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Abstract 

Modern requirements for highly critical threads, such as drilling tool-joint threads or trap-

ezoidal threads of heavy machine tools, impose requirements for high accuracy and at the 

same time wear resistance of thread cu�ers. Conventional thread cu�ers available on the 

global market have a profile that coincides with the thread profile. Their rake angle and 

the angle of inclination of the cu�ing edge are typically zero. However, to ensure long tool 

life and high cu�ing performance, such tools should have optimal values of the geometric 

parameters of the cu�ing part, particularly the rake angle and the inclination angle of the 

cu�ing edge. Non-zero values of these angles distort the thread profile, and there are cur-

rently no established algorithms for profiling such cu�ers. This analytical study aims to 

develop an algorithm that enables the straightforward manufacture of high-performance 

and at high-precision thread cu�ers with interpolated straight sides profile flanks for pro-

ducing trapezoidal, triangular and bu�ress threads, including those made of difficult-to-

machine materials. The obtained analytical expressions accurately describe the cu�ing 

edge of such cu�ers as a hyperbola, functionally dependent on geometric parameters such 

as pitch, diameter and thread profile angle, as well as on the rake angle and the inclination 

angle of the cu�ing edge. To simplify manufacturing, methods of rectilinear approxima-

tion of the curvilinear profile are proposed. The validity of such a replacement has been 

theoretically confirmed, as the maximum deviation of the hyperbolic profile from the lin-

ear approximation does not exceed 2 micrometers. The results indicate no significant de-

viations in the profile angle of the cu�ers with relatively large rake and inclination angles 

(γ = 10° and λ = 7°). Deviations from the nominal profile angle of the trapezoidal thread 

profile angle of 15° do not exceed 0.1°, while for tool-joint threads (30°), they range from 

0.01° to 0.09°. However, significant deviations in the profile (up to 0.49°) occur in the case 

of machining bu�ress threads with a profile of 7°/45°. Experimental verification on a lathe 

confirms the theoretical results. 
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1. Introduction 

The modern process of research of hydrocarbon [1], geothermal [2], water [3] and soil 

resources [4], as well as environmental [5], recreational monitoring [6] and scientific re-

search of subsoil and development of underground infrastructure of large cities [7] is in 

the focus of public a�ention. The key technological tool in these processes is drilled strings 

[8], long elastic systems with a large number of threaded connections [9], which ensure 

mechanical integrity and tightness of the columns in difficult well conditions [10]. There-

fore, increased requirements are imposed on the strength of the connection material [11] 

and at the same time on its accuracy [12]. At the same time, the main advantage of 

threaded connections, namely the possibility of multiple assembly and disassembly, 

sometimes turns into a source of failures: self-unscrewing under the influence of vibra-

tion-cyclic loads [13], violation of the tightness of sealing areas [14], accelerated wear, etc. 

[15]. As a result, downtime, maintenance costs, and the risk of accidents increase. One of 

the key factors limiting the effectiveness of deep and directional drilling is uncontrolled 

dynamics of the drill string [16]: torsional vibrations [17], as well as axial and transverse 

vibrations [18]. Dynamic loads accelerate the wear of bits [19] and downhole equipment 

[20], worsen the operation of threaded connections [21], and affect the resource of engines 

and ground systems [22]. A well-known approach to solving this problem is based on the 

use of special vibration-proof devices [23]: drilling shock absorbers and dampers [24], 

elastic spindles [25], downhole motors, etc. [26]. This improves the operating modes of 

threaded connections, but does not eliminate the root causes of the problems. The operat-

ing environment of drill strings is characterized by abrasiveness, corrosive aggressive-

ness, high pressures and temperatures, as well as the action of long-term cyclic loads 

[27,28]. The increase in the depth and complexity of well trajectories places special de-

mands on materials, smart structures and modern technologies for designing and manu-

facturing connections [29]—from the level of microgeometry to controlled residual 

stresses and roughness parameters [30], which determine tightness [31] and sensitivity to 

fatigue failure [32]. From the point of view of continuum mechanics [33], threaded profiles 

contain sharp-ended stress concentrators [34,35]. The stress–strain state of pipes and cy-

lindrical shells near such concentrators in contact has been studied in detail in [35,36], 

which is directly relevant for the analysis of the thread root [35] and the first thread turns 

[36,37]. 

All of the above operational requirements and conditions pose the corresponding 

tasks of modernization of machining for manufacturers of heavily loaded threads. There-

fore, a significant analysis of the machining process of parts that are mass-produced and 

are functionally responsible is needed. For example, the improvement of machine tools 

proves that it is possible to significantly increase productivity without actually losing ac-

curacy [38], and the applied modular approach enhances optimization in the design of 

machine tools [39]. In addition, a significant contribution to the intensification of parts 

manufacturing is a scientifically based technological route, which allows for significantly 

optimizing the process of creating threaded parts [40,41], as well as the effective manage-

ment of the life cycle of production assets [42]. However, the first priority is the moderni-

zation of cu�ing tools themselves: from the methods of their application to their geometric 

parameters [43]. 
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2. Review of the Thread-Turning Achievements and Problems. Aim of 

Research 

Studies on thread cu�ing in AISI 304L stainless steel indicate that an important argu-

ment for reducing cu�er wear is the use of a combined infeed method (incremental feed) 

[44]. In [45], a significant increase in tool life in the process of turning a critical bu�ress 

thread from high-chromium stainless steel was proven by using a positive rake angle of 

12°. To increase the accuracy of threads, it is important to control profile deviations caused 

by deformations [46]. In studies [47,48], modeling the tool trajectory during thread turn-

ing, taking into account the influence of vibration, made it possible to increase the life of 

the cu�ing-edge profile. The aim of the study [49] is to increase the productivity of turning 

high-quality-threaded aluminum parts. To achieve this goal, the rake surface of the cu�er 

was supplemented with micro-holes using a laser to retain solid lubricating micro- and 

nano-materials in them. Vector analysis predicting tangential and radial deviations of con-

ical screw surfaces [50] shows possible ways to improve thread-turning processes. A large 

number of input technological parameters were taken into account in a scientific study of 

the surface condition of the external thread on an aviation part made of the difficult-to-

machine material Inconel 718 [51]. In [52], tests of turning titanium alloy threads showed 

the effective effect of a cryogenic environment on reducing the amount of tool wear. The 

study [52] also concerned the development of a mathematical model of cu�er wear to de-

termine the expected tool life. Measurement of the profile of the resulting thread and de-

termination of its accuracy using a special device was proposed in [53]. In contrast to 

measurement, in the analytical work [54], an algorithm for calculating the conical thread 

profile depending on the geometric parameters  of a turning thread cu�er with devia-

tions is presented. The geometric three-dimensional thread-turning simulator developed 

on the basis of FreeCAD [55] can serve as a check or supplement to the analytical algo-

rithm proposed in the work [54]. These results show the formation of a convex or concave 

thread profile instead of the expected rectilinear one. Based on the kinematics of the pro-

cess of forming a conical helical surface, a method that enables the accurate formation of 

the screw pitch as a function of the angle of rotation of the part is proposed [56]. The study 

[57] presents an analysis of the movements of the cu�ing edge of the cu�er during the 

process of turning a conical thread. The formation of helical linear surfaces and the accu-

racy of worm manufacturing are closely related to the influence of geometric parameters, 

including the helix angle. Therefore, approximate forms of mathematical models of heli-

coid accuracy are often used [58]. Measuring the accuracy of the lead screw thread pitch 

by the traditional method and by the method that takes into account the axial displace-

ment of the shaft indicates a higher accuracy of the la�er [59]. This is important for preci-

sion threads. The measuring and testing base of mechanical processing increasingly uses 

advanced thermoelectric and photovoltaic materials [60,61]. In [62], it is proposed to de-

sign a variety of cu�ing tools, including threaded ones, automatically using the developed 

surface generation method. Thread turning is a special type of cu�ing that requires in-

depth research using systems for measuring and analyzing cu�ing forces [63]. Turning is 

always accompanied by high temperatures at the tip of the cu�er . In [64], the cu�ing of 

low-alloy hardened steel in dry and minimum-lubrication conditions (MQL) was investi-

gated. As the source [65] proves, the sizes of both the wear crater and the side wear of the 

cu�ing part directly depend on the duration of the cu�ing process with the insert. There-

fore, the quality of the cu�ing insert for thread turning depends on the operating condi-

tions: technological parameters (speed, feed, and depth), infeed methods (radial, flank, 

modified flank), lubrication and cooling methods and types, additional influencing factors 

(such as forced vibrations, cryogenic environments), as well as on the design of the tool, 

which takes all these factors into account. Global manufacturers of cu�ing tools offer 
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carbide inserts for thread turning only with a zero rake angle (Figure 1a) [66]. However, 

one of the most influential factors that increase the efficiency of thread turning is the use 

of a non-zero rake angle of the cu�er. Scientific and technical studies prove its effective-

ness, especially in the manufacturing of parts from difficult-to-machine materials [44,45] 

(Figure 1b,c). 

   
(a) (b) (c) 

Figure 1. Diagram of the formation of geometric parameters during the turning of a part using a 

turning tool (α—clearance angle, γ—rake angle): (a) γ = 0; (b) γ > 0; (c) γ < 0. 

The value of the rake angle γ, according to the original source [67], has a significant 

impact on the cu�ing forces that arise during the high-precision turning of titanium alloys. 

The study states that a reduced rake angle increases chip removal efficiency but acceler-

ates tool wear. This approach provides a theoretical basis for understanding the evolution 

of cu�ing forces during thread machining of titanium alloys and serves as a guideline for 

tool design [67]. However, this article does not provide data on the dependence of profile 

accuracy or thread diameter accuracy on the rake angle, although it does include data on 

the dependence of surface roughness on this parameter. Despite the fact that conventional 

thread cu�ers have only zero rake angles, recommendations on appropriate rake angles 

values for thread turning in workpieces made of various materials are widely available in 

the mechanical engineering industry. Examples include works [45,67], and the study [68], 

which show that as the rake angle increases, the degree of chip segmentation also in-

creases; consequently chip separation improves and the machinability increases. A high 

level of chip segmentation (or controlled segmentation) is desirable when machining dif-

ficult-to-machine materials such as titanium alloys and high-strength steels, as it reduces 

the load on the tool. The degree of chip segmentation during the machining of titanium 

alloys is lowest when the rake angle is in the range from 0° to 5°. At the same time, a rake 

angle of 15° leads to a greater degree of chip segmentation in titanium chips, and therefore 

improves machinability by turning [68]. There is a global practice of supplying only cut-

ters with a zero rake angle to the market. However, it has been shown that when using 

standard (unadjusted) thread cu�ers with a rake angle different from zero, significant de-

viations in the pitch diameter and thread profile of the may occur [54,55]. For example, 

study [46] proposes inspecting the thread profile using a highly efficient contact method 

carried out with the cu�er itself, or more precisely, with a threaded cu�ing insert. In this 

case, the measurement accuracy does not depend on whether the insert has a full or partial 

profile. The article indicates the deformation nature of deviations caused by the cu�ing 

forces of the cu�er, whose cu�ing-edge profile clearly corresponds to the profile of a 

standard thread, and whose rake angle is 0°. According to the authors [53], a non-zero 

rake angle of the thread cu�er is the cause of the curvilinear profile of the resulting thread. 

It is proposed to study the curvature of the thread profile empirically using a special de-

vice. This device makes it possible to set various cu�er positions, thereby achieving spe-

cific values of the rake angle. However, the empirical approach to studying curvature can-

not establish a clear functional dependence of the profile shape on the rake angle and 

thread parameters. Therefore, the purpose of the study is to analytically determine the 

profile of a carbide insert for high-precision thread turning with minimal profile 
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deviations depending on the geometric parameters of the thread and the tool (rake angle 

and cu�ing-edge inclination angle). 

The objectives of the article are as follows: 

– determination of the base points of the profiles of the most common types of threads: 

triangular tapered, trapezoidal, and bu�ress, which differ significantly in the magni-

tude of the profile angle; 

– determination of requirements for the accuracy of the profile (flank) angle of the spec-

ified threads; 

– graphical study of the influence of the rake angle on the thread profile; 

– application of graph-analytical and analytical methods for determining the cu�ing 

edge as the curve of intersection between the cu�ing-edge plane and the surface of 

the thread guide cone; 

– development of a Python 3 program  in Google Colab (h�ps://colab.re-

search.google.com, accessed 15 April 2026) for calculating and modeling the cu�ing 

edge of thread cu�ers with non-zero values of the rake angle and the cu�ing-edge 

inclination angle; 

– use of the Python program for modeling cu�ing edges of different types of thread 

cu�ers with varying values of rake angle and cu�ing-edge inclination angle; 

– perform an experimental verification of the results on a lathe. 

3. Profile Accuracy of the Large Pitch Thread for Heavy  

Using Conditions 

Threads with large helix angles, which are most often used in heavily loaded and 

critical screw pairs, can be divided into three groups according to their profile: conical 

threads for drill strings of a triangular profile, lead threads for kinematic pairs of a trape-

zoidal profile (for example, lead screws for metal-cu�ing machines), dynamic lead screws 

with a wedge-shaped bu�ress thread (for example, for hydraulic presses and jacks). 

3.1. Profile of Conical Tool-Joint Thread According to the API and GOST Standards 

Rotary drill string is a threaded drill pipe designed to transmit high torque from the 

ground rotor to the drill bit at the bo�om of the string. In addition, a high-pressure flush-

ing solution (up to 20 MPa) is supplied inside the string from top to bo�om. An additional 

operational requirement is the need for multiple screwing and unscrewing of the pipes 

during the string lowering and lifting operations to replace a worn bit for repair. All this 

together imposes high requirements on the accuracy of the tool-joint conical thread, espe-

cially its profile. The strength of the connection, its tightness and unhindered multiple 

screwing depend on this. 

According to ANSI/API standards [69] and GOST standard [70] (Figure 2), such 

threads are made with nominal pitches P: 4.233 mm, 5.080 mm, 6.35 mm. Diameters d2t 

(pitch diameter) have values from 30 to 203 mm at the larger base of the cone. The thread 

flank angle (half-profile angle) φ/2 = 30°± 40′ (Figure 2). 
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Figure 2. Scheme of a triangular conical thread according to the ANSI/API SPECIFICATION 7-2 

standard [69] and GOST [70]. Parameters: φ/2—flank angle, H—height of fundamental triangle, P—

pitch, h—height of the thread, h1—height of the profile; f—truncation at the crest, b—truncation at 

root; R—root radius. Dimensions of the larger base of the cone: rt—minor radius of fundamental 

triangle, Rt—major radius of fundamental triangle, d2t—pitch diameter, σ—taper angle. 

To determine the lead angle of the thread helix, this formula is used: 

� = ������
�

���

 (1) 

Pitch P = 4.233 mm is only possible for threads of small pitch diameters of 27–41 mm. 

Therefore, according to the formula, the largest value � = 2.86°. 

3.2. Trapezoidal Thread Profile According to ISO, ASME and GOST Standards 

The main purpose of trapezoidal threads is rotational–translational kinematic pairs 

with significant axial loads and increased requirements for accuracy of movements. This 

imposes high requirements for the accuracy of the pitch and flank angle, as well as the 

strength and wear resistance of the lead screw and nut. 

According to GOST [71], ASME [72]: H = 1.866P, h3 = 0.5P. According to GOST [71] 

and ISO [73]: flank angle φ = 30°, root width k = 0.366P, root width along the pitch diameter 

is 0.5P (Figure 3). According to ASME [72]: root width k = 0.3707P, root width along the 

pitch diameter is also 0.5P (Figure 3). 

 

Figure 3. Trapezoidal thread diagram according to GOST 9484-81 [71], ASME [72], ISO [73], “Basic 

norms of interchangeability. Trapezoidal screw thread. Profiles”. 



Machines 2026, 14, 549 7 of 37 
 

https://doi.org/10.3390/machines14050549 

The accuracy of the profile angle φ = 29° (Figure 3) of the trapezoidal thread is regu-

lated by the ASME standard [72] and is dependent on the number of threads per inch 

(Table 1). That is, at Threads/In = 3 (i.e., thread pitch P ≈ 8 mm), the accuracy of the flank 

angle is 22 min. 

Table 1. Tolerances on φ/2 = 14.5 deg flank angle for external and internal Acme screw threads. 

Fragment of standard [72]. 

Number of Threads/In 
≈Pitch 14.5 deg Variation 

mm deg min 

8 3.2 0 35 

5 5.1 0 27 

4 6.35 0 25 

3 8.5 0 22 

2 12.7 0 18 

To determine the largest lead angle of a trapezoidal thread according to the ISO 

standard, one should select, according to [73], the nominal and pitch diameters of the 

thread of the smallest value and simultaneously with the largest pitch P. Table 2 contains 

data that can be used to determine the lead angle of the thread according to the formula 

(1). 

Table 2. Fragment of the ISO standard on the correspondence of maximum pitches and maximum 

pitch diameters [73]. 

Major Diameter d, mm 
Pitch P (Maxi-

mum), mm 

Pitch Diameter (Max-

imum), mm 

Lead Angle, ° 

ψ 

16 4 14.00 5.2 

24 8 20.00 7.26  

32 10 27.00 6.72 

44 12 38.00 5.7 

Therefore, according to the Formula (1), the largest lead angle in a trapezoidal thread 

with a major diameter of 24 mm and a pitch 8 mm is 7.26°. 

3.3. Bu�ress Thread Profile According to the ASME Standard 

The main purpose of bu�ress threads is to withstand high axial loads in one direction, 

for example, industrial jacks, casing pipes for oil and gas wells with significant axial loads 

and increased requirements for accuracy of movements, which imposes high require-

ments for the accuracy of the pitch and flank angle, as well as the strength and wear re-

sistance of the screw and nut (Figure 4). 

Tolerance of the thread profile angle according to the ANSI B1.9–1973 standard [74]: 

H = 0.89064P, h = 0.6P, r1 = 0.07141P, f = 0.14532P, F = 0.16316P, φ2 = 45°, φ1 = 7°. 
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Figure 4. Bu�ress thread pa�ern according to ANSI standard [74]. Symbols: d—major diameter, d1—

minor diameter, d2—pitch diameter, P—pitch, H—height of sharp-V thread, h—basic height of thread 

engagement, r1—root radius (theoretical), f—crest truncation, F—crest width. 

The accuracy of the flank angles of the thread according to the ANSI standard [74] is 

represented by the tolerances for angle deviation: 4 min for φ2 = 45° and 5 min for φ1 = 7° 

(Table 3). 

Table 3. Fragment of the ANSI standard on major diameters, pitch and flank angle accuracy [74]. 

Threads 

per Inch 

Pitch, P, 

≈mm 

Tolerance on Flank Angles of Thread, ±min Pitch 

Diameter d2, 

Inch 
φ1 = 7° φ2 = 45° 

16 1.6 5 4 0.5–4 

10 2.5 5 4 0.3–16 

4 6.35 5 4 1.5–24 

2 12.7 5 4 8–24 

Therefore, according to the formula (1), the largest lead angle in the bu�ress thread 

with a pitch diameter of 1.5’ (d2 ≈ 38 mm) and a pitch of P ≈ 6.35 mm is ψ = 3.03°. 

3.4. Comparison of Requirements for the Accuracy of the Thread Profile Angle and the  

Lead Angle 

So, nominally the most demanding in terms of accuracy of flank angles is the bu�ress 

thread according to the standard [73] with a deviation of 4 min, which is δ = 4/(45 × 60) = 

0.15% of the nominal value (Table 4). The trapezoidal thread according to the ASME 

standard [71] with a deviation of 18 min can be considered less accurate, i.e., δ = 18/(60 × 

14.5) = 2%. The least demanding profile accuracy is the tool-joint thread with a deviation 

of 45 min, which is δ = 45/(60 × 30) = 2.5% of the nominal value of the profile angle (Figure 

2). 

Table 4. Summary of maximum data for bu�ress, trapezoidal and tool-joint threads in terms of pro-

file angle deviation and lead angle. 

Parameters Tool-Joint Trapezoidal Bu�ress 

Maximum permissible relative deviation of the profile angle δ 2.5% 2% 0.15% 

Maximum thread lead angle ψ (maximum helix lead angle) 2.86° 7.26° 3.83° 

It should be noted that bu�ress threads (P = 5.08 mm) as well as triangular tapered 

threads (P = 3.175 mm) are also widely used in the oil and gas industry, for example, for 

connections of well casing pipes. However, despite the high mechanical loads and re-

quirements for corrosion resistance, these threads have quite large diameters (114–508 
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mm) and therefore, with similar pitch values [75], have a significantly lower lead angle 

than those used in highly loaded threads [76], for example in powerful jacks. 

4. Modern Approaches to Ensuring the Accuracy Form of the Produc-

tion of Large-Step Threads Made by Turning 

4.1. Providing Directrix and Generatrix Lines When Turning Helical Surfaces 

All modern threads contain two helical surfaces, with a constant pitch P. Figures 2–4 

show a blue line cp, which is the directrix of one of these two helical surfaces. Points 2 and 

3 belong to this directrix and are at the same time profile points of the threads: tool-joint, 

trapezoidal, bu�ress. Other profile points of these threads 1 and 4 belong to the generatrix 

of the second helical surface. Since lathes are widely used to manufacture the specified 

threaded and helical surfaces, considerable a�ention of manufacturers and researchers is 

focused on thread cu�ers and their ability to process difficult-to-machine materials, which 

include high-strength and corrosion-resistant steels [77]. Of course, such abilities are de-

veloped due to the use of modern composite materials for coatings of cu�ing threaded 

inserts [78]. At the same time, the actual geometric parameters of the cu�ers and their 

movements during thread turning are very influential factors, especially for difficult-to-

machine materials [45]. 

Usually, in the case of threading on a lathe, the cu�er is installed in such a way that 

its cu�ing edge 4-1-2-3 is aligned with the axial plane of the thread [66,76] (Figure 5). Each 

point of the cu�ing edge performs an absolute movement along the trajectory of the helix 

with a pitch P. Points 2 and 3 belong to one helical surface and two boundary helices of 

this surface: the blue helix with the smallest radius r2 (point 2) and the red helix with the 

largest radius R3 (point 3). All other points forming the helical surface are located between 

the points 2 and 3. Another helical surface is formed by the section of the cu�ing edge 

located between the points 1 and 4. The absolute movement of the edge points along the 

helix is ensured by the constant rotational movement of the workpiece around the thread 

axis X and the translational movement of the cu�ing edge points along the axis X. In this 

case, the module of translational movement ���
���⃗  � (mm per rotate) is equal to the step size 

P (mm). 

 

Figure 5. Thread cu�er movement diagram: X—axis, P—pitch, St—longitudinal feed per revolution, 

R3—radius of the helix (red) with point 3 on the cu�ing edge, r2—radius of the helix (blue) with 
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point 2 on the cu�ing edge, X3,X3+P—coordinates of the points of two adjacent turns of the red helix 

on the X axis; 4, 1, 2, 3 are points that simultaneously belong to the cu�ing edge of the cu�er and 

the axial plane of the screw XY (yellow). 

Provided that the plane of the cu�ing edge of the tool is completely aligned with the 

axial plane of the thread, profiles of the edge and the thread will coincide, and accordingly 

their profile angles φ will coincide (Figure 6a). 

Theoretically, the helical surface is formed by a truncated cone (guide cone), which 

rotates with a constant circular speed around its axis X and moves translationally along 

this axis. If the cu�ing edge 3-2 of the cu�er lies in the axial plane of the guide cone—the 

plane Xp-Xc -c-p, then a regular closed cone is formed in the case of radial feed ��
���⃗  (Figure 

6c). The straight-line generator of the cone pc will coincide with the edges 2-3 when the 

cu�er completes the radial feed ��
���⃗  . Such a guide cone provides a theoretically correct 

closed helicoid (otherwise Archimedes’ screw), which defines most fastening threads and 

all bu�ress threads and trapezoidal lead screws (Figure 6b). The profile of the guide cone 

is the same in all axial planes, including ZX. The directrix cp in the ZX plane is described 

by the equation (Figure 6d): 

� = � ∙ cot �
�

2
� 

 

Figure 6. Scheme of forming a trapezoidal thread: (a)—coincidence of the cu�ing-edge profile (yel-

low) and the profile of the resulting thread (lime); (b)—location of the edge of the thread cu�er 

(yellow) in the axial plane of the thread (lime); (c)—location of the edge of the cu�ers 2-3 as the 

generator of the guide cone cp. X—thread axis, P—thread pitch, R—radius of the larger base of the 

guide cone, r—radius of the smaller base of the guide cone, Xp, Xc—coordinates of the points of the 

generating cone of the directrix on the thread axis X; φ—thread profile angle; (d)—location of the 

projection of the cu�ing edge 2-3 in the axial plane ZX. 

4.2. Deviation of the Cu�ing Edge of the Thread Cu�er from the Generating Helical Surface Un-

der the Condition of Using the Cu�ing-Edge Inclination Angle λ 
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In practice, leading manufacturers of cu�ing tools often recommend using a special 

inclination of the cu�ing insert at an angle λ to the thread axis and supply special shims 

for this. This inclination angle λ, which is equal to the lead angle, guarantees the same 

clearance angles of the right and left sides of the insert [66,76] (Figure 7a). This is done to 

maintain the same operating conditions of the left (1-4) and right (2-3) cu�ing edges, 

which helps to increase the tool life. For versatility, the cu�ing-edge profile of such carbide 

inserts 4-1-2-3 is made identical to the profile of the corresponding thread (Figure 7b). The 

diagram of installing the cu�er together with the holder with a rotation to an angle λ (Fig-

ure 7c) graphically explains the difference compared to installation without rotation to 

this angle (Figure 6b). However, such an installation is not possible in a conventional lathe 

toolholder. 

 

Figure 7. Scheme of installing the cu�ing insert of the thread cu�er: (a) at the angle of inclination of 

the edge λ which corresponds to the lead angle ψ; (b) placement of the cu�ing edge on the threaded 

insert; (c) scheme of turning the thread cu�er at an angle λ. 

However, it is obvious that the plane where the cu�ing edge 2-3 is located, in the case 

of its inclination at an angle λ to the axial plane of the thread (Figure 8a), will not coincide 

with the generator of the guide cone cp. (Figure 7c), which is always located in the axial 

plane (lime) (Figure 8b). 
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Figure 8. Scheme of installation of the cu�ing insert of the thread cu�er: (a) at the angle of inclination 

of the edge λ, which corresponds to the lead angle ψ; (b) axial projection of the guide cone; P is the 

thread pitch, φ is the profile angle of the thread. Radii r and R are the parameters of the large and 

small base of the truncated cone (guide cone). 

4.3. Deviation of the Cu�ing Edge of the Thread Cu�er from the Generating Helical Surface Un-

der the Condition of Using the Rake Angle γ 

If the value of the rake static angle at the apex of the thread cu�er is not zero, but the 

angle of inclination of the cu�ing edge has a zero value, then the rake plane intersects the 

generating cone of the thread parallel to its axial plane (Figure 9). The value k is the dis-

tance from the plane of the section of the guide cone with the plane of the cu�ing edge of 

the cu�er 2-3-4-1 to the axial plane. eg is the line of intersection of the plane of the cu�ing 

edge with the guide cone. Obviously, the curve eg is not equal to the line cp, but it repre-

sents the true generator of the guide cone and must include the cu�ing-edge points lo-

cated between the points 2 and 3 (Figure 9). 

 

Figure 9. Installation diagram of a thread cu�er with a non-zero rake angle, Spop—transverse feed. 

5. Analytical Calculation of the Points of the Hyperbolic Profile of the 

Cu�ing Edge with a Non-Zero Value of the Rake Angle and the Inclina-

tion Angle at the Nose 

5.1. Analytical Calculation of the Hyperbolic Profile of the Cu�ing Edge as a Function of the 

Rake Angle 

In fact, when a conical surface is intersected by a plane parallel to the axis of the cone, 

a hyperbola is formed [79,80]. So, Figure 10 presents a spatial scheme for the formation of 

a hyperbolic curve ge, which should be in the shape of the cu�ing edge of the cu�er to 
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create one of the two helical surfaces of the thread with a pitch P, a profile angle of the 

thread φ and the height of the initial triangle H. 

Therefore, the shaded area in the figures corresponds to the hyperbolic section of the 

rake plane with the surface of a truncated cone, which is the parallelism surface of a tri-

angular, trapezoidal, or bu�ress thread [81]. 

The axes x2 and x1 lie, respectively, in the planes of the major and minor bases of the 

truncated cone. 

 

Figure 10. Scheme of obtaining a cross-section of a conical surface and a plane parallel to the axis of 

the cone. The Y-axis is parallel-transferred from the vertex of the cone O to the point Xp and then 

through the point p. 

If the cu�ing edge is not located in the axial plane of the truncated cone, which is 

given by the trace fβ (Figure 11), passing through the thread axis, then a cu�er with a tri-

angular profile, which should correspond to the thread profile during transverse feed, will 

reproduce not a triangular, but a hyperbolic thread profile [78]. 

Therefore, if we consider the section of the thread as the surface of a truncated cone 

(Figures 10 and 11) with a large radius R, a small radius r and an angle at the nose, then 

as a result of the intersection of this cone with the rake plane, which is given by the trace 

f, a hyperbola will be obtained [80]. 

Hyperbolic section of a cone with axis OX and generatrix Or with the rake plane 

marked by the shaded area (Figure 11). Hyperbola O1 emq asymptotically approaches the 

line Op. An arbitrarily chosen point m at the intersection of the axial plane and the cone 

corresponds to a point n at the intersection of the rake plane and the cone. They have a 

common coordinate xn on the OX axis. The vertex O1 of the hyperbola is distant from the 

vertex of the cone by a distance a along the OX axis, and the point Q is distant by a distance 

b along the OY axis. 

To calculate the deviation of the hyperbola from the asymptote, depending on the 

distance from the vertex of the cone O along its axis, we use the following formula [80] 

|��| =
��

�� + ���
� − ��

 (2) 

We obtain the dependence of the value of a on the values of the angles � and � and 

the radius r. To do this, we determine the value of k, which is marked on the projection 

plane W (Figure 11). From the right triangle O”O1 “Q”: 
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� = |�’’�’’|���� 

Using the projection plane H, we obtain the expression 

� = � ∙ ���� 

Since the value k is equal to the length of the segment O1’O’ on the projection plane 

V (Figure 11), then from the right triangle O1’O’e we have the equation 

|��
� ��| = � = |��

� �|���� = ����� 

Therefore: 

� = ����� (3) 

and accordingly, since |Q1’O’| = |Q1’’O’| = k = rsinγ: 

� =
�∙��� �

��� �
; 

From the same constructions, we obtain the dependence 

� = � ∙ tan � =  � ∙ sin � 

As a result, we obtain the dependence of the product �� on the values of the angles 

� and � and the radius r: 

�� =
(� ∙ sin �)�

tan �
 (4) 

Since point n is taken as an arbitrary point of the cone, and point m is the correspond-

ing point of the hyperbola, then using the concept of an arbitrary i-th point, we will take 

its coordinates as xi along the OX axis and ri along the OY axis. Thus, the asymptote for-

mula will look like this: 

�� =
��

tan �
=

��

tan �
�
2

−
�
2

�
=

��

cot
�
2

 (5) 

We replace the notations: |��|  by  ∆� , as well as ��  by ��  and after substituting 

expressions (4) and (5) into Formula (2), we obtain the formula 

∆�=
(� ∙ sin �)� tan �⁄

��

tan �
+ ��

��

tan �
�

�

− �
� ∙ sin �

tan �
�

�

=
�� ∙ sin� �

�� + ���
� − (� ∙ sin �)�

 
(6) 

The obtained Equation (6) indicates the functional dependence of the magnitude of 

the displacement of ∆і the hyperbolic profile of the cu�ing edge of the thread cu�er at an 

arbitrary i-point on the value of the rake static angle � at the vertex point e and the radius 

of the cone at an arbitrary point ri and the small radius r of the truncated cone. 

An arbitrary point on the hyperbola profile can be given in parametric form: 

�� = �� − ∆� 

�� =
��

cot
�
2

 

So, we describe the profile of the hyperbola as follows: 

�� = �� ∙ co� �
�

2
� −

�� ∙ sin� �

�� ∙ co� �
�
2

� + ���� ∙ co� �
�
2

��
�

− (� ∙ sin �)�

 
(7) 
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where: 

ri—thread radius at a given point of the profile, 

��—coordinates of the thread profile (2–3) or (1–4) in Figure 3, 

φ—profile angle of the thread. 

 

Figure 11. A complex drawing of obtaining a cross-section with a hyperbolic profile when intersect-

ing a cone with a plane that does not pass through its axis. 

5.2. Implementation of Formulas (1)–(7) in Python Using the Example of Analyzing the Process 

of Turning a Trapezoidal Thread of Diameter 24 mm with a Pitch of 8 mm Using a Cu�er with a 

Rake Angle of γ = 50° 

The obtained hyperbola functions (Equation (7)) and asymptotes make it possible to 

make their graphical display and graph-analytical comparison. Figure 12 presents the di-

agrams of the specified functions made by the authors in Python [82], as well as the dia-

gram of linear interpolation of the hyperbola by the two extreme points e and g. Only in 

order to clearly distinguish visually between the hyperbola and its asymptote, the value 

of the rake angle γ = 50° was used. For example, the diagrams (in Figure 12) were simu-

lated based on the data of the trapezoidal thread according to ISO 2904 and GOST9484-81 

with a nominal diameter of 24 mm and a pitch of 8 mm (Figure 3). The diagram in Figure 

12, for the sake of clarity of its perception, has been copied into Figure 13, where it is 

commented on with data and terms from Figures 10 and 11. 
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Figure 12. Diagram of the straight section of the trapezoidal thread profile according to ISO 

2904/GOST9484-81 with a nominal diameter of 24 mm, a pitch of 8 mm (blue line), a hyperbolic 

profile of the cu�ing edge of the cu�er as a function of the rake angle γ = 50° (green curve), and a 

linear interpolation of the hyperbola by the two points (red line, magenta line). 

 

Figure 13. Diagrams with comments: straight-sided section of the profile of a trapezoidal threads 2-

3 according to ISO 2904 [73] and GOST 9484-81 [71], with a nominal diameter of 24, a pitch of 8 mm 

(orange straight line) and a hyperbolic profile of the cu�ing edge of the cu�er as a function of the 

rake angle γ = 50° (section on the blue curve between points with coordinates x2 and x3). 

5.3. Analysis of the Convexity (Concavity) Arrow of a Hyperbola and Its Maximum and Mini-

mum Deviations from the Asymptote 

Visual scaling of the thread profile and cu�ing edge of the thread cu�er in Figure 14 

was performed to determine: 

The values of the maximum Δmax and minimum Δmin deviations of the simulated 

hyperbolic curve (green) emg (which includes the model of the cu�ing-edge profile of the 
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thread cu�er) from the asymptote cp (the given cu�ing-edge profile, which is equal to the 

profile of the given thread (do�ed cyan)). 

Interpolation line through two points W and F, which lie on the hyperbola emg and 

are defining points 2 and 3 of the simulated cu�ing edge of the thread. 

The angles of the standard cu�ing-edge profile (φ/2) (Figure 14a, Figure 13) and the 

angle of the interpolation line eg (red) (φ1/2) (Figure 14a, Figure 13). 

Concavity values |Am|= si of the points m of the obtained hyperbolic profile of the 

cu�ing edge of the thread cu�er emg from points A on the interpolation line eg. 

Profile angle φ2/2 of the simulated cu�ing edge (WF) intended for forming the 

straight-sided section of the thread profiles 2–3, which belongs to the asymptote (Figures 

13 and 14b). 

 

Figure 14.  Scheme for determining the hyperbolic curve emg and: (a) the convexity arrow si of an 

arbitrary point n of the hyperbolic curve emg; (b) the profile angle φ2/2 of the simulated cu�ing 

edge (WF) intended for forming the straight-sided section of the thread profile 2–3, which belongs 

to the asymptote cp of the hyperbolic curve emg. 
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5.3.1. The Formulas for Calculating the Maximum Deviations Δmax and Minimum Devi-

ations Δmin 

Deviations of the simulated hyperbolic curve emg (which includes the model of the 

cu�ing-edge profile) from the asymptote cp (a given cu�ing-edge profile equal to the pro-

file of the given thread) can be determined based on the Formula (6): 

∆�=
�� ∙ sin� �

�� + ���
� − (� ∙ sin �)�

 

According to Figures 11 and 14, to determine Δmax, the following substitution 

should be made ri = r: 

∆���=
�� ∙ sin� �

� + �(�)� − (� ∙ sin �)�
= � −

� ∙ sin� �

1 + ����
 (8) 

According to Figures 11 and 14, to determine Δmin, the substitution should be made 

ri = R: 

∆���= � −
�� ∙ sin� �

� + ��� − (� ∙ sin �)�
 (9) 

5.3.2. Determination of the Angles of the Interpolation Lines eg and wf 

Proflie angles 
�

�
,

��

�
, φ2/2 can be determined by Figure 14 and formulas in Table 5: 

Table 5. Summary of angle calculation formulas φ, φ1, φ2. 

Symbol Name Formula Comments 

φ/2 
Flank angle (half-

profile angle) 

�

2
= ������

�� − ��

�� − ��

 
15° 

according to standards 

ISO 2904 [73] and GOST 9484-81 [71] 

φ1/2 

The angle of the 

interpolation line 

between points g 

and e 

��

2
= ������

�� − ��

�� − ��

 

�� = � tan
�

2
 

�� = � tan
�

2
 

�� = � 
�� = � −  ∆��� 

�� = � 

�� = � − ∆��� 

φ2/2 
Cu�ing-edge pro-

file angle 

��

2
= ������

�� − ��

�� − ��

 

�� = �� +
�

2
+

ℎ�

2
� tan

�

2
 

�� = �� +
�

2
−

ℎ�

2
� tan

�

2
 

yf determined by (7) for �� = �� 

yw в determined by (7) for �� = �� 

5.3.3. Definition of the Deviation (Concavity Value) of Hyperbola emg by Software-Ana-

lytical Method 

For the analytical definition of the deviation (concavity value) of the hyperbola emg, 

it is necessary to find the maximum distance between the points of the hyperbola and the 

corresponding points of the interpolation line |Am|= si. (Figure 14), that is, find the max-

imum value of the difference between Y coordinates: 

|s�| = ���� − � 

where 

y is determined by Formula (7) for a given array of points with coordinates xi for i = 

{xc, … xp}; 
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yint—for the same array of points i = {xc,… xp}, using Figure 14 we determine using 

the method [80] the interpolation line eg, i.e., we create a line through the point e(xc ,ye). 

5.3.4. Maximum Possible Distance si 

Based on the algorithm built on the basis of formula (7), a Python application [82] 

was created to determine the maximum possible distance si (Table 6). 

Table 6. Data and results of the calculation of the boom si convexity of hyperbola emg. 

Thread Diameter, 

mm 
Thread Pitch 

The Value of the 

Rake Angle γ, ° 
si, mm 

24 8 50 0.01 

24 8 20 0.002 

24 8 10 0.00056 

5.3.5. Definition of the Arrow of Convexity (Concavity Value) of the Hyperbola Section 

emg, Which Corresponds to the Cu�ing Edge of WF by the Program in Python 

Based on Figure 14 and using the Python, an application [82] was developed that 

allows calculating the distances between the hyperbola and the straight interpolation line 

drawn through the points W, F of the cu�ing edge of the modeled cu�er for machining 

the threaded parts 2–3. The program allows for a rectilinear approximation of the hyper-

bola section emg. 

Figure 15 shows the distribution graphs of these distances: between the hyperbola 

and the interpolation line WF (upper curves), between the hyperbola and the approxima-

tion line (lower curves). 

 

Figure 15. Distances from the interpolation line WF (upper curves) and the approximation line 

(lower curves) to the corresponding points of the hyperbolic curve WF modeled according to the 

Formula (7) intended for forming the cu�ing edge 2–3 of a tool with a rake angle γ = 10° for P = 2 

mm (right), 5 mm (middle), 8 mm (left). 

Thus, it is shown that, due to the small concavity value, it is technologically expedient 

to manufacture the cu�ing edge with a rectilinear rather than hyperbolic profile of the 

lateral side flanks. 
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6. Analytical Calculation of Linear Interpolation Between Two Extreme 

Points of the Hyperbolic Cu�ing-Edge Profile as a Function of the Rake 

Angle at the Nose and the Inclination Angle 

To ensure high productivity of the thread cu�er, the cu�ing edge plane (i.e., the rake 

plane) should be placed not only at the rake angle �, but also at the cu�ing-edge inclina-

tion angle λ, as recommended by tool manufacturers [66,76]. 

From the point of view of the well-known theory of conic sections [80], a hyperbola 

will be obtained under the conditions: 

 if we cross the conical surface with a plane that is parallel to the axis of the cone. In 

Figure 16a, the plane f intersects the conical surface at a distance k from the axis and 

is located parallel to the axis. The value of k depends on the value of the rake angle 

according to the Formula (3); 

 if we cross the conical surface at an angle λ whose value is greater than 0° and less 

than the angle at the vertex of the cone β (Figure 16b); 

 if we cross the conical surface with a plane parallel to the generator of the cone, we 

will obtain a parabolic profile (Figure 16c). 

 

Figure 16. Schemes illustrating the origin of the hyperbolic and parabolic cross-section depending 

on the position of the rake plane (a): f—frontal trace of the rake plane (b), λ—inclination angle of 

the rake plane to the axis of the conical surface (c), β—half angle at the apex of the cone. 

That is, provided that 0° < � < (
�

�
−

�

�
)°  the cross-section of this triangular thread 

and the plane of the rake surface with a double slope is hyperbolic. 

It is possible to determine the coordinates of the extreme points of the intersection of 

the plane uAv with the surface of a truncated cone with height �
2�  as the lines of inter-

section of the hyperbola with circles with radii r and R (Figure 17). 
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Figure 17. Scheme for obtaining a cross-section of a conical surface and a plane uNv inclined to the 

axis of the cone at an angle �. 

Therefore, the indicated shaded region is bounded by a hyperbolic curve formed by 

the intersection of the rake flat surface of the thread cu�er, whose parameters � ≠ 0 and 

� ≠ 0 the parallelogram surface of the triangular thread, i.e., with a cone of height h and 

an angle at the vertex β. 

It is possible to determine the coordinates of the extreme points of the intersection of 

the plane uNv with the surface of a truncated cone with height �
2�  as the lines of the 

intersection of a hyperbola with circles of radii r and R (Figure 17). 

In the plane of a circle with radius r (plane y0x2)—coordinates on the v axis: 

���� = ��� − �� (10) 

In the same plane, we have the minimum value of the coordinate along the u axis: 

umin = 0 

In the plane of a circle with radius R (the plane that is parallel to y01x1 and contains 

the x2 axis)—the coordinates on the v axis are: 

���� = ��� − �� −
�

2
��� ��

�

 (11) 

where 

according to the Formula (3) � = � ��� � 

In the same plane, we have the maximum value of the coordinate along the u axis: 

���� =
�

2 ��� �
 (12) 

Determining the profile angle of the cu�ing edge of the cu�er (according to the dia-

gram in Figure 18): 
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�� = 2 ������ �
����

(���� − ����)
� (13) 

 

Figure 18. Scheme for determining the profile angle φ2 of the simulated lateral straight cu�ing edge 

of the cu�er as a function of its geometric parameters γ and λ. 

7. Analytical Study of the Cu�ing Edge with Geometric Parameters γ 

and λ 

7.1. Derivation of the Cu�ing-Edge Equation by Solving the System of Equations of a Cone and a 

Plane 

A cone with a half angle at the vertex β in the Cartesian coordinate system XYZ, 

whose origin is located at the vertex of the cone, is described by the equation: 

�� + �� = �� tan�(�),  (14)

The equation of the plane is given by: 

� = �,  (15)

The equation of the cu�ing edge (a hyperbola) is obtained as a solution to the system 

of Equations (14) and (15): 

� = ±��� tan�(�) − ��.  (16)

After substituting  = π/2 − φ/2 and k = r·sinγ, and considering only the “+” sign, can 

be shown that the right-hand sides of Equations (16) and (7) are identical. Thus, the prob-

lem in its alternative formulation has the same solution. 

If the plane given by Equation (15) is additionally rotated by an angle λ about the 

line of intersection of the planes y = k and x = r·tan(φ/2), its equation becomes: 

�−� ∙ ��� �
�

�
� + �� sin(�) + (−� + �) cos(�) = 0  (17)
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The solution of the system of Equations (14) and (17) yields the equation of the inter-

section curve: 

� = ±��� tan�(�)  −   �� ∙ ��� �
�

�
� tan(�) + � − � tan(�)�

�

,  (18)

where r = d2/2 − H/2, 

Н—height of the fundamental triangle, d2—pitch diameter. 

After substituting  = π/2 − φ/2 and k = r·sinγ, and considering only the “+” sign, the 

final equation of the hyperbola in the plane containing the cu�ing edge is obtained: 

� = ��� ����(φ)  −   �� ∙ ��� �
�

�
� ∙ tan(�) + � ∙ ���(�) − � ∙ tan(�)�

�

  (19)

7.2. The Angle of Inclination of the Chord (2i-3i ) (Figure 18) to the Thread Axis 

Segment (2i–3i) (red points) is linear interpolation of a hyperbola within the cu�ing-

edge points 2–3 of the cu�er. The endpoints of the segment have coordinates (u2, v2) and 

(u3, v3). According to Figure 17, the coordinate values are given as: u2 = |Nu2| = |x2 − 

xc|/cosλ, u3 = |Nu3| = |x3 − xc|/cosλ . Since the angle λ does not exceed 7°, and therefore 

cosλ > 0.99, it can be assumed that the coordinates u2 = x2, u3 = x3. The coordinates v2 and v3 

are determined using Formula (20) from the values of the arguments u2 and u3. 

��

�
= ������ �

�����

�������
�  (20)

where the values of y3i and y2i are obtained from Equation (19) using the values of x3 and 

x2. 

7.3. Maximum and Minimum Deviation of the Theoretical Fundamental Triangle 

According to Figure 11 and Formulas (8) and (9), it is shown that the hyperbolic curve 

has the smallest deviation Δmin from the asymptote in the plane of the large base of the 

cone (radius R), while the largest deviation Δmax occurs in the plane of the small base 

(radius r). To account the influence of the inclination angle λ on these values, the following 

expressions are used: 

∆���= �� − ��,  (21)

∆���= �� − ��,  (22)

where yс and yp are determined from Figures 2–4, Tables 7–9, and ye and yg are calculated 

using Formula (19,) provided that the arguments xc, xp are determined based on Figures 

2–4 and Tables 7–9. 

Table 7. Summary of geometric and design data for trapezoidal threads with a nominal diameter of 

24 mm and a pitch of 8 mm according to ISO 2904 [73] and GOST 9484-81 [71] (Figure 3). 

Symbol Parameter Name Formula Value 

Data according to standards 

d Major diameter  25.00mm 

d2 Pitch diameter  20 mm 

P Pitch  8 mm 

d3 Minor diameter  15.00 mm 

H Height of the fundamental triangle H = 1.866P 14.928 mm 

H1 Height of the profile H1 = 0.5 P 7.464 mm 

ac Clearance  0.5 mm 

h3 External thread profile height h3 = H1 + ac 4.5 mm 

Calculated data 
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R Major radius of the guide cone R= d2/2 + H/2 17.464 mm 

r Minor radius of the guide cone r = d2/2 − H/2 2.536 mm 

Formulas for calculating the profile angle of the cu�ing edge φ2 

X2 X-coordinate of point 2 X2 =(r + (H − h3)/2)tan(φ/2), 2.077 mm 

X3 X-coordinate of point 3 X3 = (r + (H + h3)/2) tan(φ/2), 3.283 mm 

Y2 Y-coordinate of point 2 Y2 = r + (H − h3)/2 7.75 mm 

Y3 Y-coordinate of point 3 Y3 = r + (H + h3)/2 12.25 mm 

Formulas for calculating the guide cone 

Yc Y-coordinate of point С Yc = r 2.536 mm 

Yp Y-coordinate of point P Yp = R 17.464 mm 

Xс X-coordinate of point С Xс = rּtan(φ/2) 0.679 mm 

Xp X-coordinate of point P Xp = Rtan(φ/2) 4.679 mm 

8. Results of Calculation and Modeling of the Interpolated Hyperbolic 

Profile of the Cu�ing Edge of the Cu�er with a Non-Zero Value of the 

Rake Angle and the Angle of Inclination of the Cu�ing Edge 

8.1. Cu�er with Geometric Parameters λ ≠ 0, γ ≠ 0 for Turning Trapezoidal Threads with a 

Nominal Diameter of 24 mm and a Pitch of 8 mm (φ = 30°) According to the Standard ISO 2904 

[73] and GOST9484-81 [71]  

Since the pitch diameter is d2 = 20 mm and the pitch is 8 mm (Table 7), the thread lead 

angle is ψ = 7.3°. The cu�ing-edge rake angle is taken as λ = 7° (Figure 19). 

. 

Figure 19. Model of the cu�ing edge of the cu�er for turning trapezoidal threads according to 

standards [71–73]. 

8.1.1. Results of Calculation of the Position of the Extreme Points of the Hyperbolic Pro-

file of the Cu�er for Turning Trapezoidal Threads with a Nominal Diameter of 24 mm 

and a Pitch of 8 mm According to ISO 2904 [73] and GOST9484-81 [71] 

The results of calculating the positions of points e and g based on their coordinates 

xc and xp (Table 8) indicate the identity of the calculated coordinates yg and ye, obtained 

using Formula (19). These values are derived using the method of solving the system of 

equations describing the surfaces of the cone and the translated and rotated plane pre-

sented in Section 7. They also correspond to the values of Vmax and Vmin according to 

Formulas (10) and (11) (Figure 18), obtained using the interpolation method based on the 

two extreme points of the hyperbolic profile described in Section 6. 
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Table 8. Results of calculation of the extreme points e and g of the hyperbola obtained within the 

initial theoretical triangle of a trapezoidal thread with a nominal diameter of 24 mm and a pitch of 

8 mm during modeling of turning with a cu�er having geometric parameters λ = 7°, γ = 10°. 

Coordinates x By Formula (19) According to the Formulas (10) and (11) 

Xp = 4.679 mm yg = 17.462 mm Vmax = 17.464 mm 

Xc = 0.679 mm ye = 2.495 mm Vmin = 2.497 mm 

8.1.2. Results of Calculation of Cu�er Profile Elements for Turning Trapezoidal Threads 

with a Nominal Diameter of 24 mm and a Pitch of 8 mm According to ISO 2904 [75] and 

GOST 9484-81 [73] 

Based on Formulas (19)–(22) and the calculated values in Table 7, the profile elements 

of the cu�er for turning trapezoidal threads with a nominal diameter of 24 mm and a pitch 

of 8 mm were obtained for the parameter values λ = 7°, 0° and γ = 10°, 4°, 0° (Table 9). 

Table 9. Results of calculation of cu�er profile data for turning trapezoidal threads with a nominal 

diameter of 24 mm and a pitch of 8 mm according to the ISO 2904. 

N 
Rake Angle 

γ, ° 

Inclination Angle 

λ, ° 

Profile Angle of 

the Cu�er 

φ5/2, ° 

Deviation 

|ce| 

Δmax, µm 

Deviation 

|pg| 

Δmin, µm 

1 10 7 14.99 39 0 

2 4 7 15.00 6 3 

3 0 7 15.01 ≈0 7 

4 0 0 15.00 0 0 

8.2. Cu�er with Geometric Parameters λ ≠ 0, γ ≠ 0 for Turning Tapered NC10 Tool-Joint 

Threads According to API 7 Standard [69] form V-0.05  

For this thread, the helix angle at the largest diameter is 2.86°. Therefore, the cu�ing-

edge inclination angle is approximately λ ≈ 3°. The profile angle is φ = 60°. In the first turn 

of the nipple, the diameters are maximal; if these are taken as the basis for calculations, 

then according to Figure 2, R = Rt and r = rt (Figure 20). 
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Figure 20. Cu�ing edge model of a tool for turning API 7 Standard tool-joint threads. 

Based on Formulas (19)–(22) and the calculated values in Table 10, the results of the 

cu�er profile elements for tapered NC10 tool-joint thread according to API 7 standard are 

obtained for the parameter values: λ = 3°, 0° and γ = 10°, 4°, 0° (Table 11). 

Table 10. Summary of geometric and design data for tapered NC10 tool-joint thread according to 

API 7 [69] form V-0.05. 

Symbol Parameter Name Formula Value 

Data according to standards 

d2t Maximum thread pitch diameter  27 mm 

P Pitch  4.233 

H Height of the fundamental triangle  3.660 

b Height of the profile  1.209 mm 

f Clearance at the crest  1.081 mm 

h Height of external thread profile  1.420 mm 

h1 External thread profile height  1.242 mm 

Calculated data 

R Larger radius of the guide cone R = d2t/2 + H/2  15.33 mm 

r Smaller radius of the guide cone r = dt2/2 – H/2 11.67 mm 

Formulas for calculating the profile angle of the cu�ing edge φ2 

X2 X-coordinate of point 2 X2 = (r + f)/2) tan(φ/2), 7.362 mm 

X3 X-coordinate of point 3 X3 = (R – f)/2) tan(φ/2), 8.227 mm 

Y2 Y-coordinate of point 2 Y2 = r + f 12.751 mm 

Y3 Y-coordinate of point 3 Y3 = R – f 14.249 mm 

Formulas for calculating the guide cone 

Yc Y-coordinate of point C Yc = r 11.67 mm 

Yp Y-coordinate of point P Yp = R 15.33 mm 

Xс X-coordinate of point C Xс = rtan(φ/2) 6.74 mm 

Xp X-coordinate of point Z Xp = Rtan(φ/2) 8.85 mm 

Table 11. Results of calculation of profile data of the cu�er for turning tapered tool-joint threads, 

API standard 7 [69], Form V-0.05 (maximum pitch diameter Dp =27 mm, profile angle φ = 60°). 

N 
Rake Angle 

γ, ° 

Inclination Angle 

λ, ° 

Profile Angle of 

the Cu�er 

φ5/2, ° 

Deviation 

Δmax, µm 

Deviation 

Δmin, µm 

1 10 3 29.91 149 121 

2 4 3 30.00 28 17 

3 0 3 29.99 0 1 

4 0 0 30.00 0 0 

8.3. Cu�er with Geometric Parameters λ ≠ 0, γ ≠ 0 for Turning Bu�ress Threads 7°/45° with 

Basic Height of 0.6 Pitches (Basic Effective Diameter d = 1.5 × 25.4 = 38.1 mm and Pitch 0.25’ × 

25.4 = 6.35 mm, at Which the Thread Lead Angle is ψ = 3.04° (λ = 3°)  

Based on Formulas (19)–(22) and the calculated values in Table 12, the results of the 

cu�er profile elements of bu�ress threads 7°/45° with basic height of 0.6 pitches (basic 

effective diameter d = 1.5 × 25.4 = 38.1 mm and pitch 0.25’ × 25.4 = 6.35 mm) are obtained 

for the parameter values: λ = 3°, 0° and γ = 10°, 4°, 0° (Figure 21, Table 13). 
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Figure 21. Cu�ing edge model of a 7°/45° bu�ress thread-turning tool. 

Table 12. Summary of geometric and design data for 7°/45° bu�ress threads with a basic height of 

0.6 pitches (basic effective diameter d = 1.5 × 25.4 = 38.1 mm and pitch 0.25’ × 25.4 = 6.35 mm). 

Symbol Parameter Name Formula Value 

Data according to standards 

d2 Basic effective diameter  1.5’ × 25.4 =38.1mm 

P Pitch  0.25’ × 25.4= 6.35 mm 

d Nominal major diameter d = d2 + h 40.64 

N Height of sharp-V thread 0.89064P 5.656 

f Crest truncation 0.24532P 1.558 mm 

h Basic height of thread engagement 0.4P 2.54 mm 

Calculated data 

R Larger radius of the guide cone R= r + H  21.858 mm 

r Smaller radius of the guide cone r= d/2 – f – h 20.32 16.202 mm 

Formulas for calculating cu�ing-edge profile angle φ2 

X2 X-coordinate of point 2 X2 = Y2tan(φ2) = Y2, 17.78 mm 

X3 X-coordinate of point 3 X3 = Y3tan(φ2), = Y3 20.318 mm 

Y2 Y-coordinate of point 2 Y2 = r + f 17.78 mm 

Y3 Y-coordinate of point 3 Y3= f + h + r  20.318 mm 

Formulas for calculating the guide cone 

Yc Y-coordinate of point C Yc = r 16.202 mm 

Yp Y-coordinate of point P Yp = R 21.858 mm 

Xс X-coordinate of point C Xс = rּtan(φ2) 16.202 mm 

Xp X-coordinate of point P Xp = Rtan(φ2) 21.858 mm 

Table 13. Results of calculation of cu�er profile data for turning bu�ress threads 7°/45° witha basic 

height of 0.6 pitches and basic effective diameter 1.5’ (38.1 mm). 

N 
Rake Angle 

γ, ° 

Inclination Angle 

λ, ° 

Cu�er Profile 

Angle φ5/2, ° 

Deviation 

Δmax, µm 

Deviation 

Δmin, µm 

1 10 3 44.51 246 165 

2 4 3 44.89 40 16 

3 0 3 45.01 0 2 

4 0 0 45.00 0 0 

9. Experimental Verification of Analytical Dependencies 

9.1. Turning for Threading-like Grooves 

Turning was carried out on a lathe model 1A616 (Middle Volga Machine Tool Plant, 

Samara, USSR). VORGEN Ser 3232 P22 (VORGEN CUTTING TOOLS, Konya, Turkey) 
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cu�er tool is used for turning external threads. Carbide threading insert is for manufac-

turing standard form I tool-joint threads GOST 50864-96 [70] (Figure 22). 

  

Figure 22. Threading cu�ing tool with two shims: side view and top view of the thread cu�ing 

insert. 

The lower shim is ordinary. The additional upper shim provides a rake angle of γ = 

–8°, which contributes to the tool life. It is made on an electric spark machine Mitsubishi 

Electric MV12005 (Mitsubishi Electric Corporation, Tokio, Japan) (Figure 23). 

 

Figure 23. Electro-spark discharge machining of the backing shim. 

The workpiece is made of duralumin AlCu4Mg1, 2024 (ISO), diameter—40 mm (Fig-

ure 24). Spindle speed is 750 min−1, infeed is 0.16 mm/rev. 

Table 14 summarizes the data of the profile of the I-shaped tool-joint thread accord-

ing to the standard [70]. The input parameters are calculated and the coordinates of the 

key points of the standard profile are indicated. 

Table 14. Summary of geometric and design data for tapered tool-joint thread Z-66 according to 

GOST 50864-96 [70] (analog to 2 3/8 reg) according to API 7 [69] form V-0.040. 

Symbol Parameter Name Formula Value 

Data according to standards 

d2t Maximum thread pitch diameter  39.25 mm 

P Pitch  5.08 

H Height of the fundamental triangle  4.376 

b Height of the profile  0.875 mm 

f Clearance at the crest  0.508 mm 

h Height of external thread profile  2.993 mm 

h1 External thread profile height  2.626 mm 

Calculated data 

R Larger radius of the guide cone R = d2t/2 + H/2  21.813 mm 

r Smaller radius of the guide cone r = dt2/2 − H/2 17.437 mm 

Formulas for calculating the profile angle of the cu�ing edge φ2 

X2 X-coordinate of point 2 X2 = (r + f)tan(φ/2), 10.354 mm 

X3 X-coordinate of point 3 X3 = (R – f) tan(φ/2), 12.293 mm 

Y2 Y-coordinate of point 2 Y2 = r + f 17.945 mm 

Y3 Y-coordinate of point 3 Y3 = R – f 21.305 mm 
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Formulas for calculating the guide cone 

Yc Y-coordinate of point C Yc = r 17.437 mm 

Yp Y-coordinate of point P Yp = R 21.813 mm 

Xс X-coordinate of point C Xс = rtan(φ/2) 10.061 mm 

Xp X-coordinate of point Z Xp = Rtan(φ/2) 12.586 mm 

 

 
(a) 

 
(b) 

 
(c) 

Figure 24. Preparation of a part with 4 grooves having a threaded profile: (a) the process of turning 

the grooves, (b) numbering of the grooves, (c) photo of an experimental sample with 4 grooves 

having a profile I of the tool-joint thread. 

9.2. Groove Profile Study 

The study was conducted using an optical microscope PMT-3 (Leningrad Optical-

Mechanical Association, Leningrad, USSR) and a camera a�achment (magnification × 200) 

(Figure 25). A laboratorian part for providing an axial profile is divided into two equal 

parts on a Mitsubishi Electric MV12005 electric spark machine (Figure 25). A wire with a 

diameter of 0.2 ± 0.01 mm was used for this. 

 

Figure 25. A part divided in half along the axis is mounted in a prism on a microscope stand. 
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A laboratory detail divided in half along the axis is mounted in a prism on a micro-

scope stand. 

9.3. Analysis of the Experiment Results 

Cross-section photographs were taken using an optical microscope. OpenCV func-

tions were used to select pixels of the profile edges. First, the image was blurred using a 

Gaussian filter (GaussianBlur function with a smoothing kernel size of k size = 5). Then, 

edges were searched using the Canny algorithm (Canny function with parameters thresh-

old1 = 20, threshold2 = 20). Additionally, manual image cleaning from noise was used. 

The pixels of the left and right sides of the profile were approximated by linear ap-

proximation (y = slope*x + intercept) using the least squares method. The slope values 

were used to obtain the angles of inclination to the X axis. The thread profile angle φe 

calculated from them is given in Table 15. 

The roughness of the profile Ra (left and right sides) was measured from the image 

by converting y = y-intercept, rotating by the arctan(slope) angle and scaling the pixels in 

millimeters (Table 15). 

Based on the initial data from Table 14 and formula 19, the theoretical value φt = 

59.615 °of the profile angle was obtained. 

Table 15. Experimental results and deviations from the theoretical value φt = 59.615°. 

Pos. φe, ° φe − φt, ° Ra (Left), µm Ra (Right), µm 

1 59.722 0.107 6.8 4.2 

2 59.843 0.228 5.8 4.8 

3 59.547 −0.068 4 5.3 

4 59.701 0.086 6.6 4.3 

mean 59.703 0.088 5.8 4.65 

std 0.121 0.121 1.275 0.507 

The average value of φe deviates from the theoretical value by 0.088°. Since the accu-

racy of the angle of the tool-joint thread profile is ±0.67°, the width of the sca�ering field 

of φe values (6*std) is approximately half of the tolerance field. The maximum deviation 

from the theoretical value (0.228°) is 34% of the tolerance. 

10. Discussions 

The data in Table 6 (8) indicate that the simulated cu�ing edge has a technologically 

insignificant convexity of 0.002 mm at the rake angle of γ = 20°, and a convexity of 0.00056 

mm at the rake angle of γ = 10 °, which is practically impossible to reproduce. Taking these 

data into account, as well as recommendations for the rake angles range from 0 to 15°, the 

authors consider it advisable to replace the curvilinear profile of the cu�ing edge with a 

straight line passing through the two extreme points. This forms the basis for linear inter-

polation between the two extreme points of the hyperbolic cu�ing-edge profile as a func-

tion of both the rake angle at the nose and its inclination angle of the cu�ing edge, i.e., 

using Formulas (19) and (20). Expressions (10) and (11) present a visually clear and concise 

method for calculating the coordinates of the extreme points of the theoretical cu�ing-

edge profile, which is intended for a thread cu�er with non-zero values of the rake angle 

γ and the inclination angle λ. 

Equation (7) is the result of deriving the hyperbolic profile function of a thread cu�er 

from the thread parameters and the value of rake angle γ. This derivation is as geometri-

cally transparent as possible and theoretically accurate, as it is based on the methods of 

descriptive geometry and trigonometry. 
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Formula (19) is obtained using an analytical method for solving the problem of the 

intersection of a cone with a cu�ing-edge plane that has been translated and rotated. This 

analytical approach is the most general and allows one to easily obtain the hyperbolic 

profile function as a function of the parameters γ and λ. If λ = 0, then Formula (19) is 

transformed into Formula (7). Equation (19) also confirms the results obtained from ex-

pressions (10) and (11). 

The authors’ proposed simplified approach for determining the coordinates of points 

on the threaded profile, using the relations u2 = x2, u3 = x3 in Section 7.2 is debatable. Alter-

native expressions are also given: u2 = |Nu2| = |x2|/cosλ and u3 = |Nu3| = |x3|/cosλ. How-

ever, these expressions are not theoretically accurate since the coordinate origin O and the 

point Oλ about which the UV plane is rotated do not coincide. The calculation of the val-

ues Δmax and Δmin, according to the authors, is important not for analyzing the cu�ing-

edge profile itself, but for determining the maximum radial feed of the cu�er. In fact, the 

radial feed should be increased by the value (Δmax – Δmin)·cosγ. 

To use cu�ers with a non-zero λ value, it is sufficient to install a suitable shim with 

an angle of λ, supplied by the manufacturer. To ensure a non-zero γ angle, the cu�er 

holder can be adjusted, for example, by milling its support surface at an angle equal to γ. 

The experimental results are indicative, because the analysis does not take into ac-

count machining and measurement errors. The profile roughness Ra and its measurement 

errors as random variables also affect the measurement accuracy of φe (Figure 26). 

 

  
(a) (b) (c) 

Figure 26. Profile of groove No. 3 (a) and parts of the bitmap images of the left (b) and right (c) sides 

of the profile, approximated by straight lines (1 mm = 470 pixels). The color shows the deviation 

from the line. 

11. Conclusions 

1. Turning cu�ers used for manufacturing threaded parts from difficult-to-machine ma-

terials, especially parts with a large pitch (such as oil and gas threads with triangular 

and bu�ress profiles, and jack screws and lead screws with trapezoidal threads), re-

quire non-zero values of the rake angle γ and the cu�ing-edge inclination angle λ to 

ensure tool life. This necessitates analytical approaches to solving the problem of pro-

filing the geometry of a high-precision cu�ing-edge, which consists of the following: 

1.1 Profile modeling is based on functions whose arguments are: 

– geometric parameters of the thread (diameter, pitch, and thread profile an-

gle); 
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– geometric parameters of the cu�er (rake angle and cu�ing-edge inclination 

angle). 

1.2 Theoretically, these functions, using several analytical approaches, describe the 

hyperbolic curve of the profile as the intersection of the guiding thread cone and 

the plane containing the cu�ing edge. The results obtained using two ap-

proaches (descriptive geometry with trigonometric derivation and analytical ge-

ometry) are identical. 

1.3 Theoretically, it is reasonable to replace the curvilinear hyperbolic profile of the 

cu�ing edge with a rectilinear one, in particular by interpolating it between the 

two extreme points of the thread profile. The feasibility of this replacement is 

confirmed by calculating the hyperbola concavity, which does not exceed 2 µm 

relative to the interpolated chord. 

1.4 In the case of turning large-pitch threads, especially with small diameters, there 

is a technological need to significantly increase the cu�ing-edge inclination an-

gle. However, there is no need to significantly change the thread profile angle 

φ, which is confirmed by calculation examples for three different types of 

threads: tool-joint, trapezoidal and bu�ress.  

2. For the calculation examples of the profile angle φ, cu�er models with maximum 

cu�ing-edge inclination angles ranging from λ = 7° (for trapezoidal threads) down to 

λ = 3° (for tool-joint threads and bu�ress threads) were adopted. For the same groups 

of cu�ers, different rake angles values γ were considered: 10°, 4°, and 0°. This regu-

lates their application for manufacturing threads on parts made of materials with 

different machinability. The calculations show the following: 

2.1 The smallest deviations in profile angles were observed in cu�ers models with 

trapezoidal threads. These models demonstrated the highest theoretical accu-

racy of the cu�ing-edge profile φ/2 = 15° ± 0.01°, for all values of λ and γ. This is 

a�ributed to the small value of the thread profile angle φ/2, as well as the rela-

tively large tolerance (25’ ≈ 0.42°) (Table 1). This also confirms the possibility of 

using conventional carbide inserts for cu�ers with γ < 10° and λ < 7°. 

2.2 The results of the calculation for cu�ers used in turning tapered tool-joint 

threads showed satisfactory accuracy of the cu�ing-edge profile for λ = 4°, λ = 

3°, and lower values. Under the condition of λ = 3° and γ = 10°, the calculated 

value of the flank angle φ/2 is 29.91 °, i.e., the deviation is 0.09°. According to 

the standard, the tolerance φ/2 is ±40’, or approximately ±0.7°. Therefore, it can 

be stated that the use of a conventional cu�ing insert with a profile φ/2 = 30° and 

parameters λ = 3° and γ = 10° or lower is suitable.  

2.3 The use of non-zero rake angles for cu�ers used in bu�ress threads can signifi-

cantly increase the deviation of the profile angle due to its large value (φ = 45°). 

The deviation is 0.11° at γ = 4° and 0.49° at γ = 10° (Table 13). According to the 

standard (Table 3), these deviations should not exceed 4’≈ 0.067 °. Therefore, it 

can be stated that the use of a conventional cu�ing insert with a bu�ress profile 

of 45°/7° with parameters λ = 3° and γ = 10° is unsuitable for thread diameters 

not exceeding 1.5 inches (38 mm). 

Experimental verification on a lathe confirms the theoretical results. 

In the future, the authors plan to expand this study by investigating the influence of 

tangential displacement of the cu�ing-edge profile relative to the thread axis on its func-

tion. 
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