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Abstract. The dynamics of fluid in the elements of a pipe robot is investigated in this paper. Plane vibrations of ideal 
compressible fluid are analyzed by taking account the constraint of non-rotation by means of the penalty method. Reduced 
order numerical integration of the penalty term is performed. Graphical representation of rotations at the points of reduced 
integration is proposed for validation of the calculated eigenmodes. 

Fluid flow through different cross sections of nano-holes in metal sheets separating different compartments of a 
pipe robot is important in the design of a pipe robot. Calculation of the mass flow rate is necessary when performing the 
comparison of different cross-sections. A two-dimensional model performing the discretization of the cross-section is used 
for the solution of this problem. 

The obtained results are used in the process of design of a pipe robot. 
 
Keywords: pipe robot, ideal compressible fluid, eigenmode, penalty method, reduced integration, finite elements, fluid  
                    flow, cross section, mass flow rate. 
 
Introduction 
 

In this paper the dynamics of fluid in the elements 
of a pipe robot is investigated. 

The plane vibrations of ideal compressible fluid 
are analyzed by using the displacement formulation [1, 2] 
and taking into account the constraint of non-rotation by 
means of the penalty method [3, 4]. Reduced order 
numerical integration of the penalty term is performed [3, 
4]. 

Graphical representation of rotations at the points 
of reduced order numerical integration is proposed for 
validation of the calculated eigenmodes. 

Fluid flow through different cross sections of 
nano-holes in metal sheets separating different 
compartments of a pipe robot is important in the design of 
a pipe robot. Calculation of the mass flow rate is necessary 
when performing the comparison of different cross-
sections. Related problems of analysis of fluid flow are 
presented in [5, 6, 7]. A two-dimensional model 
performing the discretization of the cross-section is used 
for the solution of this problem [5]. 

The pipe robots of various types and their 
dynamical motions as well as the motions of their elements 
are investigated and described in [8] and other papers. This 

paper presents the continuation of investigations presented 
in the previous papers. 

The obtained results are used in the process of 
design of the elements of a pipe robot. 
 
Finite element model of the element of a pipe robot 
 

The nodal variables for the analyzed two 
dimensional problem of vibrations of the fluid are the 
displacements u and v in the directions x and y of the 
orthogonal Cartesian system of coordinates. 

It is assumed that the angular frequency of 
excitation coincides with the eigenfrequency of the 
appropriate eigenmode and thus the eigenproblem is 
analyzed. For the calculation of the eigenmodes the 
expressions for the mass and stiffness matrices are 
necessary.  

The mass matrix of the fluid is: 
 

[ ] [ ] [ ] ,∫= dxdyNNM T ρ     (1) 

 
where ρ is the density of the fluid in the status of 
equilibrium, [N] is the matrix of the shape functions 
determined by the following relationship: 
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where {δ} is the vector of nodal displacements. Explicitly: 
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where Ni are the shape functions of the analyzed finite 
element. 

The stiffness matrix of the fluid is: 
 

[ ]
[ ] [ ] [ ] [ ]∫ ∫+=

=

,
~~2 dxdyBBdxdyBcB

K
TT λρ

 (4) 

 
where c is the speed of sound in the fluid, λ is the penalty 
parameter for the constraint of non-rotation. The matrix [B] 
relating the volumetric strain with the displacements is 
defined from: 
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Explicitly: 
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The matrix [B
~

] is used to characterize the rotation and is 
defined from: 
 

[ ]{ }.~
δB

x

v

y

u
=

∂
∂

−
∂
∂

     (7) 

 
Thus: 
 

[ ]
.

~

2211









∂

∂
−

∂

∂

∂

∂
−

∂

∂
=

=

L
x

N

y

N

x

N

y

N

B

(8) 

 
The calculation of the second integral of the stiffness 
matrix is performed using numerical integration rule of 
reduced order. 

The rotations for the eigenmode are calculated at 
the points of reduced integration order of the second 
integral of the stiffness matrix: 

 

[ ]{ }.~
2

1
δω B−=      (9) 

 
Results of analysis of vibrations of the fluid in the 
element of a pipe robot 
 
 The problem in the rectangular domain is 
analyzed. The length of the analyzed structure is equal to 
twice of its dimension in the direction of the y axis. The 
displacements normal to the boundaries are assumed equal 
to zero.  

As it is assumed that the angular frequency of 
excitation coincides with the eigenfrequency of the 
appropriate eigenmode and the excitation is not orthogonal 
to the eigenmode, the excitation is not specified explicitly 
and vibrations according to the eigenmode are analyzed. 

The rotations for the eigenmode are calculated at 
the points of reduced integration order and represented in a 
circle around this point as a black angle from the positive 
direction of the x axis. This angle is equal to the rotation 
multiplied by a large constant. This constant is chosen for 
each eigenmode in order to achieve visible representation 
of the results. 
 The first eigenmode is presented in Fig. 1, the 
second eigenmode in Fig. 2, … , the tenth eigenmode in 
Fig. 10. The second and the third eigenmodes are multiple 
and also the eighth and the ninth eigenmodes are multiple. 
 
 

 
Fig. 1. The first eigenmode 

 
 

 
Fig. 2. The second eigenmode 

 
 

 
Fig. 3. The third eigenmode 
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Fig. 4. The fourth eigenmode 

 

 
Fig. 5. The fifth eigenmode 

 

 
Fig. 6. The sixth eigenmode 

 

 
Fig. 7. The seventh eigenmode 

 

 
Fig. 8. The eighth eigenmode 

 

 
Fig. 9. The ninth eigenmode 

 
Figure 10. The tenth eigenmode 

 
This graphical representation indicates the quality 

of satisfaction of the constraint of non-rotation for the 
eigenmode over the whole structure and thus serves for the 
validation of the results of calculations. It should be noted 
that  for this problem in several eigenmodes there is no 
rotational motion because of the displacements parallel to 
the axes of coordinates. 
 
Analysis of mass flow rate between different elements 
of a pipe robot 
 

Cartesian coordinate system is used with the z 
axis parallel to the axis of the tube. The cross-section of 
the tube does not vary with the z coordinate. The velocity 
of fluid flow in the direction of the z axis is the function of 

the coordinates of the cross-section: ( )yxww ,= . The 

components of velocity in the plane of the cross-section are 
equal to zero. 

The stresses are: ,pzyx −=== σσσ  

,0=xyσ  ,
y

w
yz ∂

∂
= µσ  ,

x

w
zx ∂

∂
= µσ  where p is the 

pressure and µ is the viscosity of the fluid. 
The equilibrium equation in the direction of the z 

axis has the form: 
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where ρ is the density of the fluid, g is the acceleration of 

gravity, 
z

p

∂
∂

 is the gradient of pressure in the direction of 

the z axis and it is assumed constant. 
 The boundary condition at the wall has the form: 
 

,w
n

w
αµ =

∂
∂

−                    (11) 

 
where n is the outward normal to the boundary of the cross 
section of the flow, α is the coefficient of slippage between 
the fluid and the surface of the tube. 
 The stiffness matrix has the form: 
 

[ ] [ ] [ ] [ ] [ ]∫ ∫+= ,dsMMdxdyBBK TT αµ            (12) 
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where s is the boundary line of the cross-section of the 
flow, [B] is the matrix of the derivatives of the shape 
functions (the first row with respect to x and the second 
row with respect to y), [M] is the row vector of the shape 
functions on the boundary of the cross-section. 
 The loading vector has the form: 
 

{ } [ ]∫ 







∂
∂

−= ,dxdy
z

p
gNF T ρ   (13) 

 
where [N] is the row vector of the shape functions in the 
cross-section of the flow. 
 The mass flow rate is found: 
 

( )∫= ,, dxdyyxwQ ρ    (14) 

 

where ( )yxw ,  are calculated from the obtained solution 

of the system of linear algebraic equations by using the 
shape functions of the appropriate finite elements. 
 Cross-section is assumed to be a circle and one 
fourth of it is analyzed. The characteristics of the fluid: 
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 Radius of the cross section is 10 mm. The obtained mass 

flow rate .
s

g
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Conclusions 
 
 

The dynamics of a fluid in the element of a pipe 
robot is investigated. 

Vibrations of ideal compressible fluid are 
analyzed by taking into account the constraint of non-
rotation by the penalty method using reduced order 
numerical integration of the penalty term. 

Graphical representation of rotations at the points 
of reduced order numerical integration is proposed for 
validation of the calculated eigenmodes. This graphical 
representation shows the quality of satisfaction of the 
constraint of non-rotation over the whole structure. 

The mass flow rate of the fluid through various 
cross-sections is determined. This is important in the 
design of separating elements between the different 
compartments of a pipe robot. 

The obtained results are used in the process of 
design of the elements of a pipe robot. 
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