packing codes introduced in [52] provide a framework for characterizing the structural
types of n × n matrices and for analyzing their divergence rates in nonlinear matrix maps.
The simplest case occurs for n = 2, where only two scenarios are possible: the eigenvalues
coincide or are distinct. These cases, described in [50,51], have been thoroughly investigated
in various models [55,56,63].

3. A Matrix Formulation of the Fractional Standard Map for
n × n Matrices

The scalar iterates x(t) and p(t) in Equation (1) may be generalized to an n × n matrix-

valued variable X(t) =

 x(t)11 ... x(t)1n
...

. . .
...

x(t)n1 ... x(t)nn

 with x(t)11 , x(t)12 , . . ., x(t)nn ∈ R, and P(t) =

 p(t)11 ... p(t)1n
...

. . .
...

p(t)n1 ... p(t)nn


with p(t)11 , p(t)12 , . . ., p(t)nn ∈ R.

Then, the fractional map takes the following form [59]:

P(t+1) = P(t) − K
Γ(α−1)

(
t−1
∑

r=0
V2

α (t − r + 1) sin X(r) + sin X(t)
)

, (mod 2π),

X(t+1) = X(t) + P(0) − K
Γ(α)

t
∑

r=0
V1

α (t − r + 1) sin X(r), (mod 2π),
(10)

where t = 0, 1, . . .; the modulo reduction (mod 2π) is applied spectrally to the updated
matrices P(t+1) and X(t+1), with their eigenvalues reduced modulo 2π; and the matrix sine
function sin(X) is defined through its convergent power series

sin(X) =
∞

∑
j=0

(−1)j

(2j + 1)!
X2j+1. (11)

3.1. A Matrix Formulation of the Fractional Standard Map for n × n Idempotent Matrices

We first examine the case where the matrices involved are idempotent. The guiding
principle is that if a matrix decomposes into a sum of orthogonal idempotents, then analytic

https://doi.org/10.3390/fractalfract10060400

https://doi.org/10.3390/fractalfract10060400


Fractal Fract. 2026, 10, 400 6 of 31

functions act on each component independently. This mirrors the scalar spectral theorem
but relies on algebraic idempotents rather than orthogonal projectors.

Corollary 1. Let P ∈ Rn×n be of the form P = ∑n
j=1 cjDj, where {Dj}n

j=1 is a family of mutually
orthogonal conjugate idempotents and c1, . . . , cn ∈ R. Then, for every analytic function f , one has

f (P) =
n

∑
j=1

f (cj)Dj. (12)

Proof. Let f be an analytic function admitting a Taylor expansion about a point c:

f (z) =
∞

∑
m=0

f (m)(c)
m!

(z − c)m. (13)

Applying this expansion to a matrix yields:

f (P) =
∞

∑
m=0

f (m)(c)
m!

(P − cI)m. (14)

Since f is analytic on a neighborhood containing the spectrum σ(P) = {c1, . . . , cn},
the above matrix series converges absolutely in any submultiplicative matrix norm and
therefore defines f (P).

Now substitute the decomposition P = ∑n
j=1 cjDj, recalling that ∑n

j=1 Dj = I. Then

P − cI =
n

∑
j=1

(cj − c)Dj. (15)

Using the relations DiDj = Θ for i ̸= j (and hence DiDj = DjDi) together with D2
j = Dj,

it follows by induction on m that

(P − cI)m =
n

∑
j=1

(cj − c)mDj, m ≥ 0. (16)

The statement is immediate for m = 1. Assume that it holds for some m ≥ 1. Then

(P − cI)m+1 =

(
n

∑
j=1

(cj − c)mDj

)(
n

∑
k=1

(ck − c)Dk

)

=
n

∑
j=1

n

∑
k=1

(cj − c)m(ck − c)DjDk.

(17)

Since DjDk = Θ whenever j ̸= k and D2
j = Dj, all mixed terms vanish and therefore

(P − cI)m+1 =
n

∑
j=1

(cj − c)m+1Dj. (18)

Hence, (16) holds for all m ≥ 0. Consequently,

f (P) =
∞

∑
m=0

f (m)(c)
m!

(P − cI)m =
∞

∑
m=0

f (m)(c)
m!

(
n

∑
j=1

(cj − c)mDj

)
. (19)
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Since the sum over j is finite, the order of summation may be interchanged:

f (P) =
∞

∑
m=0

f (m)(c)
m!

(
n

∑
j=1

(cj − c)mDj

)
=

n

∑
j=1

(
∞

∑
m=0

f (m)(c)
m!

(cj − c)m

)
Dj, (20)

because for each j, the inner series is precisely the Taylor expansion of f evaluated at
cj. Thus,

f (P) =
n

∑
j=1

f (cj)Dj. (21)

Each idempotent component evolves independently: f acts directly on the scalar
coefficients cj, while the family of idempotents {Dj}n

j=1 remains unchanged.

Lemma 1. Let the initial matrices be idempotent sharing a decomposition in a common family of
conjugate idempotents:

P(0) =
n

∑
j=1

ρ
(0)
j,p Dj, X(0) =

n

∑
j=1

ρ
(0)
j,x Dj. (22)

Assume that scalars ρ
(0)
j,p ̸= ρ

(0)
l,p and ρ

(0)
j,x ̸= ρ

(0)
l,x if j ̸= l; ρ

(0)
j,p , ρ

(0)
j,x ∈ R. Then, for t = 0, 1, . . .,

the matrices P(t+1) and X(t+1) defined by (10) remain idempotent and admit decompositions
with the same family of conjugate idempotents {Dj}. Moreover, their iterations can be written
component-wise as

P(t+1) =
n

∑
j=1

ρ
(t+1)
j,p Dj, X(t+1) =

n

∑
j=1

ρ
(t+1)
j,x Dj (23)

where

ρ
(t+1)
j,p = ρ

(t)
j,p −

K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
j,x

)
+ sin

(
ρ
(t)
j,x

)]
, (mod 2π),

ρ
(t+1)
j,x = ρ

(t)
j,x + ρ

(0)
j,p − K

Γ(α)

[
t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
j,x

)]
, (mod 2π),

(24)

for j = 1, 2, . . . , n.

Proof. The map of matrices P(t) and X(t) yields:

P(t+1) =

(
n

∑
j=1

ρ
(t)
j,pDj

)

− K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1) sin

(
n

∑
j=1

ρ
(r)
j,x Dj

)
+ sin

(
n

∑
j=1

ρ
(t)
j,x Dj

)]
.

(25)

According to Corollary 1, Equation (25) takes the following form:

P(t+1) =

(
n

∑
j=1

ρ
(t)
j,pDj

)

− K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1)

(
n

∑
j=1

sin
(

ρ
(r)
j,x

)
Dj

)
+

(
n

∑
j=1

sin
(

ρ
(t)
j,x

)
Dj

)]
.

(26)
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The rearrangement of sums in Equation (26) gives the expression of the idempotent
matrix P(t+1):

P(t+1) =
n

∑
j=1

ρ
(t+1)
j,p Dj, (27)

where

ρ
(t+1)
j,p = ρ

(t)
j,p −

K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
j,x

)
+ sin

(
ρ
(t)
j,x

)]
, (mod 2π). (28)

The expression of X(t+1) in (10) is derived analogously by substituting the idempotent

decompositions X(t) =
n
∑

j=1
ρ
(t)
j,x Dj and P(0) =

n
∑

j=1
ρ
(0)
j,p Dj, expanding sin

(
X(r)

)
according to

Corollary 1, and rearranging the sums:

X(t+1) =

(
n

∑
j=1

ρ
(t)
j,x Dj

)
+

(
n

∑
j=1

ρ
(0)
j,p Dj

)
− K

Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin

(
n

∑
j=1

ρ
(r)
j,x Dj

)

=

(
n

∑
j=1

ρ
(t)
j,x Dj

)
+

(
n

∑
j=1

ρ
(0)
j,p Dj

)
− K

Γ(α)

t

∑
r=0

V1
α (t − r + 1)

(
n

∑
j=1

sin
(

ρ
(r)
j,x

)
Dj

)

=
n

∑
j=1

(
ρ
(t)
j,x + ρ

(0)
j,p − K

Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
j,x

))
Dj.

(29)

Therefore, X(t+1) is also an idempotent matrix:

X(t+1) =
n

∑
j=1

ρ
(t+1)
j,x Dj, (30)

where

ρ
(t+1)
j,x = ρ

(t)
j,x + ρ

(0)
j,p − K

Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
j,x

)
, (mod 2π). (31)

Lemma 1 establishes that the idempotent fractional standard map reduces to 2n scalar
maps of eigenvalues, yielding n uncoupled fractional standard maps:

ρ
(t+1)
j,p =ρ

(t)
j,p −

K
Γ(α−1)

(
t−1
∑

r=0
V2

α (t − r + 1) sin ρ
(r)
j,x + sin ρ

(t)
j,x

)
, (mod 2π),

ρ
(t+1)
j,x =ρ

(t)
j,x + ρ

(0)
j,p − K

Γ(α)

t
∑

r=0
V1

α (t − r + 1) sin ρ
(r)
j,x , (mod 2π), t = 0, 1, . . . ,

(32)

where j = 1, 2, . . . , n.
In other words, the fractional idempotent standard map exhibits a level of complexity

comparable to its scalar counterpart.

3.2. A Matrix Formulation of the Fractional Standard Map for n × n Nilpotent Matrices

In contrast to idempotents, nilpotents do not admit diagonalization. Instead, nilpotents
interact through algebraic multiplication. Analytic functions of such matrices can be treated
via Taylor expansions, while products of nilpotents combine into higher-order nilpotents
that eventually vanish.
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Corollary 2. Let P ∈ Rn×n be defined as:

P = c0I +
n−1

∑
j=1

cjNj, (33)

where c0, cj ∈ R, c1 ̸= 0; each Nj (j = 1, 2, . . . , n − 1) is a matrix nilpotent with a nilpotency
index equal to j + 1 and Nj · Nl = Nj+l if j + l ≤ n − 1, and Θ otherwise (j, l = 1, 2, . . . , n − 1).
If f is an analytic function, then

f (P) = f (c0)I +
n−1

∑
j=1

 j

∑
m=1

f (m)(c0)

m! ∑
i1+i2+···+im=j

i1,i2,...,im≥1

ci1 ci2 · · · cim

Nj, (34)

where f (m)(c0) denotes the m-th derivative of the function f evaluated at c0.

Proof. Let f be an analytic function that can be expanded into a Taylor series:

f (z) =
∞

∑
m=0

f (m)(c0)

m!
(z − c0)

m. (35)

Since f is analytic on a neighborhood containing the spectrum of P, and σ(P) = {c0}
because P = c0I + ∑n−1

j=1 cjNj differs from c0I by a nilpotent matrix, the matrix Taylor series
defining f (P) converges absolutely in any submultiplicative matrix norm. Let

Q = P − c0I =
n−1

∑
j=1

cjNj. (36)

Since NjNl = Nj+l when j + l ≤ n − 1 and NjNl = Θ otherwise, every term arising
in the expansion of Qm has the form

ci1 ci2 · · · cim Ni1+i2+···+im , (37)

where i1, . . . , im ≥ 1. Since
i1 + i2 + · · ·+ im ≥ m, (38)

it follows that for m ≥ n, one has i1 + · · ·+ im ≥ n, and therefore every such product is
equal to Θ. Consequently,

Qm = Θ, m ≥ n. (39)

Hence, Q is nilpotent of index at most n. Therefore,

f (P) =
∞

∑
m=0

f (m)(c0)

m!
(P − c0I)m =

n−1

∑
m=0

f (m)(c0)

m!
(P − c0I)m, (40)

since (P − c0I)m = Θ for all m ≥ n. Hence,

f (P) = f (c0)I +
n−1

∑
m=1

f (m)(c0)

m!

(
n−1

∑
j=1

cjNj

)m

. (41)
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Applying the multinomial formula [64] and using the multiplication rule NjNl = Nj+l ,
we obtain

f (P) = f (c0)I +
n−1

∑
j=1

 j

∑
m=1

f (m)(c0)

m! ∑
i1+i2+···+im=j

i1,i2,...,im≥1

ci1 ci2 · · · cim

Nj. (42)

The interchange between the finite sum over m and the collection of coefficients of Nj is
legitimate because the Taylor series has already reduced to the finite polynomial above.

Note that the upper limit of the inner summation is j rather than n − 1. This is because
each index ik ≥ 1, so the condition i1 + i2 + · · ·+ im = j with m positive integers requires
m ≤ j. For m > j, no partition of j into m positive integers exists, and the corresponding
terms vanish. Therefore, the summation over m naturally terminates at m = j.

Unlike the idempotent case, cross-terms do not vanish. Instead, products of lower-order
nilpotents contribute to higher-order ones, resulting in a hierarchical structure of coefficients.

In summary, Corollary 2 shows that any analytic function of a nilpotent matrix can be
computed exactly via a finite Taylor series. The nilpotent multiplication rule Nj · Nl = Nj+l

couples the coefficients of different nilpotent orders, producing a hierarchical structure
that is the algebraic foundation of the richer dynamical behavior observed in the fractional
standard map of nilpotent matrices.

Example 1. Consider the case where f is the sine function and the matrix order n = 4. Let
P ∈ R4×4 be defined as:

P = c0I +
3

∑
j=1

cjNj, (43)

where c0, cj ∈ R, c1 ̸= 0, and each Nj ∈ R4×4 (j = 1, 2, 3) is a nilpotent with a nilpotency index
equal to j + 1. Then, according to (42):

sin (P) = sin (c0)I +
3

∑
j=1

 j

∑
m=1

sin
(
c0 +

mπ
2
)

m! ∑
i1+i2+···+im=j

i1,i2,...,im≥1

ci1 ci2 · · · cim

Nj. (44)

Each inner sum collects all monomials in cj whose indices add to j.
If j = 1, then m = 1:

1

∑
m=1

sin
(

c0 +
1·π

2

)
1! ∑

i1=1
ci1 = c1 cos (c0). (45)

If j = 2, then m = 1, 2:

2

∑
m=1

sin
(
c0 +

mπ
2
)

m! ∑
i1+i2+···+im=j

i1,i2,...,im≥1

ci1 ci2 · · · cim

=
sin
(
c0 +

π
2
)

1! ∑
i1=2

ci1 +
sin
(
c0 +

2·π
2
)

2! ∑
i1+i2=2
i1,i2≥1

ci1 ci2

=
sin
(
c0 +

π
2
)

1!
c2 +

sin
(
c0 +

2·π
2
)

2!
c1 · c1

= c2 cos (c0)−
(c1)

2 sin (c0)

2
.

(46)
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If j = 3, then m = 1, 2, 3:

3

∑
m=1

sin
(
c0 +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1 ,i2 ,...,im≥1

ci1 ci2 · · · cim

=
sin
(
c0 +

π
2

)
1! ∑

i1=3
ci1 +

sin
(
c0 +

2·π
2

)
2! ∑

i1+i2=3
i1 ,i2≥1

ci1 ci2

+
sin
(
c0 +

3·π
2

)
3! ∑

i1+i2+i3=3
i1 ,i2 ,i3≥1

ci1 ci2 ci3

=
sin
(
c0 +

π
2

)
1!

c3 +
sin
(
c0 +

2·π
2

)
2!

(c1 · c2 + c2 · c1) +
sin
(
c0 +

3·π
2

)
3!

c1 · c1 · c1

= c3 cos (c0)− c1 · c2 sin (c0)−
(c1)

3 cos (c0)

6
.

(47)

Therefore, sin P has a form of a nilpotent matrix with the same nilpotents N1, N2, N3:

sin (P) = sin (c0)I + c1 cos (c0)N1 +

(
c2 cos (c0)−

(c1)
2 sin (c0)

2

)
N2

+

(
c3 cos (c0)− c1 · c2 sin (c0)−

(c1)
3 cos (c0)

6

)
N3.

(48)

The coefficient of each nilpotent is no longer independent: N2 depends on c1, and N3 depends
on both c1 and c2. This coupling illustrates the richer algebraic structure of nilpotents.

Lemma 2. Let the initial matrices P(0) and X(0) be expressed in terms of a common family of
nilpotent matrices:

P(0) = ρ
(0)
0,pI +

n−1

∑
j=1

µ
(0)
j,p Nj, X(0) = ρ

(0)
0,x I +

n−1

∑
j=1

µ
(0)
j,x Nj, (49)

where ρ
(0)
0,p , ρ

(0)
0,x , µ

(0)
j,p , µ

(0)
j,x ∈ R; and the initial values of the auxiliary parameters µ

(0)
1,p and µ

(0)
1,x are

not equal to 0. Then, for t = 0, 1, . . ., the matrices P(t+1) and X(t+1) admit representations with
the same nilpotent basis:

P(t+1) = ρ
(t+1)
0,p I +

n−1

∑
j=1

µ
(t+1)
j,p Nj, X(t+1) = ρ

(t+1)
0,x I +

n−1

∑
j=1

µ
(t+1)
j,x Nj, (50)

where

ρ
(t+1)
0,p = ρ

(t)
0,p −

K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
0,x

)
+ sin

(
ρ
(t)
0,x

)]
, (mod 2π),

µ
(t+1)
j,p = µ

(t)
j,p

− K
Γ(α − 1)

t−1

∑
r=0

V2
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1 ,i2 ,...,im≥1

µ
(r)
i1 ,xµ

(r)
i2 ,x · · · µ

(r)
im ,x



+
j

∑
m=1

sin
(

ρ
(t)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1 ,i2 ,...,im≥1

µ
(t)
i1 ,xµ

(t)
i2 ,x · · · µ

(t)
im ,x

,

ρ
(t+1)
0,x = ρ

(t)
0,x + ρ

(0)
0,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
0,x

)
, (mod 2π),

µ
(t+1)
j,x = µ

(t)
j,x + µ

(0)
j,p

− K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1 ,i2 ,...,im≥1

µ
(r)
i1 ,xµ

(r)
i2 ,x · · · µ

(r)
im ,x

,

(51)

where t = 0, 1, . . ..
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Proof. Matrix P(t+1) takes the form:

P(t+1) = P(t) − K
Γ(α − 1)

(
t−1

∑
r=0

V2
α (t − r + 1) sin X(r) + sin X(t)

)
. (52)

Firstly:

P(t) = ρ
(t)
0,pI +

n−1

∑
j=1

µ
(t)
j,pNj. (53)

Secondly:

t−1

∑
r=0

V2
α (t − r + 1) sin X(r)

=
t−1

∑
r=0

V2
α (t − r + 1)

sin
(

ρ
(r)
0,x

)
I +

n−1

∑
j=1

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x

Nj


=

(
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
0,x

))
I

+

t−1

∑
r=0

V2
α (t − r + 1)

n−1

∑
j=1

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x


Nj

=

(
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
0,x

))
I

+
n−1

∑
j=1

t−1

∑
r=0

V2
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x


Nj.

(54)

Thirdly:

sin
(

X(t)
)
= sin

(
ρ
(t)
0,x

)
I +

n−1

∑
j=1

 j

∑
m=1

sin
(

ρ
(t)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(t)
i1,xµ

(t)
i2,x · · · µ

(t)
im ,x

Nj. (55)

Therefore, the matrix P(t+1) is still a nilpotent matrix with:

ρ
(t+1)
0,p = ρ

(t)
0,p −

K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
0,x

)
+ sin

(
ρ
(t)
0,x

)]
, (mod 2π),

µ
(t+1)
j,p = µ

(t)
j,p −

K
Γ(α − 1)

t−1

∑
r=0

V2
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x



+
j

∑
m=1

sin
(

ρ
(t)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(t)
i1,xµ

(t)
i2,x · · · µ

(t)
im ,x

,

(56)

j = 1, 2, . . . , n − 1.
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It is important to note that when t = 0, the sum ∑t−1
r=0 = ∑−1

r=0 in the recursions for ρ
(1)
0,p

and µ
(1)
j,p is an empty sum, which by convention equals zero. Therefore, at t = 0, the

recursion reduces to:

ρ
(1)
0,p = ρ

(0)
0,p −

K
Γ(α − 1)

sin
(

ρ
(0)
0,x

)
, (mod 2π),

µ
(1)
j,p = µ

(0)
j,p − K

Γ(α − 1)

j

∑
m=1

sin
(

ρ
(0)
0,x +

mπ
2

)
m! ∑

i1+···+im=j
i1,...,im≥1

µ
(0)
i1,x · · · µ

(0)
im ,x,

(57)

which is well defined and consistent with the initial conditions.
Note that the summation over m in the update of µ

(t+1)
j,p starts at m = 1 rather than

m = 0. The m = 0 term in the Taylor series expansion of sin
(

X(r)
)

produces sin
(

ρ
(r)
0,x

)
I,

which is a scalar multiple of the identity matrix I. Since I and Nj are linearly independent,

this term contributes exclusively to the update of the scalar coefficient ρ
(t+1)
0,p and not to the

updates of the nilpotent coefficients µ
(t+1)
j,p . Therefore, the m = 0 term is correctly excluded

from the µ update.
It is important to note that the modulo 2π operation is not applied to the auxiliary

parameters µ
(t)
j,p . This is a deliberate choice. The scalar eigenvalue ρ

(t)
0,p represents a phase

variable defined on the circle, and the modulo operation preserves its physical interpreta-
tion. The auxiliary parameters µ

(t)
j,p , in contrast, are algebraic coefficients of the nilpotent

components of the matrix. Their growth without bound is not a numerical artifact but a
genuine mathematical phenomenon produced by the nilpotent algebraic structure. Apply-
ing a modulo operation to µ

(t)
j,p would artificially suppress this blow-up effect and would

eliminate the hierarchical Arnold tongue structures that are the central subject of this paper.
Matrix X(t+1) takes the following form:

X(t+1) = X(t) + P(0) − K
Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin X(r). (58)

Firstly:

X(t) = ρ
(t)
0,xI +

n−1

∑
j=1

µ
(t)
j,x Nj. (59)

Secondly:

P(0) = ρ
(0)
0,pI +

n−1

∑
j=1

µ
(0)
j,p Nj. (60)

Thirdly:

t

∑
r=0

V1
α (t − r + 1) sin X(r)

=

(
t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
0,x

))
I

+
n−1

∑
j=1

 t

∑
r=0

V1
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x


Nj.

(61)

Therefore, the matrix X(t+1) is still a nilpotent matrix with:
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ρ
(t+1)
0,x = ρ

(t)
0,x + ρ

(0)
0,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
0,x

)
, (mod 2π),

µ
(t+1)
j,x = µ

(t)
j,x + µ

(0)
j,p

− K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+i2+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x

,

(62)

j = 1, 2, . . . , n − 1.
The partition sum over i1 + i2 + · · ·+ im = j with i1, i2, . . . , im ≥ 1 in Equation (62)

arises directly from the nilpotent multiplication rule Ni1 · Ni2 · · ·Nim = Ni1+i2+···+im = Nj,
which holds whenever i1 + i2 + · · ·+ im = j ≤ n − 1, and gives Θ otherwise. This rule
ensures that all products of nilpotent matrices contributing to the coefficient of Nj are
exactly those whose indices sum to j. Consequently, the nilpotent structure of X(t+1) is
preserved under iteration, with the same nilpotent basis {Nj}n−1

j=1 at every time step.

The algebraic structure is preserved: all iterates of P(t+1) remain nilpotent with the
same Nj. However, unlike the idempotent case, the coefficients are coupled through
higher-order terms, leading to richer and more entangled dynamics.

In summary, Lemma 2 establishes that the nilpotent structure of the initial matrices is
preserved exactly at every iteration of the fractional standard map. The scalar coefficients ρ

(t)
0,p,

ρ
(t)
0,x, µ

(t)
j,p , and µ

(t)
j,x evolve according to explicit recursive relations, while the nilpotent ba-

sis {Nj}n−1
j=1 remains unchanged. The coupling between coefficients of different orders, in-

duced by the nonlinear sine function and the fractional memory kernel, is what gives rise to
the hierarchical Arnold tongue structures observed in the numerical simulations.

3.3. The Fractional Standard Map of 4 × 4 Nilpotent Matrices

Consider the fractional standard map that acts on nilpotent matrices of order n = 4.
In this section, the corresponding computational formulas for the eigenvalues and auxiliary
parameters of P(t+1) and X(t+1) are derived.

Let P(0) and X(0) be defined as:

P(0) = ρ
(0)
0,pI + µ

(0)
1,pN1 + µ

(0)
2,pN2 + µ

(0)
3,pN3, X(0) = ρ

(0)
0,x I + µ

(0)
1,x N1 + µ

(0)
2,x N2 + µ

(0)
3,x N3, (63)

where ρ
(0)
0,p , ρ

(0)
0,x , µ

(0)
j,p , µ

(0)
j,x ∈ R, and the initial values of the auxiliary parameters µ

(0)
1,p and

µ
(0)
1,x are not equal to 0. Then

P(t+1) = ρ
(t+1)
0,p I + µ

(t+1)
1,p N1 + µ

(t+1)
2,p N2 + µ

(t+1)
3,p N3,

X(t+1) = ρ
(t+1)
0,x I + µ

(t+1)
1,x N1 + µ

(t+1)
2,x N2 + µ

(t+1)
3,x N3,

(64)

where
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ρ
(t+1)
0,p = ρ

(t)
0,p −

K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1) sin

(
ρ
(r)
0,x

)
+ sin

(
ρ
(t)
0,x

)]
, (mod 2π),

µ
(t+1)
1,p = µ

(t)
1,p −

K
Γ(α − 1)

[
t−1

∑
r=0

V2
α (t − r + 1)µ(r)

1,x cos
(

ρ
(r)
0,x

)
+ µ

(t)
1,x cos

(
ρ
(t)
0,x

)]
,

µ
(t+1)
2,p = µ

(t)
2,p −

K
Γ(α − 1)

t−1

∑
r=0

V2
α (t − r + 1)

µ
(r)
2,x cos

(
ρ
(r)
0,x

)
−

(
µ
(r)
1,x

)2
sin
(

ρ
(r)
0,x

)
2


+ µ

(t)
2,x cos

(
ρ
(t)
0,x

)
−

(
µ
(t)
1,x

)2
sin
(

ρ
(t)
0,x

)
2

,

µ
(t+1)
3,p = µ

(t)
3,p −

K
Γ(α − 1)

t−1

∑
r=0

V2
α (t − r + 1)

µ
(r)
3,x cos

(
ρ
(r)
0,x

)
− µ

(r)
1,x · µ

(r)
2,x sin

(
ρ
(r)
0,x

)
−

(
µ
(r)
1,x

)3
cos

(
ρ
(r)
0,x

)
6


+ µ

(t)
3,x cos

(
ρ
(t)
0,x

)
− µ

(t)
1,x · µ

(t)
2,x sin

(
ρ
(t)
0,x

)
−

(
µ
(t)
1,x

)3
cos

(
ρ
(t)
0,x

)
6

,

ρ
(t+1)
0,x = ρ

(t)
0,x + ρ

(0)
0,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1) sin

(
ρ
(r)
0,x

)
, (mod 2π),

µ
(t+1)
1,x = µ

(t)
1,x + µ

(0)
1,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)µ(r)

1,x cos ρ
(r)
0,x,

µ
(t+1)
2,x = µ

(t)
2,x + µ

(0)
2,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

µ
(r)
2,x cos

(
ρ
(r)
0,x

)
−

(
µ
(r)
1,x

)2
sin
(

ρ
(r)
0,x

)
2

,

µ
(t+1)
3,x = µ

(t)
3,x + µ

(0)
3,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

µ
(r)
3,x cos

(
ρ
(r)
0,x

)
− µ

(r)
1,x · µ

(r)
2,x sin

(
ρ
(r)
0,x

)
−

(
µ
(r)
1,x

)3
cos

(
ρ
(r)
0,x

)
6

,

(65)

t = 0, 1, . . ..
In summary, Section 3.3 provides the explicit computational formulas for the frac-

tional standard map of 4 × 4 nilpotent matrices. The recursive relations for µ
(t+1)
1,x , µ

(t+1)
2,x ,

and µ
(t+1)
3,x reveal the hierarchical coupling structure in concrete form: µ

(t)
1,x evolves inde-

pendently, µ
(t)
2,x is driven by the quadratic term

(
µ
(t)
1,x

)2
, and µ

(t)
3,x is driven by both the

cubic term
(

µ
(t)
1,x

)3
and the mixed product µ

(t)
1,x · µ

(t)
2,x. These explicit formulas form the

computational backbone of the numerical simulations presented in Section 5.

3.4. The Computational Scheme for µ
(t+1)
1,x , µ

(t+1)
2,x , and µ

(t+1)
3,x

As discussed in [59], the patterns of Arnold tongues are constructed from sequences
of the auxiliary parameter µ

(t)
1,x. Nilpotent matrices of order 4 generate three hierarchies of

auxiliary parameters µ
(t+1)
1,x , µ

(t+1)
2,x , and µ

(t+1)
3,x (65).

Figure 1 presents a schematic diagram for the iterative construction of the auxiliary
parameter µ

(t+1)
1,x (t = 0, 1, 2) as defined by (65). The diagram shows the explicit construction

of µ
(t+1)
1,x only. The constructions for µ

(t+1)
2,x and µ

(t+1)
3,x are in principle analogous, but involve

additional higher-order nilpotent couplings.
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Figure 1. A schematic diagram illustrating the iterative construction of the auxiliary parameter µ
(t+1)
1,x

for t = 0, 1, 2. The auxiliary parameters are scalar coefficients of the nilpotent components of the
matrix state, and their iterative update encodes the long-memory effects of the fractional derivative.
Each level incorporates cosine-modulated multiplicative interactions and additive contributions from
all preceding levels, reflecting the cumulative influence of the entire history of the dynamical system.

Analogous schemes hold for µ
(t+1)
2,x and µ

(t+1)
3,x .

Figure 1 illustrates the first three steps of the iterative process, emphasizing the al-
gebraic structure induced by the nilpotent matrix framework. Each block represents an
elementary arithmetic operation. The circles marked with “×” denote multiplications in-
volving the cosine modulation terms cos

(
ρ
(t)
0,x

)
, while the circles marked with “+” represent

the additive accumulation of contributions from lower-order components. The directional
arrows indicate the flow of information between successive layers.

At the first level, the component µ
(1)
1,x is obtained by multiplying the base eigenvalue by

the corresponding cosine modulation term and then adding the initial contribution from the
p-component. This step represents the primary dynamical activation of the x-component
and reflects the nonlinear forcing inherent in the fractional standard map.
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At the second level, the construction of µ
(2)
1,x becomes coupled. Two multiplicative

channels are present, and their outputs are combined additively. At this stage, the nilpotent
structure begins to manifest explicitly: higher-order components depend on both newly
generated cosine-modulated terms and outputs inherited from the previous level. Thus,
the components µ

(t+1)
1,x are not formed independently but arise through a hierarchical

transformation of the previous contributions.
At the third level, the hierarchical architecture becomes more pronounced. Three

cosine-modulated multiplicative channels appear, inputs from all preceding levels con-
tribute, and the resulting terms converge additively to produce the output. This stage
clearly exhibits the nilpotent structure: each higher-order component accumulates trans-
formed contributions from all lower-order levels.

The computational diagram in Figure 1 clearly illustrates the effect of fractional mem-
ory, whose memory horizon extends back to the initial condition. The terms Vs

α (t − j + 1)
encode this fractional memory contribution explicitly. In fact, they arise from the discrete
Caputo operator and possess a nonlocal convolution structure: each value is formed as a
weighted sum over all past states, with power-law-type memory kernels determined by the
fractional order α. Consequently, the present state depends not only on the immediately
preceding iterate but also on the entire history of the process.

Importantly, the quantities Vs
α (t − j + 1) can be computed independently prior to

executing the iterative procedure that constructs the sequence of auxiliary parameters µ
(t+1)
1,x

(see Figure 1). The diagram, therefore, separates the nonlocal memory accumulation from
the subsequent algebraic (nilpotent) coupling mechanism.

Analogous (though progressively more intricate) computational schemes arise for the
parameters µ

(t+1)
2,x and µ

(t+1)
3,x .

4. The Calibration of the Numerical Scheme
4.1. The H-Rank Algorithm

The H-rank algorithm is a concise and computationally efficient tool for evaluating
the algebraic complexity of sequences produced by discrete or continuous dynamical
systems [65,66]. The concept of H-rank was introduced in [67] as the number of singular
values of the catalectic Hankel matrix (constructed from the given time series) that exceed
a prescribed threshold.

The H-rank algorithm uses two parameters: the size of the Hankel matrix h and the
threshold ε. The parameter h defines the size of the observation window L = 2h − 1 and
the observable range of H-ranks [0, h]. The threshold ε determines whether the algorithm
overshoots or undershoots the dynamics in the current observation window. A careful
calibration of both parameters is required before any further investigations [49].

4.2. The Calibration of h and ε in the H-Rank Algorithm

The calibration of the parameters of the H-rank algorithm is performed for the first
hierarchical layer of the auxiliary parameter µ

(t)
1,x (the order of the nilpotent matrices is set

to 2).
The range of the initial phase ρ

(0)
0,p is set to the interval [0, 2π]; the nonlinearity param-

eter K to [0, 2]; and the fractionality parameter α to 1.001 [59]. For each individual value
of ρ

(0)
0,p and K, the initial conditions µ

(0)
1,x and µ

(0)
1,p are set to 1 and ρ

(0)
0,x is set to 0 [59], and the

algorithm depicted in Figure 2 is executed for 399 iterations (resulting in a maximal H-rank
equal to 200). The H-rank patterns are visualized using a blue-yellow color map, where
blue corresponds to H-rank 0 and yellow corresponds to the maximal H-rank of 200.
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Figure 2. H-rank parameter maps computed for twelve values of the threshold parameter ε ∈
(10−16, 10−14, 10−12, 10−10, 10−8, 10−6, 10−4, 10−2, 1, 50, 5000, 106) in the parameter plane

(
ρ
(0)
0,p , K

)
.

The H-rank is a measure of the algebraic complexity of a dynamical sequence, computed as the num-
ber of significant singular values of a Hankel matrix constructed from the sequence. The horizontal

axis corresponds to the initial phase parameter ρ
(0)
0,p and the vertical axis to the nonlinearity parame-

ter K. Dark blue corresponds to H-rank 0 and light yellow corresponds to H-rank 200. For very small
values of ε, almost all grid points are assigned the maximum H-rank, resulting in a predominantly
yellow map. For very large values of ε, almost all grid points are assigned H-rank 0, resulting in
a predominantly blue map. The Arnold tongue structures are most clearly visible in the intermediate
range of ε values, where a balanced distribution between yellow and blue regions is achieved. This
confirms that the observed hierarchical structures are not an artifact of the threshold selection.

The parameter ε in the H-rank algorithm must be calibrated. If ε is too small (for
example, 10−16), the entire map becomes yellow (Figure 2). If ε is too large (for example,
106), the map becomes predominantly blue (Figure 2). Only intermediate values of ε

produce a balanced distribution of H-ranks.
The H-rank patterns in Figure 2 reveal the well-recognizable structure of Arnold

tongues in the parameter plane (ρ
(0)
0,p , K). The calibration strategy for the parameter ε

is based on the requirement that, within the trapezoidal region occupied by the Arnold
tongues, 50% of the pixels have H-ranks greater than 100, while the remaining 50% have
H-ranks lower than 100.

Twelve panels in Figure 2 show the patterns of H-ranks computed at ε = 10−16, 10−14,
10−12, 10−10, 10−8, 10−6, 10−4, 10−2, 1, 50, 5000, and 106. The percentages of pixels with
H-ranks greater than 100 for different values of ε are depicted in Figure 3. Note that the
horizontal axis in Figure 3 is logarithmic.

The dashed black line in Figure 3 represents the linear approximation of the per-
centages of pixels with H-ranks greater than 100 as a function of ε: y = −1.8x + 40,
where x = ln(ε). The near-linear trend on the logarithmic scale suggests that the contrac-
tion of the area occupied by pixels with H-ranks greater than 100 follows an approximately
logarithmic scaling law. The calibration objective is to determine the value of ε for which the
two zones (H-ranks greater than and lower than 100) occupy equal areas. The intersection
of the red horizontal line with the inclined black line yields x = −9 4

9 , which corresponds
to ε = 7.92 · 10−5. This value of ε is used in all subsequent computations.
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Figure 3. The percentage of grid points with H-rank exceeding 100 as a function of ln(ε). Each bar
represents the proportion of grid points for which the H-rank exceeds 100, serving as a measure of
how much of the parameter plane exhibits high algebraic complexity. The red dashed horizontal
line marks the 50% threshold, which corresponds to a perfectly balanced distribution between high
and low H-rank regions in the parameter map and serves as the calibration criterion for the H-rank
algorithm. The black dashed line shows the linear approximation y = −1.8x + 33 fitted to the
bar values, confirming that the percentage decreases smoothly and monotonically as ε increases.
The logarithmic scale is used because ε spans several orders of magnitude, ranging from 10−16 to
106. The calibration is performed on the first hierarchical layer only, and the resulting value of ε is
then applied consistently to all higher layers, enabling direct qualitative and quantitative comparison
across the hierarchy.

The H-rank of a sequence is computed from the singular values of a 200 × 200 Hankel
matrix. The minimum possible H-rank is 0, corresponding to a trivially simple sequence,
and the maximum is 200, corresponding to maximum algebraic complexity. In the parame-
ter maps, dark blue corresponds to H-rank 0 and light yellow corresponds to H-rank 200.

The 50% threshold means that exactly half of the grid points in the parameter map
have an H-rank greater than 100. This produces a perfectly balanced color distribution
between dark blue and light yellow. It is the natural midpoint between the two extremes,
analogous to choosing the midpoint of a grayscale in image processing.

The sensitivity of the results with respect to the threshold parameter ε is demonstrated
in Figure 2, which shows the H-rank parameter maps for 12 values of ε spanning the
range from 10−16 to 106. The qualitative structure of the Arnold tongues is robust over a
wide intermediate range of ε values. Figure 3 shows that the proportion of high H-rank
points decreases smoothly and nearly linearly as a function of ln(ε), and the 50% threshold
corresponds to a well-defined and stable point on this curve.

The calibration is performed on the first hierarchical layer only. The resulting value of ε

is then applied consistently to all higher hierarchical layers without any further adjustment.
This ensures that the color distributions across different layers are directly comparable,
both qualitatively and quantitatively. Any deviation from the balanced color distribution in
higher layers directly reflects a genuine change in the dynamical complexity of the system,
not an artifact of the calibration procedure.

5. Computational Simulations
5.1. The Hierarchies of Arnold Tongues of Divergence

The calibrated H-rank technique is used to visualize three patterns corresponding
to µ

(t)
1,x (panel A), µ

(t)
2,x (panel B), and µ

(t)
3,x (panel C) in the parameter plane (ρ(0)0,p , K) (Figure 4).

Arnold-type tongue structures are clearly visible in all three panels of Figure 4. How-
ever, the average algebraic complexity of the trajectories associated with µ

(t)
3,x is higher than

that of µ
(t)
2,x and µ

(t)
1,x. This increase in complexity is reflected by the growing dominance of

the yellow color in panel C. In addition, the fine structure of the pattern gradually changes
across the panels, becoming more intricate at higher orders. The H-rank algorithm is
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calibrated so that panel A produces approximately equal proportions of yellow and blue
regions, providing a reference level for comparison across the panels.
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Figure 4. Patterns of µ
(t)
1,x panel (A), µ

(t)
2,x panel (B), and µ

(t)
3,x panel (C) obtained using the calibrated

H-rank algorithm in the parameter plane (ρ
(0)
0,p , K), where ρ

(0)
0,p is the initial phase parameter and K

is the nonlinearity parameter. The auxiliary parameters µ
(t)
j,x are scalar coefficients of the nilpotent

components of the matrix state, and their algebraic complexity reflects the richness of the transient
dynamics at each hierarchical level. Dark blue corresponds to H-rank 0 and light yellow corresponds
to H-rank 200. Arnold-type tongue structures are visible in all panels. As the hierarchical order
increases, the average algebraic complexity of the transient processes grows, which is reflected by the
increasing dominance of yellow regions and by progressive changes in the fine structure of the pattern.
The H-rank algorithm is calibrated such that panel A contains approximately equal proportions
of yellow and blue regions. The same value of ε is then applied to panels (B,C), enabling direct
qualitative and quantitative comparisons of the algebraic complexity across the hierarchical layers.

All numerical simulations were implemented in MATLAB (MathWorks, R2024b) and
executed on a high-performance workstation equipped with an AMD Ryzen 9 5900X 12-core
processor (3.7 GHz), 128 GB of DDR4 RAM (2400 MHz), and an NVIDIA GeForce RTX 3090
GPU (24 GB VRAM), running a 64-bit Windows operating system. The parameter space
was discretized as a uniform 1000× 1000 grid over the ranges ρ

(0)
0,p ∈ [0, 2π] and K ∈ [0.1, 2],

with each trajectory integrated for t = 1000 iterations. The dominant computational cost
arises from the convolution-type summations inherent to the Caputo fractional operator:
at each iteration step t, the update requires summing over all previous states, resulting
in O(t2) operations per trajectory. For the full 1000 × 1000 grid, the total wall-clock time
was approximately 6 h. The H-rank was computed using the singular value decomposition
of the Hankel matrix constructed from each trajectory, with observation window V/2 = 200
and threshold ε = 7.92 × 10−5 (see Section 4 for calibration details).

5.2. The Role of the Hierarchical Layers of µ
(t)
j,x

Figures 5 and 6 illustrate how the hierarchical patterns obtained with the calibrated
H-rank algorithm relate to the algebraic complexity of transient processes. In both figures,
the upper panels show zoomed regions of the parameter plane (ρ

(0)
0,p , K) corresponding

to µ
(t)
1,x, µ

(t)
2,x, and µ

(t)
3,x. The white circles indicate the same parameter point in all panels.

In Figure 5 the selected point lies within the blue region in all three hierarchical layers.
Consequently, the transient dynamics of µ

(t)
1,x, µ

(t)
2,x, and µ

(t)
3,x exhibit comparable algebraic

complexity. This is confirmed in the lower panel, where the functions ln
∣∣∣µ(t)

j,x

∣∣∣; j = 1, 2, 3
grow with t in a similar manner. Although their amplitudes differ (reflecting the nilpotent
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hierarchy), their slopes and oscillatory regimes remain strongly correlated. Higher layers
amplify the same instability mechanism rather than introducing independent dynamics.

Figure 6 demonstrates a different situation. Although the same parameter point is
considered in all panels, it belongs to different color regions in different hierarchical layers:
the point lies in a blue region for µ

(t)
1,x, in a light-blue region for µ

(t)
2,x, and in a yellow region

for µ
(t)
3,x. Consequently, the algebraic complexity of the corresponding transient processes

increases from µ
(t)
1,x to µ

(t)
3,x. The lower panel confirms this behavior, showing progressively

stronger fluctuations in ln
∣∣∣µ(t)

j,x

∣∣∣ for higher j. Now, the nilpotent hierarchy does not amplify
a single coherent instability mechanism.

This example highlights an important property of the hierarchical structure. A given
point in the parameter plane may belong to regions of different colors in different hierar-
chical layers. Therefore, the hierarchical level associated with a particular µ

(t)
j,x becomes an

essential parameter to determine the algebraic complexity of the transient dynamics. In ap-
plications where such transient processes are used to encode information, the hierarchical
layer can thus serve as an additional security parameter.
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Figure 5. Zoomed regions of the parameter plane (ρ
(0)
0,p , K) for µ

(t)
1,x (left), µ

(t)
2,x (center), and µ

(t)
3,x

(right), where ρ
(0)
0,p is the initial phase parameter and K is the nonlinearity parameter. The white

circles indicate the same parameter point in all panels (ρ0,p = 2.1300; K = 0.7828). In this example,
the point lies in the blue region of each hierarchical layer, indicating low algebraic complexity

at all levels. The middle and the bottom panels show the corresponding evolution of ln
∣∣∣µ(t)

j,x

∣∣∣ as
a function of the iteration index t on a linear scale and on a logarithmic scale of t, respectively.
The logarithmic scale of t is used to distinguish algebraic growth from exponential growth: a linear
trend in this representation confirms power-law-type behavior characteristic of fractional systems

with long memory. The approximately linear dependence of ln
∣∣∣µ(t)

j,x

∣∣∣ on ln t is consistent with the

algebraic scaling
∣∣∣µ(t)

j,x

∣∣∣ ∼ tjβ, where the slope increases proportionally to the hierarchical order j.
This confirms that the nilpotent hierarchy amplifies the same instability mechanism rather than
introducing independent dynamics.

In the ln t representation, the curves display approximately linear trends over extended
intervals. This indicates power-law-type growth typical for fractional systems with memory,
distinguishing the divergence mechanism from purely exponential instability.
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Figure 6. Same representation as in Figure 5, but for a parameter point that belongs to different color
regions in different hierarchical layers (ρ0,p = 2.3813; K = 0.5926). Unlike the previous example,
where all three hierarchical layers showed similar dynamical complexity, here the algebraic complexity

increases significantly with the hierarchical order. The point lies in the blue region for µ
(t)
1,x, in a

light-blue region for µ
(t)
2,x, and in a yellow region for µ

(t)
3,x. The fact that the same point in the parameter

plane belongs to different color regions in different hierarchical layers is a direct consequence of
the calibration strategy: since the same value of ε is applied consistently across all layers, the color
differences reflect genuine changes in the algebraic complexity of the transient dynamics rather than
artifacts of the threshold selection. The middle and the bottom panels confirm this interpretation,

showing progressively stronger growth of ln
∣∣∣µ(t)

j,x

∣∣∣ with increasing hierarchical order. This example

illustrates that the hierarchical level associated with a particular µ
(t)
j,x is an essential parameter for

determining the algebraic complexity of the transient dynamics, and highlights the richer dynamical
behavior that emerges in the high-dimensional nilpotent setting compared to the scalar case.

5.3. The Divergence Rates of µ
(t)
j,x

Let us investigate the general form of the auxiliary variable µ
(t+1)
j,x (62):

µ
(t+1)
j,x = µ

(t)
j,x + µ

(0)
j,p

− K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

 j

∑
m=1

sin
(

ρ
(r)
0,x +

mπ
2

)
m! ∑

i1+···+im=j
i1,i2,...,im≥1

µ
(r)
i1,x · · · µ

(r)
im ,x

.
(66)

For fixed j, the update consists of a linear term containing µ
(r)
j,x and a forcing term generated

by nonlinear products of lower-order variables µ
(r)
iℓ,x, iℓ < j. The forcing is determined by

all partitions of the integer j.
The memory kernel V1

α (m) = mα−1 − (m − 1)α−1 satisfies the asymptotic relation [48]:

V1
α (m) ∼ (α − 1)mα−2, m → ∞. (67)

This asymptotic relation follows directly from the definition V1
α (m) = mα−1 − (m − 1)α−1.

Factoring out mα−1 gives:

V1
α (m) = mα−1

(
1 −

(
1 − 1

m

)α−1
)

. (68)
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Applying the first-order expansion (1 − x)α−1 ≈ 1 − (α − 1)x for small x = 1/m as
m → ∞ yields:

V1
α (m) ≈ mα−1 · α − 1

m
= (α − 1)mα−2, m → ∞, (69)

confirming the asymptotic relation (67).
Equation (69) implies a slow power-law decay of memory weights for 1 < α ≤ 2.

Therefore, the evolution of µ
(t+1)
j,x also depends on the entire history of ρ

(r)
0,x.

For j = 1, the recursion reduces to the linear equation

µ
(t+1)
1,x = µ

(t)
1,x + µ

(0)
1,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1) µ

(r)
1,x cos

(
ρ
(r)
0,x

)
. (70)

This relation provides the fundamental auxiliary variable that drives the higher-order terms
through nonlinear products.

Note that the memory kernel values V1
α (t − r + 1) depend only on the fractional

order α and the time indices, and not on the dynamical variables ρ
(r)
0,x or µ

(r)
j,x . Therefore,

the entire sequence of coefficients V1
α (1), V1

α (2), . . . , V1
α (t + 1) can be precomputed once

before the iteration starts, using the definition V1
α (m) = mα−1 − (m − 1)α−1, without any

repeated evaluation of Gamma functions or their ratios. This precomputation strategy
significantly reduces the computational cost of the iteration and contributes to the efficiency
of the numerical scheme.

For j ≥ 2, the forcing term in (66) is generated by products of the form

µ
(r)
i1,xµ

(r)
i2,x · · · µ

(r)
im ,x, i1 + · · ·+ im = j, (71)

which represent all partitions of j. The dominant contribution is produced by the partition

j = 1 + 1 + · · ·+ 1 (m = j), yielding the highest-degree product
(

µ
(r)
1,x

)j
. Consequently,

the variable µ
(t+1)
j,x is driven by µ

(t)
1,x through polynomial-type forcing of degree j.

For example, for j = 2, the recursion may be rewritten as

µ
(t+1)
2,x = µ

(t)
2,x + µ

(0)
2,p −

K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

µ
(r)
2,x cos

(
ρ
(r)
0,x

)
−

(
µ
(r)
1,x

)2

2
sin
(

ρ
(r)
0,x

). (72)

This representation separates the linear propagation of µ2,x from the quadratic forcing

term
(

µ
(r)
1,x

)2
. Thus, the evolution of µ2,x is controlled by the second-order dependence

on µ1,x.
Similarly, for j = 3, one obtains

µ
(t+1)
3,x = µ

(t)
3,x + µ

(0)
3,p

− K
Γ(α)

t

∑
r=0

V1
α (t − r + 1)

µ
(r)
3,x cos

(
ρ
(r)
0,x

)
− µ

(r)
1,xµ

(r)
2,x sin

(
ρ
(r)
0,x

)
−

(
µ
(r)
1,x

)3

6
cos
(

ρ
(r)
0,x

).
(73)

The dependence on µ1,x is explicit. It enters directly through the cubic term
(

µ
(r)
1,x

)3
and

through the mixed product µ
(r)
1,xµ

(r)
2,x. The latter introduces an indirect dependence on µ1,x

via µ2,x, which itself is forced by
(

µ
(r)
1,x

)2
.
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In general, for arbitrary j ≥ 2, the structure of (66) implies that µ
(t+1)
j,x contains forcing

terms of degree up to j in µ
(r)
1,x. Hence, the auxiliary variables form a growth hierarchy

driven by the fundamental quantity µ
(t)
1,x, where higher-order terms depend on progressively

higher-degree polynomial combinations of µ1,x.

5.4. The Algebraic Versus Exponential Scaling of µ
(t)
j,x

Consider the first auxiliary variable µ
(t)
1,x. Assume that the magnitude

∣∣∣µ(t)
1,x

∣∣∣ follows
the algebraic scaling: ∣∣∣µ(t)

1,x

∣∣∣ ∼ tβ, β > 0. (74)

This assumption is consistent with the previously established structure of the hierarchy,
in which higher-order auxiliary variables appear as polynomial functions of µ

(t)
1,x. From the

recursive relations for the higher-order variables (see (62) and (65)), we obtain:

µ
(t)
2,x ∼

(
µ
(t)
1,x

)2
, µ

(t)
3,x ∼

(
µ
(t)
1,x

)3
, . . . , µ

(t)
j,x ∼

(
µ
(t)
1,x

)j
. (75)

Consequently, ∣∣∣µ(t)
j,x

∣∣∣ ∼ tjβ.

Therefore, the entire hierarchy exhibits polynomial growth.
The classical Lyapunov exponent associated with a sequence δt is defined as:

L = lim
t→∞

ln
|δt|

t
. (76)

Applying this definition to the scaling µ
(t)
1,x ∼ tβ gives 1

t ln
∣∣∣µ(t)

1,x

∣∣∣ = 1
t ln
(
tβ
)
= β ln t

t .
Therefore,

L1 = lim
t→∞

ln
∣∣∣µ(t)

1,x

∣∣∣
t

= 0, (77)

since limt→∞
ln t

t = 0. The same calculation applies to all higher-order variables. Using the

scaling µ
(t)
j,x ∼ tjβ, we obtain:

Lj = lim
t→∞

ln
∣∣∣µ(t)

j,x

∣∣∣
t

= lim
t→∞

ln tjβ

t
= lim

t→∞

jβ ln t
t

= 0, (78)

where jβ is a fixed positive constant independent of t, and the limit follows directly from
the standard result limt→∞

ln t
t = 0.

Thus, although the auxiliary variables may grow without bound, their growth is alge-
braic rather than exponential. The Lyapunov exponent detects only exponential divergence,
and any polynomial growth leads to a vanishing value. Consequently, computing the
classical Lyapunov exponents for µ1,x, µ2,x, . . . , µn−1,x does not provide information about
their effective amplification. The entire hierarchy therefore possesses a zero Lyapunov
exponent despite exhibiting nontrivial algebraic growth.

These considerations regarding the algebraic scaling of µ
(t)
j,x are supported by the

computational experiments shown in Figures 5 and 6, where the dependence of ln
∣∣∣µ(t)

j,x

∣∣∣ on
ln t is well approximated by a linear relation.
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5.5. Winding Numbers and Circle Map Dynamics

A central tool for characterizing the qualitative behavior of the fractional standard
map is the winding number (also called the rotation number), defined as the average phase
advance per iteration in the lifted (unwrapped) phase space:

ω = lim
t→∞

ρ
(t)
0,x

2πt
, (79)

where ρ
(t)
0,x denotes the unwrapped scalar phase trajectory [68,69]. The winding number ω

provides a global characterization of the long-term dynamics: when ω = p/q is rational,
the orbit is periodic and closes after exactly q iterations, the system is mode-locked to
an Arnold tongue. When ω is irrational, the orbit is quasiperiodic and never exactly
repeats [70].

This distinction is made visually transparent through the Poincaré circle map, in which
each iterate ρ

(t)
0,x mod 2π is projected as a point onto the unit circle. A mode-locked orbit

produces a finite cluster of recurring points, whereas a quasiperiodic orbit generates a
trajectory that densely and uniformly covers the entire circle, which a consequence of the
Weyl equidistribution theorem [71].

In the fractional memory setting considered here, convergence of ω is substantially
slower than in the classical case α = 2, because the power-law memory kernel introduces
long transients. This makes direct numerical computation of ω from finite trajectories
sensitive to the number of iterations, and the circle map visualization serves as a robust
qualitative alternative [42].

To illustrate the correspondence between the H-rank landscape and the underlying
dynamical regime, two representative initial conditions are selected from the parameter
plane (ρ

(0)
0,p , K). The first lies within a low H-rank region (center of Arnold tongue structure

in Figure 7), associated with a periodic or weakly complex orbit; its circle map reveals
a small number of recurrent points, confirming mode-locking (Figure 7). The second is
drawn from a high H-rank region (outside of the Arnold tongue structure in Figure 7),
where the orbit densely populates the circle, consistent with quasiperiodic motion (Figure 7).
This correspondence validates the H-rank as a reliable indicator of the dynamical regime:
a low rank signals Arnold tongue locking, while a high rank signals quasiperiodic or
complex behavior.

5.6. Signal Encryption via Hierarchical Chaotic Permutations

Real-world signals typically exhibit strong statistical dependence between adjacent
samples, a property that can be exploited in signal analysis and steganographic attacks [72].
To reduce this dependence and increase the security of information concealment, data
scrambling techniques based on chaotic sequences have been widely studied [73]. One of
the earliest frameworks proposing chaotic systems for image and signal encryption was
introduced by Fridrich [74], who established the permutation–diffusion architecture that
underlies many subsequent methods.

Let the discrete signal to be encrypted be

S = {s1, s2, . . . , sN}. (80)

A permutation π is constructed from a chaotic sequence X = {x1, x2, . . . , xN} by sorting
its elements in ascending order and recording the original index positions. The encrypted
signal is then obtained as

S′ = S(π), s′i = sπi , (81)
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and the original signal is recovered by applying the inverse permutation:

Srec(πi) = s′i, or equivalently, Srec = S′
(

π−1
)

. (82)

Permutation-based encryption possesses three properties that make chaotic sequences
particularly suitable as key generators: pseudorandomness, determinism, and sensitivity to
initial conditions [75,76]. The permutation destroys the local correlation between adjacent
signal values so that the encrypted signal loses its structural properties and becomes
statistically indistinguishable from noise.

Figure 7. Winding number analysis of the fractional matrix standard map for α = 1.001, a value close
to unity at which the system approaches the classical circle map and Arnold tongue structures are

most pronounced. Left panels: H-rank maps of the µ
(t)
1,x component in the parameter plane (ρ

(0)
0,p , K),

where ρ
(0)
0,p is the initial phase parameter and K is the nonlinearity parameter. The white circle marks

the selected initial condition. Right panels: Poincaré circle maps of the corresponding ρ
(t)
0,x mod 2π

trajectory projected onto the unit circle, with point color indicating the iteration index n. The Poincaré
circle map provides a visual tool for distinguishing between mode-locked and quasiperiodic orbits.
A point selected from within an Arnold tongue region produces a trajectory that visits only a finite
number of distinct points on the circle, indicating mode-locking to a rational rotation number. A point
selected from outside an Arnold tongue region produces a trajectory that densely covers the entire
circle, consistent with a quasiperiodic orbit and an irrational rotation number. This correspondence
validates the H-rank as a reliable indicator of the underlying dynamical regime.

The chaotic sequences used as encryption keys in this work are the hierarchical com-
ponents µ

(t)
1,x, µ

(t)
2,x, and µ

(t)
3,x of the Caputo fractional matrix standard map. Each sequence

consists of 1000 iterates; to avoid transient effects inherent to the fractional memory kernel,
the first 200 elements are discarded and the subsequent N = 800 elements are retained as
the operative key.

The test signal is a discrete sinusoid with additive noise:

s(t) = sin(2π f t) + η(t), f = 5, (83)

sampled at N = 800 points, where η(t) denotes zero-mean random noise. Three decryption
experiments are performed, assuming the correct key is µ

(t)
1,x: decryption with the correct

key µ
(t)
1,x—the signal is recovered exactly; decryption with the incorrect key µ

(t)
2,x—the signal

remains distorted; and decryption with the incorrect key µ
(t)
3,x—the signal remains distorted.

The results are shown in Figure 8. Panel (A) displays the original signal, which exhibits
clear periodicity and structure. Panel (B) shows the encrypted signal S′: the permutation
effectively destroys all visible structure, and the signal becomes visually indistinguishable
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from random noise, confirming that inter-sample correlation has been eliminated. Panel (C)
demonstrates exact recovery when the correct key is applied, restoring both the waveform
and statistical properties of the original signal. Panels (D) and (E) show the results with
incorrect keys µ

(t)
2,x and µ

(t)
3,x, respectively: in both cases, the permutation does not match the

one used for encryption, and the recovered signal remains disordered.

Figure 8. Signal encryption and decryption results using chaotically generated permutations derived

from the hierarchical sequences µ
(t)
1,x, µ

(t)
2,x, and µ

(t)
3,x of the fractional matrix standard map (α = 1.001).

The hierarchical auxiliary parameters serve as encryption keys: each sequence generates a distinct
permutation of the signal samples, and correct decryption requires knowledge of the exact key used
for encryption. The sensitivity of the method to the choice of key is a direct consequence of the
hierarchical Arnold tongue structure, where different layers produce genuinely different dynamical
complexity. From top to bottom: (A) the original signal S, composed of a sinusoidal component
and additive noise; (B) the encrypted signal S′, obtained by applying the permutation π1 generated

from µ
(t)
1,x — all visible structure is destroyed; (C) decryption with the correct key µ

(t)
1,x: the signal is

recovered exactly; (D) decryption with the incorrect key µ
(t)
2,x: the signal remains distorted and does

not match the original; (E) decryption with the incorrect key µ
(t)
3,x: analogous failure, confirming the

key sensitivity of the method.

These results highlight two important properties of the proposed scheme. First,
the three hierarchical sequences generate distinct permutations, even though they originate
from the same dynamical system, as a direct consequence of the nonlinear coupling between
hierarchical levels. Second, the method exhibits strong key sensitivity: an incorrect key,
even one drawn from the same system, fails to recover the signal. Together, these properties
suggest that the hierarchical index j can serve as an additional structural parameter in
encryption design, providing independent cryptographic keys from a single trajectory of
the fractional matrix map.

6. Concluding Remarks
In this work, we investigated the fractional standard map generated by nilpotent

matrices of order n and demonstrated that the interplay between fractional memory and
nilpotent algebra leads to the emergence of hierarchical Arnold tongues associated with
divergent dynamics. The analysis was based on the algebraic structure of idempotent and
nilpotent matrices and on the formulation of the corresponding fractional matrix maps.

Some important properties of the numerical scheme used in this work should be noted.
The G-coefficient computational scheme retains the full fractional memory back to the
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initial conditions at every time step, without any truncation or approximation. The scheme
is efficient enough to handle thousands of iterations without resorting to supercomputing
resources. The computations are exact up to machine epsilon, and no convergence analysis
in the classical numerical sense is required. It is also important to emphasize that the
blow-up behavior observed in the simulations is not a numerical artifact. It is a genuine
mathematical phenomenon produced by the nilpotent algebraic structure of the system,
and the algorithm itself remains stable and fully reproducible across different parameter
values, fractional derivative magnitudes, and initial conditions.

It was shown that, for idempotent matrices, the fractional standard map preserves the
same level of dynamical complexity as its scalar counterpart. In contrast, when nilpotent
matrices are considered, the coefficients of the map become coupled through higher-
order terms. This coupling produces substantially richer dynamical behavior and gives
rise to hierarchies of diverging Arnold tongues that are not present in the non-fractional
standard map.

To facilitate numerical investigations, an efficient computational scheme for the aux-
iliary parameters µ

(t)
j,x was derived, replacing falling factorial expressions by iteratively

computed coefficients. The numerical implementation was calibrated using the H-rank
algorithm, which provides a concise measure of the algebraic complexity of sequences
generated by dynamical systems. Computational simulations revealed well-defined hier-
archical structures of Arnold tongues of divergence and distinct divergence rates for the
parameters µ

(t)
j,x .

An important feature of these hierarchical structures is that a given point in the
parameter plane may belong to regions of different colors in different hierarchical layers.
Consequently, the hierarchical level associated with a particular µ

(t)
j,x becomes an essential

parameter determining the algebraic complexity of the transient dynamics. In applications
where transient dynamical processes are used to encode information, such hierarchical
layering may provide an additional degree of freedom for information encoding. Exploring
the potential of these hierarchical structures for information encoding and related security
applications constitutes a natural direction for future research.

Beyond image encryption, the hierarchical layering of Arnold tongue structures sug-
gests broader potential in secure communications. The sensitivity of the hierarchical level
to the choice of system parameters and initial conditions could be exploited to design multi-
layer communication protocols, where different hierarchical layers serve as independent
encryption channels with distinct algebraic complexity. Such protocols would inherit the
robustness and key sensitivity demonstrated in the encryption results of this work.

The hierarchical Arnold tongue structures may also find applications in the study of
biological rhythms. Arnold tongues are well established in the analysis of synchronization
phenomena in cardiac dynamics, neural oscillations, and circadian rhythms. The fractional
memory component introduced in the present framework provides a natural mechanism
for modeling the long-memory effects observed in biological systems, and the hierarchical
structure of divergence may offer new tools for characterizing the complexity of transient
synchronization processes in such systems.

The standard map has well-established connections to particle transport and nonlinear
resonance phenomena in plasma physics and magnetic confinement fusion. The fractional
nilpotent matrix framework developed in this work, with its characteristic blow-up effects
and hierarchical dynamical structures, may offer new tools for studying explosive instabili-
ties and anomalous transport phenomena in such systems. These connections open up new
perspectives that warrant further exploration.
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