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j, k ∈ Z0
Î

(

j
k

)

:=







0, 0 ≤ j < k,
j!

k!(j − k)!
, k ≤ j,

(

j
k

)

0j−k :=

{

0, j 6= k,

1, k = j.
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λ1, λ2, . . . , λn ∈ C, n ∈ N
Ä�ÆÅ�aU�	Í ÍÀ;�UT�§?ª�V

W °U±XVCY�µRª W «U°=² ' Æ´� À'�
V

Ê�Å�À=¾	(=ÄJjJ\f]���Æ��À:�
λk 6= λr

l�]�\
k 6= r

�
ZbÈ��?¾»À
�	À�\ ¾�È�À

V
Ê�ÅIÀU¾;Ä���]	��Ê�yUÀ�\�]����R��Êâ��À�\IÊDB ]'��� ��À=¾�À�\�Ë�Æ���R�,¾Xa;�R� c�ÀMkx\»ÆÇ¾�¾�ÀU�

�	Å;Î

Vn(λ1, λ2, . . . , λn) :=

∣

∣

∣

∣

∣

∣

∣

∣

1 λ1 λ2
1 . . . λn−1

1

1 λ2 λ2
2 . . . λn−1

2

. . . . . . . . . . . . . . .
1 λn λ2

n . . . λn−1
n

∣

∣

∣

∣

∣

∣

∣

∣

= (λ2 − λ1)(λ3 − λ1)(λ3 − λ2)

× . . . (λn − λ1)(λn − λ2) . . . (λn − λn−1) 6= 0.
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\ c+��Æd]	¿�Å�Íd_	Ä
V1(λ1) = 1

�
�2À=¾ {λ̂1, λ̂2, . . . , λ̂m} c�ÀF�

V ] Å�À=¾:�#��]	��Å�Æ��À
\ ¾�È�À�l�]	ÍÍ^]�k8Æ�Jo¨À~{`jJ\»À;Å»ÅIÆd]	��Å;Î

∆
(0)
k (j) := λ̂j

k, ∆
(r+1)
k (j) :=

∆
(r)
k+1(j) − ∆

(r)
k (j)

λ̂k+r+1 − λ̂k

,

r = 0, 1, . . . ; 1 ≤ k ≤ m − r − 1.
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�â¾�aU�	� c�À�À:�	Å�Æ Íd_�Å�ÀUÀ;��¾�È��R¾�¾�È�À:ÅIÀ�À~{`jJ\»À;Å»ÅIÆd]	��Å ' ¾�ÈJ]�\�]'¿Jo	È�Í^_ ��À;Åfa~\»Æ^c�À;� Æ� p ^�sP(
��\»À*Å�_,Ë�Ë�À=¾f\�Æba9jZ]	Íd_��J]	Ë�ÆÉ�RÍÉÅ4k8Æ ¾�È¶¾�È�À^Å»�RË�À*��À
o�\»ÀUÀ"¾�À�\�ËÌÅ£Æ �

λ̂1, λ̂2, . . . , λ̂m

�a`�]�\
Æ ��ÅI¾»�	��a=À'Ä

∆
(1)
k (0) := 0, ∆

(1)
k (j) :=

λ̂j
k+1 − λ̂j

k

λ̂k+1 − λ̂k

=

j−1
∑

k, l ∈ Z0,
k + l = j − 1

λ̂k
kλ̂l

k+1, j = 1, 2, 3, . . . ,

∆
(2)
k (0) = ∆

(2)
k (1) = 0,
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∆
(2)
k (j) :=

λ̂
j

k+2
−λ̂

j

k+1

λ̂
j

k+2
−λ̂

j

k+1

− λ̂
j

k+1
−λ̂

j

k

λ̂
j

k+1
−λ̂

j

k

λ̂k+2 − λ̂k

=

j−1
∑

k, l, r ∈ Z0

k + l + r = j − 2

λ̂k
kλ̂l

k+1λ̂
r
k+2, j ≥ 2.

\ � ¾»È�À9c��'ÅIÆÉÅ�]�l ' ���dr)(=Ä ' ���#�[(Ö�	��� ' ��� ^I(�Ä?¾»È�Àxl�]	ÍÍd]�k8Æ �Jo�\»ÀUÍÉ�?¾»Æ^]'��ÅIÈ�Æ^j�Å
��\�ÀV]�c�¾»�	Æ ��À:�êÎ

∆
(0)
k (j) =

1

V1(λ̂k)λ̂j
k

, ∆
(r+1)
k (j) :=

1

Vr+2(λ̂k, λ̂k+1, . . . , λ̂k+r+1)

(

γr+1r+1

× Vr+1(λ̂k, λ̂k+1, . . . , λ̂k+r)λ̂
j
k+r+1 + γr+1rVr+1(λ̂k , . . . , λ̂k+r−1, λ̂k+r+1)

× λ̂j
k+r + · · · + γr+10Vr+1(λ̂k+1, λ̂k+2, . . . , λ̂k+r+1)λ̂

j
k

)

,
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k8È�À
\»À
γr+1l = (−1)r+1+l, l = 0, 1, . . . , r + 1

�
`J]�\ ¾»È�Àta~]�À&%�aUÆ À;�'¾6Å

γr+1l

Ä`k�À^È����	À

γr+1r+1γr+1r · · · γr+10 = (−1)

(

r + 1
2

)

,
' ��� Â[(

k8È�À
\»À�¾�È�À^���	��Êâ��À
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Vr(λ̂k , λ̂k+1, . . . , λ̂k+r−1) Vr(λ̂k , . . . , λ̂k+r−2, λ̂k+r) · · ·
' ��� �_(

× Vr(λ̂k+1, λ̂k+2, . . . , λ̂k+r) = V r−1
r+1 (λ̂k , λ̂k+1, . . . , λ̂k+r), r ≥ 1.

`J]�\8Æ��ÅI¾»�	��a=À'Ä

∆
(1)
k (j) =

1

V2(λ̂k , λ̂k+1)

(

V1(λ̂k)λ̂j
k+1 − V1(λ̂k+1)λ̂

j
k

)

,

∆
(2)
k (j) =

1

(λ̂k+2 − λ̂k)(λ̂k+2 − λ̂k+1)
λ̂j

k+2 −
1

(λ̂k+1 − λ̂k)(λ̂k+2 − λ̂k+1)
λ̂j

k+1

1

(λ̂k+1 − λ̂k)(λ̂k+2 − λ̂k)
λ̂j

k =
1

V3(λ̂1, λ̂2, λ̂3)

(

V2(λ̂k, λ̂k+1)λ̂
j
k+2

− V2(λ̂k , λ̂k+2)λ̂
j
k+1 + V2(λ̂k+1, λ̂k+2)λ̂

j
k), j = 0, 1, 2, · · · .

��Æ �va=À
∆

(r)
j

��\»À�jv]'Í^_��J]'Ë�Æ�	ÍÅ�Æ�
λ̂1, λ̂2 . . . , λ̂m

Ä�¾�È�À�l�]'Í Íd]�k8Æ�Jo�Í ÆË�ÆÇ¾ ÆÉÅV�?�RÍÆ�

lim
λ̂k ,λ̂k+1,...,λ̂k+r→λk

∆
(r)
k (j) =

(

j
r

)

λj−r
k .

' ����� (

�9]�k^Ä�Í ÀU¾ {λ̂1, λ̂2, . . . , λ̂n}
�R��� {λ1, λ2, . . . , λm} c#À�¾&k�]

V
Ê�Å�À=¾»Å �	���

m1, m2,
. . . , mn

c�À^���?¾»¿J\6�RÍê��¿�ËMc�À
\6Å;Ä�Å��R¾�ÆÉÅ&l�_�Æ�Jo¨¾�È�À�a
]	����Æ ¾�Æd]	�

m1 + m2 + . . . + mn = m.
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λ̂1, λ̂2, . . . , λ̂m

�R��� À
{`jJ\�À:Å�Å�Æd]	��Å
∆

(r)
k (j)

k£À�o'À=¾ ¾�È�À�l�]	ÍÍ^]�k8Æ�Jo
l�]�\»Ë ]�l�¾�È�ÀF��À=¾�À�\�Ë�Æ���R�,¾

Φm1,m2,...,mn
(λ̂1, λ̂2, . . . , λ̂m) :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∆
(0)
1 (0) ∆

(0)
1 (1) . . . ∆

(0)
1 (m − 1)

∆
(1)
1 (0) ∆

(1)
1 (1) . . . ∆

(1)
1 (m − 1)

. . . . . . . . . . . .

∆
(m1−1)
1 (0) ∆

(m1−1)
1 (1) . . . ∆

(m1−1)
1 (m − 1)

∆
(0)
m1+1(0) ∆

(0)
m1+1(1) . . . ∆

(0)
m1+1(m − 1)

. . . . . . . . . . . .

∆
(m2−1)
m1+1 (0) ∆

(m2−1)
m1+1 (1) . . . ∆

(m2−1)
m1+1 (m − 1)

. . . . . . . . . . . .
D(0) D(1) . . . D(m − 1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

È�À
\»À�k£ÀW¿�Å�ÀF�¨�J]R¾6�?¾�Æd]	�

D(j) = ∆
(mn−1)
m1+m2+...+mn−1+1(j).

��_¶¿�ÅIÆ�Jo ' ��� � (�Ä�ÆÇ¾Aa;�R�uc#ÀFÅ�ÈJ]�k8��¾»È��?¾

Φm1,m2,...,mn
(λ̂1, λ̂2, . . . , λ̂m) = Vm(λ̂1, λ̂2, . . . , λ̂m)/Vm1

(λ̂1, . . . , λ̂m1
)

× Vm2
(λ̂m1+1, . . . , λ̂m1+m2

) · . . . · Vmn
(λ̂m1+...+mn−1+1, . . . , λ̂m).

�"ÀU¾�À
\»Ë�Æ �#�R�,¾
Φm1,m2,...,mn

(

λ̂1, λ̂2, . . . , λ̂m

) ÆÉÅ��?jZ]	Íd_��J]	Ë�ÆÉ�RÍ ' �J]	¾¨��À7a=À:Å�Å»��\»Æ Íd_
Å!_�Ë�Ë�À=¾�\»Æba<(£Æ �

λ̂1, λ̂2, . . . , λ̂m �
c�À;Å�Æ��À;Å;Ä

Φm1,m2,...,mn
(λ̂1, λ̂2, . . . , λ̂m) 6= 0.

�9]�k^Ä�¿�Å�Æ ��o ¾»È�À
V ] ÅIÀU¾ {λ1, λ2, . . . , λn}

Ä`k£À�a;�R� a~]	�#Å ¾f\�¿�a=¾ ¾�È�ÀF��ÀU¾�À�\�Ë�Æ���R�,¾

V̄m1,m2,...,mn

(

λ1, λ2, . . . , λn

)

=
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(
0
0
)λ0−0

1 (
1
0
)λ1−0

1 . . . (
m − 1

0
)λm−1−0

1

(
0
1
)λ0−1

1 (
1
1
)λ1−1

1 . . . (
m − 1

1
)λm−1−1

1

. . . . . . . . . . . .

(
0

m1 − 1
)λ0−m1+1

1 (
1

m1 − 1
)λ1−m1+1

1 . . . (
m − 1
m1 − 1

)λm−1−m1+1
1

(
0
0
)λ0−0

2 (
1
0
)λ1−0

2 . . . (
m − 1

0
)λm−1−0

2

. . . . . . . . . . . .

(
0

m2 − 1
)λ0−m2+1

2 (
1

m2 − 1
)λ1−m2+1

2 . . . (
m − 1
m2 − 1

)λm−1−m2+1
2

. . . . . . . . . . . .

(
0

mn − 1
)λ0−mn+1

n (
1

mn − 1
)λ1−mn+1

n . . . (
m − 1
mn − 1

)λm−1−mn+1
n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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E�F�GIHKJ$HMLNHPO2J���S

V̄m1,m2,...,mn
(λ1, λ2, . . . , λn)

ÆÉÅ�a;�RÍÍ À:��¾�È�ÀW½'°Uª�°U±�§R¼M��:° W T#§?ª V W °U±XV
Y�µRª W W °U²â°U±��¨¯ª�§?ª#²T�

¤4h,¿��RÍÆÇ¾&_ ' ��� �[(%ÆË(j�ÍÆ À:Å ¾�È��R¾

V̄m1,m2,...,mn
(λ1, λ2, . . . , λn) = lim

λ̂1,λ̂2,...,λ̂m1
→λ1

λ̂m1+1,...,λ̂m1+m2
→λ2

λ̂m1+...+mn−1+1,...,λ̂m→λn

Φm1,m2,...,mn
(λ̂1, λ̂2, . . . , λ̂m).

��]	��Å�À�h,¿�À;�'¾»Í^_'Ä�¾»È�ÀMo'ÀU��À�\»�	Í ÆdyUÀ:� ���	��Ê���À
\�ÊCB6]	���/��ÀU¾�À
\»Ë�Æ �#�R�,¾*ÆÉÅ"�njZ]	Íd_��J]	Ë�ÆÉ�RÍ�Æ �
λ1, λ2, . . . , λn

ÄJc�À;Å�Æ��À:ÅUÄ
V̄m1,m2,...,mn

(λ1, λ2, . . . , λn) 6= 0
�

Z À^�J]	¾�Æba=ÀWÈ�À�\�À�¾�È#�?¾

V̄1,1,...,1(λ1, λ2, . . . , λn) = Vn(λ1, λ2, . . . , λn), V̄n(λk) = 1,

�R���jÅ!](]'�2�
� ��§�� ��¼ °��[�
	�Æd�	À;� ¾&k�]

V ] Å�À=¾»Å {λ̂1, λ̂2, λ̂3}, {λ1, λ2}
Ämk8Æ ¾�È

m1 = 2, m2 = 1
Ä

¾�È�À;�uk�ÀWÀ;�'ÅIÆÍ^_ ��À
\»Æ^�'À	Î

Φ2,1(λ̂1, λ̂2, λ̂3) =

∣

∣

∣

∣

∣

∣

∣

∣

∆
(0)
1 (0) ∆

(0)
1 (1) ∆

(0)
1 (2)

∆
(1)
1 (0) ∆

(1)
1 (1) ∆

(1)
1 (2)

∆
(0)
3 (0) ∆

(0)
3 (1) ∆

(0)
3 (2)

∣

∣

∣

∣

∣

∣

∣

∣

= (λ̂3 − λ̂1)(λ̂3 − λ̂2) 6= 0.

i È�ÀU� k�À1o'À=¾:Î

V̄2,1(λ1, λ2) =

∣

∣

∣

∣

∣

∣

1 λ1 λ2
1

0 1 2λ1

1 λ2 λ2
2

∣

∣

∣

∣

∣

∣

= (λ2 − λ1)
2 6= 0.

* � * �.-0/21?���;1+����A?8���z�>9�v�>1C���)? 9;5��
��� ¾»È�ÆÉÅ ÅIÀ7a�¾»Æ^]'�2Ä�¾�È�À�a
]	��aUÀ
j�¾x]�l��R���	Í^o'À
cJ\6�RÆba9jJ\f]�o�\�À:Å�Å�Æd]	� ] o	À;��À
\6�RÍÆdy;�?¾»Æ^]'��]�l
�R�
��\»ÆÇ¾»È�Ë�À=¾�Æba���o	À�]	Ë�À=¾f\�Æba9jJ\f]�o�\�À:Å�Å�Æd]	� ] ÆÅVjJ\»À;Å�ÀU�,¾»À;�ê���C]'Ë¨À�jJ\f]�j�À
\�¾�ÆÀ;Å�]�lm¾�È�ÀW�	Í^o'À=Ê
cJ\»�	Æda�j�\�]�o�\»À;Å»ÅIÆd]	��Å���\»À
��ÆÉÅ�aUÍ^],ÅIÀ:�ê�U�2ÀU¾m�8ÅIÀ7h,¿�ÀU��aUÀ�]�lJa~]'Ë(j�Í À
{*��¿�Ë<c#À�\»Å

(pj ; j ∈ Z)c#À1o	Æd�	À;�2�+i È�ÀU�2Ä+l�]�\�À
�'À
\f_
m ∈ N

�R���n|J{�À;�
j0 ∈ Z0

Ä�ÆÇ¾ ÆÅ�jZ]'Å»ÅIÆdc�ÍÀ"¾f]<a~]'��ÅI¾�\»¿�a�¾
¾�È�À��*�R�J�'ÀUÍêËÌ�?¾f\�Æ^{

H
(m)
j0

�	����¾»È�À^À~{�¾»ÀU����À:�jË��R¾�\»Æ.{
H̄

(m)
j0

(ρ)
' Å�ÀUÀ p � sP(�Î

H
(m)
j0

:=

∥

∥

∥

∥

∥

∥

∥

∥

pj0 pj0+1 . . . pj0+m−1

pj0+1 pj0+2 . . . pj0+m

. . . . . . . . . . . .
pj0+m−1 pj0+m . . . pj0+2m−2

∥

∥

∥

∥

∥

∥

∥

∥

,

H̄
(m)
j0

(ρ) :=

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

pj0 pj0+1 . . . pj0+m

pj0+1 pj0+2 . . . pj0+m+1

. . . . . . . . . . . .
pj0+m−1 pj0+m . . . pj0+2m−1

1 ρ . . . ρm

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

.



� Ã � ����� §?®:í¹��'§�«	��
��� ��?©�¼��Uí°Uª��°
E�F�GIHKJ$HMLNHPO2J���S���l4l�]�\��jÅ�À�h,¿�ÀU�va=À�]�l�a
]	Ë(j�ÍÀ~{���¿�ËMc�À
\6Å

(pj ; j ∈ Z)
Ä
r0

Å»�?¾�ÆÉÅ!|�À;Å
¾�È�À�a~]'����Æ ¾�Æd]	�

r0 = max
m∈N
j0∈Z0

rankH
(m)
j0

Ä,¾»È�ÀU�¶¾�È�ÀX\»�	�J�(]�lê¾�È�À�Å�À�h,¿�À;��a=ÀX]�l�a~]'Ë(j�Í À
{
�,¿�ËMc�À
\6Å

(pj ; j ∈ Z)
ÆÉÅ À�h,¿��	Í{¾�]

r0
�

�2À=¾8¿�Å"��ÀU�J]	¾�À
Hr(pj ; j ∈ Z) = r0

�
� ��§�� ��¼ °��I�

Hr(a0 + jd; j ∈ Z0) = 2
Ä�jJ\f]���Æ��À;�

d 6= 0
�
Hr(j

2; j ∈ Z0) = 3
�2�â¾

aU�R� c#ÀujJ\f]��	À;� ¾»È��?¾
Hr(alj

l + al−1j
l−1 + . . . + a0; j ∈ Z0) = l + 1

Ä�l�]�\
al 6=

0, l ∈ N
��� ÍÉÅ�]�Ä

Hr(a0, a1, . . . an, 0, 0, . . .) = n + 1
ÄCl�]�\

an 6= 0
��� À�\�À�k�ÀW�'Å�Å�¿�Ë�À

¾�È��R¾
Hr(0, 0, . . .) = 0

�4i È�À�ÅIÀ7h,¿�ÀU��aUÀ
(j!; j ∈ Z0)

�`]�À;Å��# ¾ È����	À
Hr

Ä�c#À7aU�R¿#ÅIÀ
det H

(j)
m 6= 0

ÄCl�]�\ �RÍÍ
m ∈ N

�	���
j ∈ Z0

�
�C]	Ë�Àta~]�\�]'Í ÍÉ��\»Æ À:Åml�]'Í Íd]�k l�\f]	Ëo¾�È�ÀF��À
|���Æ ¾�Æd]	� ]�l

Hr

�
� µR±�µ?¼¯¼§?±�³ �_���2ÀU¾

qj = pj+n

ÄJk8È�À�\�À
n ∈ N

ÆÉÅ�|J{�À;�/�R�#�
m1 < m2

�vi È�ÀU�

Hr(pj ; j ∈ Z0) ≥ Hr(qj ; j ∈ Z0), rankH
(m1)
j0

≤ rankH
(m2)
j0

.

� µR±�µ?¼¯¼§?±�³�� ����l
Hr(pj ; j ∈ Z0) = r0

Ä=¾»È�ÀU�
det H

(r0)
0 6= 0

�R���
det H

(r0+1+n)
j ≡ 0

Ä
j, n ∈ Z0

�#�C]#Ä
Hr(pj ; j ∈ Z0) = max

m∈N
rankH

(m)
0 .

� µR±�µ?¼¯¼§?±�³��I�`i È�Àto'Æ^�'ÀU� Å�À�h,¿�À;��a=À
(pj ; j ∈ Z0)

È��'Å
Hr

Ä�Å»�?¾»ÆÅ!l�_�Æ �Jo�À7h'¿#�RÍÆÇ¾&_

Hr(pj ; j ∈ Z0) = m, m ∈ Z0,

Æ.lê�R���M]	��Íd_FÆ^lZa
]	��ÅI¾»�	�'¾6Å
A0, A1, . . . , Am−1 ∈ C

��\�À�Æ����À
j�ÀU�#��ÀU�,¾�]�l
j

�R���¨Å»�?¾�ÆÉÅ!l�_
¾�È�À�a
]	����Æ ¾�Æd]	�

A0pj + A1pj+1 + . . . + Am−1pj+m−1 = pj+m, ∀j ∈ Z0.
' ��� �_(

¤4h,¿��RÍÆÇ¾&_ ' ��� �I(£Ë����	À:Å£��]�ÅIÀ;��ÅIÀ1l�]�\
m′ < m.

��_�¾6����Æ�Jo
j = 0, 1, . . . , m− 1

Æ � ' ��� �I(4k�À1o	À=¾ �¨Å!_�ÅI¾�À;Ë ]�lmÍÆ��À;��\8À�h,¿��?¾»Æ^]'��Å;Ä
l�]�\�|�����Æ�JoW�RÍÍ+a
],À %�a=ÆÀU�,¾»Å

A0, A1, . . . , Am−1
��i È�À£ËÌ�R¾�\»Æ.{�]�l�¾»È�ÆÉÅ�Å�_�Å ¾»ÀUËiÆÉÅmÀ7h'¿#�RÍ

¾�]
H

(m)
0

�R���
det H

(m)
0 6= 0

�?�"Å�À~{��RË(j�ÍÀ�ÆÇ¾ÖÆÅ�jZ]'Å»ÅIÆdc�ÍÀ%¾f]AjJ\f]��	À
¾»È��?¾zl�]�\ÖÅ�À�h,¿�ÀU�va=À

(alj
l + al−1j

l−1 + . . . + a0; j ∈ Z0)

¾�È�À�a
],À %�a=ÆÀU�,¾»Å8��\�À^��À
|���À;�/�'Å

Ar = (−1)l−r

(

l + 1
r

)

, r = 0, 1, . . . , l.

i È�Àua
]�\f\�À7a�¾»��À;Å»Å�]�l ¾�È�ÆÉÅ�\�À;Í�R¾�Æd]	��Å�È�Ædj l�]	ÍÍd]�k Å ��Æd\�À7a�¾»Í^_Hl�\f]	Ë�¾�È�À a
]	Ë<c�Æ �#�?¾�]�\�ÆÉ�RÍ
À�h,¿��RÍÆ ¾&_	Äep ^�s

l
∑

r=0

(−1)l−r

(

l + 1
r

)

(j + r)n = (j + l)n, n = 0, 1, . . . , l; l ∈ N.



�����{±�°=«»«�íµRª�« µ ·��êµ?¼M©�²´íµ?ª�« µ ·�� ± W ¯ª{§?±�³
	  �"°U±�°Uª�²´í§?¼���U©�§?²´íµ?ª�« � Ã'Â
� µR±�µ?¼¯¼§?±�³��;�`i�k�] Å�À�h,¿�À;��a=À:Å4]�l�a~]'Ë�j�Í À
{���¿�Ë<c#À�\»Å;Ä

(pj ; j ∈ Z0)
�	���

(qj ; j ∈ Z0)��\»ÀFÀ�h,¿��	ÍmÆ^l%�R��� ]'��Íd_ Æ^l
Hr(pj ; j ∈ Z0) = Hr(qj ; j ∈ Z0) = m

�R���
pj = qj

Ä l�]�\
j = 0, 1, . . . , 2m − 1

�
� 1 =@=  +Z� 
�°=²

(pj ; j ∈ Z0) � °¨§�«U° =©�°Uª�¹6° §Rª W

pj :=

m
∑

r=1

µrλ
j
r.

' ��� �_(


m°U² {λ1, . . . , λm} � °¨§
V � «=°U²D� ¸�º�°=ª��%°*½,°U²£²ÿº�°£·=µ?¼¯¼ µ��
¯ª,½�° U©�§?¼M¯²´í°�«
	

det H
(m)
j = (µ1µ2 · · ·µm)(λ1λ2 · · ·λm)jV 2

m(λ1, λ2, · · · , λm),
' ���^r:Ã_(

det H̄
(m)
j (ρ) = det H

(m)
j (ρ − λ1)(ρ − λ2) · · · (ρ − λm).

' ���^r�r)(
��±�µ:µ ·&��8À:�RÍÍ^_'Ä

det H
(m)
j = (µ1µ2 · · ·µm)(λ1λ2 · · ·λm)j

∑

(r1,r2,...,rm)

det ‖λk+l−2
rk

‖m
k,l=1,

' ���^r��[(

k8È�À
\»À�Å�¿�Ë�ËÌ�?¾»Æ^]'�¶ÆÉÅ�j�À
\�l�]�\»Ë�À;� ]��	À
\ �RÍÍFjv],Å�Å�Ædc�Í À1j�À
\»Ë ¿�¾6�?¾�Æd]	�#Å
(r1, r2, . . . , rm)]�lÖÆ �,¾�À�o	À�\���¿�Ë<c#À�\»Å

1, 2, . . . , m
����Æ��a=À

∑

(r1,r2,...,rm)

det ‖λk+l−2
rk

‖m
k,l=1 = (det ‖λl−1

k ‖)2, k, l = 1, . . . , m,

¾�È�À1jJ\f]+]�l�]�lmÆÉ��À;�'¾»ÆÇ¾&_ ' ���dr;ÃI(
ÆÉÅ�]�c�¾6�RÆ��À;�ê�`i È�ÀXjJ\f]+]�l�]�l2ÆÉ��À;�'¾»ÆÇ¾&_ ' ���dr�r (
ÆÉÅVaU��\f\»Æ À:�
]	¿�¾ Æ�j�ÌÅ�ÆË¨ÆÍÉ��\Vk���_'�

�

�"° ��§R± � �_� `J]�\��RÍÍ
V ] ÅIÀU¾»Å {λ1, λ2, . . . , λn}

ÄR¾�È�À9\»ÀUÍÉ�?¾»Æ^]'��Å�È�Æ^j
(λ1λ2 · · ·λm)0 = 1ÆÅx�?�	Í ÆÉ�ê�

� µR±�µ?¼¯¼§?±�³��_����l
pj

ÆÅWÅ�j#À7a=Æ^|�À;�?cC_ ' ��� �_(=Ä�¾�È�À;�
det H

(m)
j ≡ 0

l�]�\W�RÍÍ
j ∈ Z0

�R���
n ≥ m + 1

�Ji È�À
\»À~l�]�\�À'Ä
Hr(pj ; j ∈ Z) = m

ÄJjJ\f]��,ÆÉ��À:�
µ1, µ2, . . . , µm 6= 0

�
�9]�k^Ä?¿�Å�Æ ��o

V ] Å�À=¾ {λ1, λ2 . . . , λn}
Ä�Æ ¾�ÆÅ�jZ]'Å»ÅIÆdc�ÍÀ%¾f]1l�]�\»Ë �WÅIÀ7h'¿�ÀU��aUÀ�]�l#��¿�ËMc�À
\6Å

(pj ; j ∈ Z0)
ÄJk8È�Æba6È/ÆÅVo'Æ^�'ÀU�uc+_

pj :=

n
∑

r=1

mr−1
∑

kr=0

µrkr
(

j
kr

)λj−kr
r , m1, m2, . . . , mn ∈ N, µrkr

∈ C.
' ���^r)^_(

E�F�GIHKJ$HMLNHPO2J��$S`i È�À ÅIÀ7h'¿�ÀU��aUÀ6]�l^��¿�ËMc�À
\6Å;Ä£Å�j#À7a=Æ^|�À;� cC_ ' ���^r)^_(=Ä%ÆÉÅ aU�	Í ÍÀ;��¾»È�À
§?¼ ½,° � ±�§Rí¹ ��±»µ�½	±�°=«»«�íµRª�Ä;¾�È�À4a
]�À&%�a=ÆÀU�,¾»Å

λ1, λ2 . . . , λn

��\�À%Å»�RÆÉ�*¾�]9c�À W °=ª{µ��¨¯ª�§R²âµR±6«
]�l{Ë ¿�Í ¾�Ædj�ÍÆdaUÆÇ¾&_

m1, m2, . . . , mn

Ä�\»À;Å�j#À7a�¾�Æd�	À;Í^_'ÄR�R���
µrkr

��\»À9aU�	Í ÍÀ;��¹6µ:°�� ¹=í°Uª�²T«*µ ·
²¯º�° §R¼ ½'° � ±�§?í¹ �{±�µ�½	±�°=«6«6íµRª��
�"° ��§R± � � �Ci È�ÀjÅ�À�h,¿�À;��a=À:Å�]�l �,¿�ËMc�À
\6ÅUÄzjJ\f]�jZ]'Å�À;�vÆ� ¾�È�À ��cZ]��	À¶À~{��RË(j�ÍÀ;Å¨�R���
Å!j�À�aUÆ.|�À:�(cC_ ' ��� �_(=Ä'��\»À �RÍdo	À�cJ\6�RÆba�j�\�]�o�\»À;Å»ÅIÆd]	��Å;���8À;Å�j�À�a�¾»Æ^�'À"��À;�J]	Ë�Æ���?¾f]�\6ÅmaU�	��c�À
l�]	¿�����Æ Ë�Ë�À;��Æ�R¾�ÀUÍd_	��`�]�\�Æ ��ÅI¾»�	��a=À'Ä���ÀU�J]'Ë¨Æ���R¾�]�\6Å9]�l�¾�È�À¨Å�À�h,¿�À;��a=À

(pj ; j ∈ Z0)
Ä

pj = a0 + jd
Ä���\»À�o	Æd�	À;� cC_

λ1,2 = 1
Ä�Æ´� À	�Ä

pj = a01
j + d(

j
1
)1j−1 �



� Ã � ����� §?®:í¹��'§�«	��
��� ��?©�¼��Uí°Uª��°
i È,¿#ÅUÄ���\�Æ ¾�È�Ë�ÀU¾�Æba��R���qo	À�]	Ë�À=¾f\�Æba j�\�]�o�\»À;Å»ÅIÆd]	��Å¨��\»À��RÍdo	À�cJ\»�	Æda�jJ\f]�o�\�À:Å�Å�Æ^]'��Å;�

�9]R¾»ÆdaUÀW¾�È��R¾ ¾�È�ÀFÅ�À�h,¿�À;��a=À

(∆
(r)
k (j), j ∈ Z0), r = 1, 2, . . . , m − k

ÆÅ �	�j�	Í^o'À
cJ\6�RÆba9j�\�]�o�\»À;Å»ÅIÆd]	�2Ä+c�À;Å�Æ��À:ÅUÄ

Hr(∆
(r)
k (j), j ∈ Z0) = r + 1.

`J]�\�Æ��Å ¾6�R��aUÀ	Ä�c+_W¿�Å�Æ�Jo"ÆÉ��ÀU�,¾»ÆÇ¾&_ ' ���dr;ÃI(�Ä=¾»È�À�Í ÆË�ÆÇ¾�aU�RÍba=¿�Í ¿�Å��R�#�t\�À;Í�R¾�Æd]	��Å�È�Ædj�Å ' ���dr)(
k£Àx]�c�ÅIÀ�\��'À%¾»È��?¾

Hr

]�l#¾»È�À"Å�À�h,¿�À;��a=ÀV]�lê��¿�Ë<c#À�\»Å (

(
j
l
)λj−l

k , j ∈ Z0

) Å»�?¾»ÆÅ!|�À;Å�¾»È�À
\�À;Í�R¾�Æd]	��Å�È�Ædj2Î

Hr

(

(
j
l
)λj−l

k , j ∈ Z0) = l + 1,

c#À:ÅIÆÉ��À;Å;Ä

det H
(r+1)
j =



















(−1)

(

l + 1

2

)

λ
(l+1)·j
k , r = l,

0, r ≥ l + 1.
�8À;�	Í Íd_	ÄWÍÀUË�ËÌ� r �R��� \»ÀUÍÉ�?¾�Æd]	�#ÅIÈ�Ædj�Å ' ��� Â_(��	��� ' ��� �_(�Æ Ë(j�Íd_f¾�È#�?¾ ¾�È�Àb��ÀU¾�À
\�Ê
Ë¨Æ���	�'¾

det H
(l+1)
j

]�l^¾»È�À �"�R���	ÀUÍ*ËÌ�?¾�\»Æ^{
H

(l+1)
j

l�]�\ ¾�È�À �RÍdo	À
c�\»�	Æda�Å�À�h,¿�À;��a=À
(∆

(r)
k (j), j ∈ Z0)

a;�R�uc#À^À
{`jJ\�À:Å�Å�À;� �	Å�l�]'Í Íd]�k ÅUÎ

detH
(l+1)
j = (−1)

(

l + 1
2

)

Vl(λ̂k, . . . , λ̂k+l−1) · . . . · Vl(λ̂k+1, . . . , λ̂k+l)

V l+1
l+1 (λ̂k , . . . , λ̂k+l)

× (λ̂k , . . . , λ̂k+l)
j · V 2

l+1(λ̂k , . . . , λ̂k+l) = (−1)

(

l + 1
2

)

(λ̂k , . . . , λ̂k+l)
j .

i È�ÀU�2Ä

lim
λk ,...,λ̂k+l→λk

det H
(l+1)
j = (−1)

(

l + 1
2

)

λ
(l+1)j
k .

��_/¾6����Æ�Jo¶Æ�,¾�]/��a
a
]	¿��,¾1jJ\�]�j#À�\I¾»Æ À:Å9]�l
∆

(r)
k (j)

k�À ÅI¾»�R¾�À ¾�È��R¾�À
{Cj�\�À:Å�Å�Æ^]'� ' ���^r)^_(
aU�R�uc�ÀF��À
\»Æ^�'À;� l�\�]'Ë ' ��� �I(�c+_�j��	Å»Å�Æ �Jo ¾�]�¾»È�À^ÍÆ Ë�Æ ¾;Î

lim
λ̂1,λ̂2,...,λ̂m1

→λ1,

λ̂m
1+1

,...,λ̂m1+m2
→λ2,

...
λ̂m1+...+mn−1+1,...,λ̂m→λn

m1−1
∑

k1=0

µ1k1
∆

(k1)
1 (j) +

m2−1
∑

k2=0

µ2k2
∆

(k2)
m1+1(j) + . . .

+

mn−1
∑

kn=0

µnkn
∆

(kn)
m1+...+mn−1+1(j) =

n
∑

r=1

mr−1
∑

kr=0

µrkr
(

j
kr

)λj−kr

r = pj ,

k8È�À
\»À
m1 + m2 + . . . + mn = m �

c�À;Å�ÆÉ��À;Å;Ä {λ1, λ2, . . . , λn} ∈ C
ÆÉÅ �

V ] Å�À=¾:�
i È�ÀU�2Ä

Hr(pj ; j ∈ Z0) = m
�



�����{±�°=«»«�íµRª�« µ ·��êµ?¼M©�²´íµ?ª�« µ ·�� ± W ¯ª{§?±�³
	  �"°U±�°Uª�²´í§?¼���U©�§?²´íµ?ª�« � Ã �
� µR±�µ?¼¯¼§?±�³��[����l{¾�È�À

j
Ê´¾�È¨¾»À
\»Ë

pj

]�l#¾»È�À"�RÍdo	À�cJ\6�RÆba�j�\�]�o�\»À;Å»ÅIÆd]	�
(pj ; j ∈ Z0)

ÆÅ���À=Ê
Å�a
\�Ædc#À:��cC_ ' ���dr<^_(=Ä,¾�È�À;� �*�R�J�'ÀUÍ�Ë��R¾�\»ÆdaUÀ;Å

H
(m)
j

�	���
H̄

(m)
j

Å��R¾�ÆÉÅ&l�_n\»ÀUÍÉ�?¾»Æ^]'��Å�È�Æ^j#ÅUÎ

det H
(m)
j = σm(λm1

1 λm2

2 . . . λmn

n )j ,

det H̄
(m)
j = det H

(m)
j (ρ − λ1)

m1(ρ − λ2)
m2 . . . (ρ − λn)mn ,

jJ\�]���ÆÉ��À;�
σm = det H

(m)
0 6= 0

�R���
det H

(m)
j

ÆÅ Æ ����À
j�ÀU����À;�,¾9]�l
j

Ä�Æ´� À	�

σm =(−1)

(

m1

2

)

+

(

m2

2

)

+...+

(

mn

2

)

µm1

1m1−1µ
m2

2m2−1 . . . µmn

nmn−1

× V̄ 2
m1,m2,...,mn

(

λ1, λ2, . . . , λn

)

.
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Hr

µI·"²ÿº�°F§R¼ ½,° � ±�§?í¹ ��±�µ»½	±�°�«6«�íµ?ª
(pj ; j ∈ Z0)

��« ��°6¹= ��° W � ³ ' ���^r)^_(X�
«=§R²TÉ«���°�«^²ÿº�° ±�°=¼§?²´íµ?ª�«�º� � 	

Hr(pj ; j ∈ Z0) = m1 + m2 + . . . + mn, where µrmr−1
6= 0.

i È�À1l�]	ÍÍ^]�k8Æ�Jo¨¾&k�](a~]'��a=Í¿�Å�Æ^]'��ÅxaU�	��c�À^ËÌ�	��À'�
� µR±�µ?¼¯¼§?±�³�� ���2ÀU¾

(pj ; j ∈ Z0)
�R���

(qj ; j ∈ Z0)
c#À ¾&k�]��RÍdo	À�cJ\»�	Æda�jJ\�]�o�\»À;Å»ÅIÆd]	�#Å

�R���
a, b ∈ C

��\»À1|J{�À;� �,¿�ËMc�À
\6ÅU�Ji È�À;�
(

apj + bqj ; j ∈ Z0

)

,
(

pjqj ; j ∈ Z0

)

,
(

ap2
j + bqj ; j ∈ Z0

)

, . . .

��\»ÀW�	Í^o'À
cJ\6�RÆba9j�\�]�o�\»À;Å»ÅIÆd]	��Å��R�#�

Hr

(

apj + bqj ; j ∈ Z0

)

≤ Hr

(

pj ; j ∈ Z0

)

+ Hr

(

qj ; j ∈ Z0

)

;

Hr

(

pjqj ; j ∈ Z0

)

≤ Hr

(

pj ; j ∈ Z0

)

Hr

(

qj ; j ∈ Z0

)

.

� µR±�µ?¼¯¼§?±�³��I���2ÀU¾
H

(m)
j

c#À �*�R�J�'ÀUÍRËÌ�R¾�\»ÆdaUÀ;Å�]�l��	Í^o'À
cJ\6�RÆba�j�\�]�o�\»À;Å»ÅIÆd]	�
(pj ; j ∈ Z0)

�
i È�ÀU�2Ä

(det H
(m)
j ; j ∈ Z0)

��\�À^�RÍdo	À�cJ\6�RÆba9jJ\f]�o�\�À:Å�Å�Æ^]'��Å;Ä�l�]�\ �RÍÍ
m ≥ 1

�
-0/21 9v�>1I= * �	� ·F§�«U° U©�°=ª{¹»° µ · ¹6µ � �{¼ ° � ª#©
� � °U±6«

(pj ; j ∈ Z0)
º�§�«

Hr(pj ; j ∈ Z0) = m < +∞,

²¯º�°=ª ²¯º�É«�«U° U©�°=ª{¹»°FÉ« §?ª §R¼ ½,° � ±�§?í¹ �{±�µ�½	±�°=«6«6íµRª;�
��±�µ:µ ·&� `�Æ^\6ÅI¾;Ä�¿�ÅIÆ�Jo ' ��� �I(�ÄÖ��Å�_�ÅI¾�À;Ë ]�l ÍÆ ��À;��\¨À�h,¿��R¾�Æd]	��Å ÆÅ<l�]�\�Ë�À;�2�zi È�À ËÌ�?Ê
¾�\»Æ.{ ]�l�¾�È�ÆÉÅ�Å�_�ÅI¾�À;Ë�ÆÉÅno	Æd�	À;�qcC_

H
(m)
0

Ä%�R���
det H

(m)
0 6= 0

�mi È�ÀU� a~]�À&%�aUÆ À;�'¾6Å
A0, A1, . . . , Am−1

��\�ÀVl�]'¿����ê�'¤�{`j#À;����Æ�Jo^¾»È�À"��ÀU¾�À
\»Ë�Æ �#�R�,¾
det H̄

(m)
0 (ρ)

k8ÆÇ¾»È�\»À=Ê
Å!j�À�a=¾8¾�]¨¾�È�À^ÍÉ�	ÅI¾9\f]�k^Ä+k�À�o	ÀU¾

det H̄
(m)
0 (ρ) = det H

(m)
0 (A0 + A1ρ + . . . + Am−1ρ

m−1 − ρm).



� Ã � ����� §?®:í¹��'§�«	��
��� ��?©�¼��Uí°Uª��°
�2À=¾9\f]C]R¾6Å

λ1, λ2, . . . , λn

]�lÖ¾�È�À �RÍdo	À�cJ\»�	Æda�À7h'¿#�?¾�Æd]	�
H̄

(m)
0 (ρ) = 0

c�À�]�lÖË ¿�Í Ê
¾�Ædj�Í Æba=Æ ¾&_

m1, m2, . . . , mn

\�À:Å!j�À�a=¾�Æd�	ÀUÍd_ ' È�À
\»À	Ä
m1 + m2 + . . . + mn = m)

�Ji È�ÀU�mÄ
l�\�]'Ë ' ���^r)^_(�k£À�]�c�¾»�	Æ �

ρm+j − Am−1ρ
m−1+j − . . . − A0ρ

j = ρj(ρ − λ1)
m1 · . . . · (ρ − λn)mn , j ∈ Z0,

�R���
(

j + m
k

)

λm+j−k
r = Am−1

(

j + m − 1
k

)

λm+j−1
r + . . . + A0

(

j
k

)

λm−k
r ,

l�]�\
r = 1, 2, . . . , n

Ä
k = 0, 1, . . . , mr − 1, j ∈ Z0

����Æ ��aUÀF¾»È�À ��ÀU¾�À�\�Ë�Æ���R�,¾A]�l�¾»È�À
a~]�À&%�a=ÆÀU�,¾8ËÌ�?¾f\�Æ^{ ]�l�¾�È�À�a~]	�#Å ¾f\�¿�a=¾�À:�¶ÍÆ ��À;��\ Å�_�Å ¾»ÀUË

n
∑

r=1

mr−1
∑

kr=0

(

j
kr

)

λj−kr

r µrkr
= pj , j = 0, 1, . . . , m − 1,

\�À�jJ\�À:ÅIÀ;�,¾»Å��v�J]	��ÊLy;À
\f]wo'ÀU��À�\»�	Í ÆdyUÀ:� ���R��Êâ��À�\IÊDB ]'������À=¾�À�\�Ë�Æ���R�,¾:ÄÖ¾�È�À�\�À���\�À/�J]
jJ\�]�c�ÍÀUËÌÅ�¾�] |��#� ¾�È�À�a
],À %�a=ÆÀU�,¾»Å

µrkr

�R�#��¾f] l�]�\»Ë�¾»È�À��RÍdo	À�cJ\»�	Æda<jJ\f]�o�\�À:Å�Å�Æ^]'�
(qj ; j ∈ Z0)

��À;Åfa~\»Æ^c�À;��cC_Ì¾�È�Àt\»ÀUÍÉ�?¾»Æ^]'��Å�È�Æ^j

qj :=
n

∑

r=1

mr−1
∑

kr=0

µrkr

(

j
kr

)

λj−kr

r , j ∈ N.

i È�À À7h,¿��RÍÆÇ¾&_
qj = pj

ÈJ]	ÍÉ��Å*¾�\»¿�À<l�]�\
j = 0, 1, . . . , m − 1

�{��À;Å�Æ��À;Å;Ä#¾6����Æ�Jo Å�¿�a�Ê
a=À;Å»Å�Æ^�'ÀUÍd_

j = 0, 1, . . . , m − 1
Ä`k�À1|����u]	¿�¾

qj+m =

n
∑

r=1

mr−1
∑

kr=0

µrkr

( j + m
kr

)

λj+m−kr

r

= Am−1

(

m
∑

r=1

mr−1
∑

kr=0

µrkr

(

j + m − 1
kr

)

λj−kr

r

)

+ . . .

+ A0

(

m
∑

r=1

mr−1
∑

kr=0

µrkr

(

j
kr

)

λj−kr

r

)

= Am−1pj+m−1 + A0pj = pj+m.

i È,¿#ÅUÄ
qj = pj

Ävl�]�\
j = m, . . . , 2m − 1

�#�A]�k^Ä�¾»È�À ��cv]��'À�a~]�\f]	ÍÍÉ��\»Æ À:Å Æ Ë(j�Íd_j¾�È��R¾
pj = qj

ÄCl�]�\
j ∈ Z0

�
�

�"° ��§R± � �I�Ci È�À�j�\�]C]�l9]�lXi È�À�]�\»ÀUË � o'Æ^�'À;Å ¿�Å �ea~]'Ë(j�¿�¾»�R¾�Æd]	���	Í��	Í^o�]�\»ÆÇ¾»È�Ë l�]�\
|�����Æ�Jo��	Í Í���ÀU�J]'Ë�Æ ���R¾�]�\»Åt]�l ¾�È�Àj�RÍdo	À
c�\»�	Æda�jJ\f]�o�\�À:Å�Å�Æ^]'� �	��� a~]�À&%�aUÆ À;�'¾6Å�]�l�¾»È�À
jJ\�]�o�\»À;Å»ÅIÆd]	�m�

* �����.-0/21?���;1+����A?8������5���	<?,9 5z�
����¾�È�ÆÅ8Å�À�a=¾�Æd]	� �¨Å�j#À7a=ÆÉ�RÍ�¾&_Cj#À1]�l��	���RÍd_,¾�ÆbaU�	Í�lÿ¿��va�¾�Æd]	�#Å ' �RÍdo	À�cJ\6�RÆbaxlÿ¿���a=¾�Æd]	��Å�k8Æ ¾�È
|���Æ ¾�Àt\6�R�J�A(£ÆÅ"��À;Åfa~\»Æ^c�À;�2�Ji È�Àt\�À;Í�R¾�Æd]	��Å�È�Ædj�Å�c#ÀU¾&k£À;ÀU�j¾�È�À;Å�À�lÿ¿���a�¾»Æ^]'��Å8�R�#�j�	Í^o'À=Ê
cJ\»�	Æda1jJ\f]�o�\�À:Å�Å�Æd]	��Å%ÆÅ8À:Å ¾6��c�ÍÆÉÅIÈ�À:�ê�



�����{±�°=«»«�íµRª�« µ ·��êµ?¼M©�²´íµ?ª�« µ ·�� ± W ¯ª{§?±�³
	  �"°U±�°Uª�²´í§?¼���U©�§?²´íµ?ª�« � Ã �
�2À=¾ ��jZ]�k£À�\ ÅIÀ�\�ÆÀ;Å�]�l
��\�À:�RÍ��?��\»ÆÉ��c�ÍÀ

x
c�Àto	Æd�	À;�

y(x) =

+∞
∑

j=0

pj

(x − x0)
j

j!
, |pj | ≤ M j , 0 ≤ M < ∞.

' ���dr � (

i È�ÆÅ"ÅIÀ�\�ÆÀ;Å�ÆÉÅ9a~]'�+�'À
\fo	À;�'¾�l�]�\ �	Í Í��?�RÍ¿�À:ÅV]�l
x, x0 ∈ R

'
x0

c#À;Æ ��o(|J{�À;��(=�
E�F�GIHKJ$HMLNHPO2J���S�� lÿ¿���a�¾»Æ^]'�2Ä,Å�j�À�a=Æ^|�À:�(c+_ ' ���^r � (=Ä	ÆÉÅ4aU�	Í ÍÀ;�Ì�	��§?¼ ½,° � ±�§Rí¹�·6©�ª{¹=²´íµ?ª
�
¯²¯º ��ª�¯²�° ±�§?ªa�?Ä�Æ^l�Æ ¾AaU�	� c#Àt\»À
jJ\»À;Å�ÀU�,¾»À;�¶�'Å8�<|���Æ ¾�ÀFÅ�¿�Ë/Î

y(x) =

n
∑

r=1

Qr(x)eλrx,
' ���^r�Â[(

k8È�À
\»À

Qr(x) =

mr−1
∑

kr=0

arkr
xkr , mr ≥ 1, arkr

∈ C,

c#À:ÅIÆÉ��À;Å;Ä
armr−1 6= 0

�
-0/21 9v�>1I= ��� �8µ��%°U±j«=°U±�í°=« ' ���^r � (�¹6§?ª � °�±�° W ©�¹6° W ²âµv²ÿº�° ·=µ?±�� ' ���^r�Â[(j ·�§Rª W
µ?ª�¼Ç³^ · ¹»µ:° ��¹Uí°=ª#²í«

pj

¯ª ' ���^r � ( ±»° �{±�°�«U°Uª�²Ö§?ª §R¼ ½'° � ±�§?í¹���±»µ�½	±�°=«»«�íµRª
(pj ; j ∈ Z0) �

� °=«� W °=«	�
Hr(pj ; j ∈ Z0) = m1 + m2 + . . . + mn

�

��±�µ:µ ·&� i È�À�jJ\f]C]�l�ÆÉÅxc��'ÅIÀ:� ]'�¶¾»È�À�l�]	ÍÍd]�k8Æ �Jo ¾�\6�R�#Å&l�]�\�ËÌ�?¾»Æ^]'��Å;Î

xleλx = xl

+∞
∑

j=0

(λx)j

j!
= (l!)

+∞
∑

j=0

( j
l

)

λj−l x
j

j!
.

�

� µR±�µ?¼¯¼§?±�³��I��� Ído	À�cJ\6�RÆbamlÿ¿��va�¾�Æd]	�
y(x)

' À~{`jJ\»À;Å»Å�Æ^]'� ' ���^r�Â[( (�a;�R��c#ÀV\»À;��¿va=À;� ¾�]�¾»È�À
l�]�\»Ë

y(x) = µ0 +

m
∑

r=1

(

µr cos(λr(x − x0)) + γr sin(νr(x − x0))
)

,

Æ.l
�R���u]'��Í^_ Æ.l�¾�È�ÀFÅIÀ7h'¿�ÀU��aUÀ
(pj ; j ∈ Z0)

ÆÉÅ �	�j�	Í^o'À
cJ\6�RÆbaAj�\�]�o�\»À;Å»ÅIÆd]	�2Ä�Å»�?¾�ÆÉÅ!l�_,Æ�Jo
\�À;Í�R¾�Æd]	��Å�È�Ædj�Å ' ��� �_(=ÄJc�À;Å�Æ��À:ÅUÄ�¾»È�Àt\»À;�RÍ�j#��\�¾»ÅV]�l�ÆÇ¾6Å ��À;�J]	Ë�Æ���?¾f]�\6Å���\�À�y;À
\f]'Å;�
� µR±�µ?¼¯¼§?±�³ ���[����l2Å�À�h,¿�À;��a=À

(pj ; j ∈ Z0)
ÆÉÅ��R�Ì�RÍdo	À�cJ\6�RÆba�Å�À�h,¿�À;��a=À'Ä�¾�È�À;��¾�È�À*ÅIÀ�\�ÆÀ;Å

' ���dr � (£ÆÅxa
]	�C�	À�\�o'ÀU�,¾;Ä+l�]�\ �	Í Í
x ∈ R.

���'ÅIÀ:�(]	�Ì¾»È�À*��cv]��'À8¾�È�À
]�\»ÀUËÌÅ£�R����a
]�\f]	ÍÍ��\�ÆÀ;Å;Ä�¾�È�ÀAl�]'Í Íd]�k8Æ ��oMa~]'��a=Í¿�Å�Æ^]'��aU�R�
c#À^ËÌ�	��À	�
� µR±�µ?¼¯¼§?±�³ � �[���mÀ=¾�lÿ¿���a=¾�Æd]	�

y(x)
c#ÀWÅ�j#À7a=Æ^|�À;� c+_njZ]�k�À
\£Å�À
\»ÆÀ;Å ' ���dr � (��	����Æ ¾ Å»�?¾�Ê

ÆÅ!|�À;ÅV\»ÀUÍÉ�?¾»Æ^]'��Å�È�Æ^j#Å ' ���dr:Â_(��`i È�À;�/Å�À�h,¿�À;��a=À

(p̂k; k ∈ Z0), p̂k := y(kh + x0), h, x0 ∈ R
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ÆÅW�R� �RÍdo	À
c�\»�	Ædatj�\�]�o�\»À;Å»ÅIÆd]	� k8Æ ¾�È ��ÀU�J]'Ë¨Æ���R¾�]�\6Å

Λr = ehλr
Ä
r = 1, . . . , n,

Æ^l
λr��\»À*¾»È�ÀF��À;�J]	Ë�Æ���?¾f]�\6Å�]�lÖ�	Í^o'À
cJ\6�RÆbaXjJ\�]�o�\»À;Å»ÅIÆd]	�

(pj ; j ∈ Z0)
�	��� ¾�È�À�_ a~]'Ë(jv],ÅIÀ

�
V ] Å�À=¾:����� o'ÀU��À�\»�	Í�aU�'ÅIÀF�ÌÅ�À=¾ {Λ1, Λ2, . . . , Λn}

ÆÅ"�J]R¾*�
V ] Å�À=¾:Ä�ÆT� À	��Å!]'Ë�À

Λr1

Ä
Λr2

aU�R��Å»�?¾»ÆÅ!l�_ ¾�È�ÀX\�À;Í�R¾�Æd]	��Å�È�Ædj
Λr1

= Λr2
,
k8È�À;�

r1 6= r2
Ä�c�À;Å�ÆÉ��À;Å;Ä

Λr 6= 0, r =
1, 2, . . . , n

���*Å ��\�À:ÅI¿�ÍÇ¾:Ä`k£À�o	ÀU¾

Hr(p̂k; k ∈ Z0) ≤ Hr(pj ; j ∈ Z0).

�VO������ ��[!YN�zRJ[&T4Q��

�2À=¾"��Å�]	Í¿�¾�Æd]	�u]�lÖ�Ì��Æ^g�À�\�À;�'¾»Æ�	ÍêÀ�h,¿��R¾�Æd]	�jÆÅVo'Æ^�'ÀU�2Ä�Æ´� À'� Î

f(t) =

+∞
∑

k=0

pk

tk

k!
, k = 0, 1, 2, . . . , t ∈ R.

Z À ��\�À^Æ�,¾�À�\�À:Å ¾»À;�jÆ � \»À
j�\�À:ÅIÀ;�'¾»Æ ��o�¾�È�ÆÉÅ"Å�]	Í¿�¾�Æd]	���'Å ��|���Æ ¾�À¨ÅI¿�Ë ]�lÖÀ~{`jZ]	��À;�,¾�ÆÉ�RÍ
lÿ¿���a�¾»Æ^]'��Å;Ä����RË�À;Í^_{Î

f(t) =

m
∑

r=1

µre
λrt.

' ^��dr)(

i È�À�l�]	ÍÍ^]�k8Æ�Jo<lí��a=¾ ÆÅ�¾6���	À;� Æ�,¾�]�a
]	��Å�Æ��À
\6�?¾�Æd]	�

max(l : l ∈ N, detH
(m)
0 6= 0) = m.

' ^�� �_(
� À~{�¾:Ä+cC_Ì¿�Å�Æ�Jo¨Å�]	Ë�À*Ë¨ÀU¾�ÈJ]���Å�]�lmÍ Æ��À:��\8�RÍdo	À�cJ\»��Ä�k�ÀA|#��� a
],À %�a=ÆÀU�,¾»Å

µr

�R���
λrÆ �/À~{`jJ\»À;Å»Å�Æ^]'� ' ^��^r (4l�\�]'Ë

det H̄
(m)
0 (ρ) = 0, pk =

m
∑

r=0

λk
rµr, k = 0, 1, 2, . . . , m − 1.

��¿JjJjZ]'Å�À	Ä
ρ1, ρ2, . . . , ρm

ÆÉÅ
V ] ÅIÀU¾;��i È�ÀU�2Ä

ρk = λk, k = 1, 2, . . . , m
�

� ��§�� ��¼ ° �_���mÀ=¾

y(x) = 2
+∞
∑

k=0

3k−1 x2k

(2k)!
+

+∞
∑

k=0

3k x2k+1

(2k + 1)!

c#À �WÅ�]	Í¿�¾�Æd]	��]�lê�W��Æ.g{À
\»ÀU�,¾»Æ�	Í�À�h,¿��R¾�Æd]	�2� \ cC��Æ^]'¿�Å�Í^_'Ä;¾»È�ÀxjZ]�k£À�\�ÅIÀ�\�ÆÀ;Å�a~]�À %naUÆ À;�,¾»Å
��\»À	Î

pj =

{

2 · 3k−1, j = 2k,

3k, j = 2k + 1,
k = 0, 1, 2 . . .

�R���
Hr(pj ; j ∈ Z0) = 2.

��]	����ÆÇ¾»Æ^]'� ' ^��#�[(£Æ Ë(j�ÍÆÀ;Å
∣

∣

∣

∣

∣

∣

p0 p1 p2

p1 p2 p3

1 ρ ρ2

∣

∣

∣

∣

∣

∣

= −(ρ2 − 3) = 0, λ1 =
√

3, λ2 = −
√

3,



�����{±�°=«»«�íµRª�« µ ·��êµ?¼M©�²´íµ?ª�« µ ·�� ± W ¯ª{§?±�³
	  �"°U±�°Uª�²´í§?¼���U©�§?²´íµ?ª�« � r�r
ÆT� À	�

y(x) = µ1e
√

3x + µ2e
−
√

3x,

{

µ1 + µ2 = 2/3,

µ1

√
3 − µ2

√
3 = 1.

i È,¿#ÅUÄ

µ1,2 =
2 ±

√
3

6
, y(x) =

2 +
√

3

6
e
√

3x +
2 −

√
3

6
e−

√
3x.

� ��§�� ��¼ ° � ���mÀ=¾"��Å�_�ÅI¾�À;Ë ]�l�]�\6��Æ����\f_���Æ^g�À�\�À;�,¾�ÆÉ�RÍêÀ�h,¿��R¾�Æd]	��Å
{

lϕ′′ − x′′ sin ϕ + Hϕ′ = 0,

x′′ + p2x − q1x
′ + q3x

′3 − µ(ϕ′′ sin ϕ + ϕ′2 cosϕ) = 0

' ^�� ^_(

c#À�o'Æ^�'ÀU�2� � À
\»À
H, p, q1, q3, µ

��\»À�j#��\6�RË�À=¾»À
\6ÅUÄ�k8ÈJ],ÅIÀÌ��¿�Ë�À�\�ÆbaU�	Ím�?�RÍ¿�À;ÅFÅ�ÈJ]'¿�Í�
c#Àna6ÈJ],ÅIÀ;��¾�]ujJ\f]���Æ��À¨�R¿�¾f]	�J]'Ë(]	¿�Å1��Æ^c�\»�R¾�Æd]	�

x(t)
�R����¾�]�ÅI¾�ÆË ¿�ÍÉ�?¾»À<\f]R¾6�?¾�Æd]	�#�RÍ

Ë�]	¾�Æd]	�
ϕ = ϕ(t)

�����uj���\�¾�Æba=¿�ÍÉ��\:Ä
H

ÆÉÅ8� ��ÆÅ»ÅIÆdj��R¾�Æd�	À�a~]�À&%�a=ÆÀU�,¾:Ä
p

ÅI¾»�	����Å�l�]�\�¾�È�À
ÅIÀ;Í.lvl�\�À7h'¿�ÀU��a
_�]�l�¾»È�À Å�_�ÅI¾�À;Ë/Ä

q1
�R���

q3
��\�À ÅIÀ;Í.l¯Ê���Æ^c�\»�R¾�Æd]	�Mj#��\6�RË�À=¾»À
\6ÅUÄ

µ
À
{Cj�\�À:Å�Å

¾�È�À^ËÌ�	Å»ÅV]�lz\�]	¾�]�\;�
\ ��À�]�l,¾�È�À%Ë��	Æ �FÅI¾�À:�	�`_*Ë(]���À;Å�]�l'¾»È�À%Å�_�Å ¾»ÀUË ÆÉÅ�a6È#��\6��a�¾»À
\»Æ^y;À;�Ac+_*¾�È�À�¿���Æ^l�]�\»Ë

\�]	¾»�?¾»Æ^]'�6]�l£¾�È�À(\f]R¾f]�\:� `J]�\WÆ ��ÅI¾»�	��a=À'ÄêÅI¿�a6Èv� Ë�]���À¨ÆÉÅWÀU��Å�¿J\»À;��Æ^l%¾»È�À(j���\6�RË�À=¾»À
\
���	Í ¿�À;Å8��\»Àta6ÈJ]'Å�ÀU�¶¾�]nc�À

H = 0.05, µ = 0.1, p = 1, q1 = 0.5, q3 = 1.75
�R��� Æ ��ÆÇ¾»Æ�	Í�a~]'����Æ ¾�Æd]	��Å

x(0) = x′(0) = 0.1, ϕ(0) = 0.1, ϕ′(0) = 1.
��_ ��jJj�Íd_�Æ ��o ¾»È�Àt]�j�À
\6�?¾f]�\ Ë�À=¾»ÈJ]���k�À�o	ÀU¾8¾�È�À1l�]	ÍÍd]�k8Æ �Jo(\»À;Å�¿�Í ¾ ' ÅIÀ;À pdr~sP(

ϕ′(t) = 0.7678 + 0.0531t + 0.2877t2 − 0.0309t3 − 0.0839t4

+ 0.0054t5 + 0.0098t6 − . . .
��_j¿�Å�Æ ��oÌ¾�È�À �	����j�¾�À:� ]�j�À
\6�?¾�]�\ Ë�À=¾»ÈJ]��êÄvk�Àt]�c�¾»�RÆ��À:���(|���Æ ¾�À¨ÅI¿�Ë ]�lÖ¾f\�Ædo�]'�J]RÊ
Ë¨ÀU¾�\»ÆdaXlÿ¿��va�¾�Æd]	�#Å

ϕ̃′(t) = 0.9324 + 0.1646 cos1.87t− 0.0283 sin1.87t.
' ^�� � (

i È�ÀF��a�a=¿J\6��a
_�]�l�¾»È�ÀF��j�jJ\�]�{�ÆËÌ�?¾�Æd]	�¶ÆÅ8¿�j ¾f]�l�]	¿J\ ��À7a=ÆËÌ�RÍ�j�ÍÉ��aUÀ;Å;�
��Æ �va=ÀW¾�È�À�jJ\f]�jZ]'Å�À;� Ë¨ÀU¾�ÈJ]�����ÆÉÅfa=Íd]'Å�À;Å Æ����¿�À;��a=À�]�l�È�Æ^o'È�À
\ È#��\»Ë�]'��ÆbaUÅ�¾�]�¾»È�À

Å!]'Í ¿�¾»Æ^]'��Å9]�c�¾»�	Æ ��À;�êÄ�ÆÇ¾W��jJj�À;��\»Å ¾�]�c#À À;�	Å�ÆÀ
\ ¾f]�|��#�6]	¿�¾A]R¾»È�À
\W�`_����RË�ÆbaU�	Í�a6È���\IÊ
��a�¾»À
\»ÆÅI¾�ÆbaUÅ8�	��� À~{�ÆÅI¾�À;��a=À^�`]'ËÌ�RÆ��Å�l�]�\ ÅI¾»��c�Í ÀWË(]���À;Å;�
� ��§�� ��¼ ° �[���mÀ=¾8¾»È�À�lÿ¿���a=¾�Æd]	�

y(x) =
+∞
∑

j=0

pj

xj

j!
= 0.093ex − 70.2e−0.2x − 20.124e2.13x + 5

1
12 e2

7
20 x

− cos(
√

2)e−0.1e
√

2x − 0.082e0.06x +
√

7e−0.7x

+ 0.175e0.801x +
1

2
πe−0.914x +

√
2
√

πe−2.18
√

5x
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c#ÀF��Å�]	Í¿�¾�Æd]	�u]�l
�(a=À
\�¾»�	Æ �/��Æ^g�À�\�À;�,¾�ÆÉ�RÍêÀ�h,¿��R¾�Æd]	�2�

����¾»È�ÆÅta;�	Å�À
Hr(pj ; j ∈ Z0) = 11.

�2ÀU¾^¿�ÅWÅI¿Jj�jv],ÅIÀ¨¾�È#�?¾t]	��Íd_/¾�È�À��?�	Í ¿�À:Å�]�l
¾�È�ÆÉÅ1lÿ¿���a=¾�Æd]	�

y(0.4k) = p̂k, k ∈ Z0
��\�À<�,��]�k8�2��i È�À¨��À=¾�À�\�Ë�Æ���R�,¾6Å

det H
(k)
0

]�l
Ë��R¾�\»ÆdaUÀ;Å

H
(k)
0 , k = 0, 1, 2, . . .

k8È�Æba6È���\»ÀAa~]'Ë�jZ]'Å�À;��¿#ÅIÆ�Jo Å�À�h,¿�À;��a=À
(p̂k; k ∈ Z0)���	��ÆÉÅIÈ Ë(]'�J]R¾f]	��ÆbaU�	Í Íd_	�1i È�ÀU� Æ ¾ ÆÉÅ À;ÅI¾�ÆË��R¾�À:�i¾�È��R¾

det H
(6)
0 := 0

Ä*�'Å?\»À;�	Í Íd_
det H

(6)
0 ≈ 10−5.

i È�ÀWÀ:Å ¾»Æ ËÌ�?¾»Æ^]'�
y0(x)

]�lzlÿ¿���a=¾�Æd]	�
y(x)

ÆÉÅ9a
]	Ë(j�¿�¾»À;�êÎ

y0(x) =

+∞
∑

j=0

qj

xj

j!
= 2.51e−4.88x + 3.67e−0.83x − 20.65e0.3x

+ 0.55e1.19x + 0.62e1.31x.

�â¾ ÆÅ �J]	¾�Æba=À:�¶¾»È��?¾
Hr(qj ; j ∈ Z0) = 5,

c�À;Å�Æ��À;Å;Ä

|y0(x) − y(x)| < 10−6, x ∈ [−1, 1].

�9O��eT4QAY���W �C[&T4Q��

�C]	Ë�À���À�k a~]'��a=À�j�¾»Å;Ä��'Å�Å�]`a=ÆÉ�?¾�À:�ek8ÆÇ¾»È lÿ¿���a=¾�Æd]	��Å¨�R��� Å�À�h,¿�À;��a=À:Å�]�l"ÅIÀ�\�ÆÀ;Å�a
]�À~l¯Ê
|va=ÆÀU�,¾»Å;Ä2��\»À¨Æ �,¾�\f]���¿�aUÀ;�ê����]'����Æ ¾�Æd]	��ÅXl�]�\�¾»È�Àn\�À�jJ\»À;Å�ÀU�,¾»�R¾�Æd]	�6]�l�jZ]�k£À�\�Å�À
\»Æ À:ÅW�	Å
�H|���Æ ¾�À�Å�¿�Ë ]�lFÅI¾»�	������\6�qlÿ¿���a=¾�Æd]	��Å ��\»À l�]�\»Ë ¿�ÍÉ�?¾»À;�ê��¡"Å»��c�ÍÀ�À~{`jJ\»À;Å»Å�Æ^]'��ÅÌ�R���
a~]	Ë(j�¿�¾»�?¾»Æ^]'���RÍ£ÅIÆË(j�Í Æ^|va;�?¾�Æd]	�#Å�l�]�\ ¾�È�À a
]�À&%�a=ÆÀU�,¾»ÅM]�l8���`_����	Ë¨ÆbaU�	Í%Å�_�ÅI¾�À;Ë���\�À
��À
�'ÀUÍd]�j�À;�ê�`i È�ÀWË�À=¾»ÈJ]���a;�R�uc#À^��j�j�Í ÆÀ;��¾�](cZ]R¾�È ¾�È�ÀW��À=¾�À7a�¾»Æ^]'��]�l�À~{�ÆÉÅ ¾»ÀU��aUÀ��J]RÊ
Ë��	Æ �#Å4l�]�\�¾�È�ÀWÅ!]'Í ¿�¾�Æd]	��Å�]�l�Å ¾6��c�ÍÀ���Æ.g{À
\»ÀU�,¾�ÆÉ�RÍ{À7h'¿#�?¾�Æd]	�#Å£�	����¾»È�ÀW�R���	Í^_�Å�ÆÅ�]�l2¾»È�À
Æ ���#¿�ÀU��aUÀt]�l�È�Æ^o'È�À
\8È#��\»Ë�]'��ÆbaUÅ�¾�]¨¾»È�ÀW¾&_Cj#Àt]�lm¾�È�ÀFÅ!]'Í ¿�¾»Æ^]'�2�
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� AO�
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