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� ¸�Ç�¹GF³ÅIHº�;ÈÐ��J>JEFLKNM�ÅÇ��V·¶ÅOK	�PK-Q%Å�'·³¹GRSF³�	ÈÄ
If =

b
∫

a

f(x) dx
Å Ä1K	��¹�K�Q ·³Æ�¹�Ç�K,Ä¯·1QTF¶¹º¾

U ¸�¹º�,·¶ÈOVC¸�Ä¶¹<����¸�Ç�¹GF³ÅOH<�;È�JEF�KWHQ¹<��¸EF¶¹'�V� ¸�Ç�¹GF�K	¸#Ä£·¶¹�H5Æ���Å U ¸�¹>Ä£·¶Æ��;·%��F³¹ �NXV�	Å È ��Y�È¹�QTK-F
�;���	ÈZV,·¶ÅIHº�	È�¹GXV�	È ¸��;·¶ÅOK	�$K�QÞÅ�,·¶¹GRSF³�	ÈÄ%��F³¹7Å ���'��¹ U ¸��;·¶¹@QTKSF%Ç��;��V[J>FLKSY�È ¹<Ç�Ä
·¶Æ#�V·Ö�-F¶Å ÄF¹
Å ��·¶Æ�¹\F³¹<�	È�J�Æ�V�Ä¶ÅIHº�;È�]�K-F³È�1��^�K'��Ä¶¹ U ¸�¹º�,·³ÈZVS·³Æ�¹@X��	È ¸�¹�K-Q�·³Æ�¹7��¹`_���Å ·³¹7Å �,·¶¹�R-F5�;È�Ç�¸#Ä¯·
Y#¹C�-JEJEF�KNM�ÅÇ��V·³¹<�aY�VÄLK	Ç�¹S��¸�Ç�¹GF³ÅOH<�;ÈÞÇ�¹Q·³ÆEK���Ä<�

bPK'ÄF·���¸�Ç�¹GF³ÅIHº�;È,Å�'·³¹GRSF³�;·¶ÅOK	�CÇ�¹Q·³ÆEK���Ä£Å ��XSK	ÈOX	¹cHGK	��ÄF·LF³¸>H�·³Å �>R ·¶Æ�¹ Å�,·¶¹�FLJ5K	È �V·³Å �ER
JdK'ÈZV��EK'Ç�Å �;È>K�Q

f(x)
�;����·¶Æ�¹º��Å�'·³¹GRSF³�;·¶Å�ER�·¶Æ�Å Ä�J5K	ÈOV��EK	Ç�Å �;È�Å�eK-F5��¹GFÐ·�KfK-Y�·³�;Å���;�

��JEJEF�KNM�Å Ç��;·¶ÅOK	��·LK�·¶Æ�¹CÅ �,·³¹GR-F5�;ÈgK-Q
f(x).

� ÈÈnÅ�,·¶¹�FLJ5K	È �V·�K-F�V U ¸��	�WF5�V·³¸EF³¹1QTKSF¶Ç�¸�È �	Ä
��F³¹¢¸���Å U ¸�¹<ÈZVhH5Æ���F5�-HQ·¶¹GF³ÅOiº¹<�jY�V ·¶Æ�¹kH5Æ>K	ÅIHQ¹lK�Q*·¶Æ�¹<ÅZFf�>K���¹<Ä

x1, x2, . . . , xn. m Æ�¹
Ç�K,Ä¯·7ÅÇ$JdKSFF·5�;�,·"ÄF¹º·³Ä@K-Q�Å�'·³¹GF�JdK'È�;·LKSFLV U ¸��'�WF³�;·¶¸EF³¹1QTK-F³Ç�¸�È �	Ä7�-F¶¹*·¶Æ�¹�QTK'È ÈOK�]7Å�ER��

n ´¬� º§ o�p�§`q
©�¬V�dr n ¬V©�§� �®Q¬;¨�s���´�� GtE^ÖÈZK,ÄF¹>��� ¹G] ·�K	��¾u^�K;·³¹<ÄvQTKSF¶Ç�¸�È �	Ä
QN

n , n > 2��F³¹�Å�,·¶¹�FLJ5K	È �V·�K-F�V+QTKSF¶Ç�¸�È �	Ä@Y��'ÄF¹>�"K'��¹ U ¸�Å��Å ÄF·³�;�,·7�EK���¹>Ä

xi = a + (i − 1)h, i = 1, 2, . . . , n, h =
b − a

n − 1



Â�Ã�� �$t�� ´J���'�� ��	��t
� ´J���;¤â§Q���§
�;��� Hº�	� Y�¹ JEF³¹<Ä¶¹º�,·¶¹>��'Ä

QN
n f = h

n
∑

i=1

wiyi,  Ã	�Ã��
]7Æ�¹GF³¹

wi
��F³¹[·¶Æ�¹�HGK,¹��aHQÅ¹º�,·³Ä�Hº�	È È¹<��·³Æ�¹�]Ö¹<ÅZR'Æ'·5ÄºÁ

yi = f(xi)
��F³¹C·¶Æ�¹+XV�;È¸�¹>ÄCK-Q

·¶Æ�¹[Å�,·¶¹GRSF³�	���f¹�XV�;È¸��V·³¹<���V· ·¶Æ�¹[�EK���¹<Ä
xi,

�	���
h

ÅÄ"�;�¢Å �,·¶¹�R-F5�V·³ÅZK'��ÄF·¶¹GJn�
n ´¬� º§ o���§Q¨�s�¤¦©«¤â�V���Q���SoV¨¶�;©õ��¨¶§Ö®Q¬V¨�s���´ �V `t ^ÖÈZK,ÄF¹>���"¹GF³Ç�Å ·³Å�	� U ¸��'�WF5�V·¶¸>F¶¹�QTKSFF¾

Ç�¸�È �	Ä
QH

n

��F³¹%�;È ÄuKCY��	Ä¶¹<� K'�CÅ�'·³¹GF�JdK'È�;·¶ÅOK	� Q ¸��>H�·³ÅZK'��Ä HGK	��ÄF·LF³¸>HQ·¶¹<�fK	�C¹ U ¸�Å��Å ÄF·³�;�,·
�EK���¹<Ä7�	���lHº�;� Y�¹ JEF¶¹>ÄF¹<�,·¶¹<�¢�	Ä

QH
n f = h

n
∑

i=1

wH
i yi + h2

n
∑

i=1

wH∗

i yi
′,  Ã	�����

]7Æ�¹GF³¹
wH

i , wH∗

i

�-F¶¹�H`K�¹��aHºÅ ¹<�'·5Ä\Hº�	È È¹<�·¶Æ�¹�] ¹ºÅOR	Æ,·³Ä<Á
yi = f(xi)

�;�#�
y′

i = f ′(xi)��F³¹*·³Æ�¹ XV�;È¸�¹<Ä@K-Qn·³Æ�¹[Å �,·³¹GR-F5�;�#���	���Å ·³Ä"��¹GF³ÅZXV�;·¶ÅOX	¹�¹GXV�;È¸��V·³¹<���V· ·³Æ�¹[�EK���¹<Ä
xi

�
� �;�� 5 5¤â�;���º���-o;¨¶�V©«��¨¶§*®Q¬V¨�s���´ �� Gt��S�	¸�Ä¶ÄF¾��1¹GR'¹º���EF¶¹ U ¸��	�WF5�V·³¸EF³¹$QTK-F³Ç�¸�È �	Ä

QG
n��F³¹S�	ÈÄLK$Y��	Ä¶¹<� K'�¢Å�,·¶¹�FLJ5K	È �V·³ÅZK'�"Q ¸��dH�·¶ÅOK	�#ÄCH`K'��ÄF·LF³¸>H�·³¹<� K	�¢·¶Æ�¹��EK���¹<Ä H5Æ>K'Ä¶¹º���	Ä

iº¹GF�K'Ä�K-Q KSFF·³ÆEK-RSK	���	È��n¹GR	¹<���WF³¹1J5K	ÈOV��EK	Ç�Å �;È Ä7�;��� Hº�	�lY#¹ JEF³¹<Ä¶¹º�,·³¹<��'Ä

QG
n f = h

n
∑

i=1

wG
i yi,  Ã	� Â��

]7Æ�¹GF³¹
wG

i

��F³¹�HGK�¹��aHQÅ¹º�,·³Ä\H<�;ÈÈ ¹>�f·³Æ�¹ ] ¹ºÅOR	Æ,·³Ä<�
 �!#"%$'&($*)+$-,.&0/21+3��54à� � U ¸��	�EF³�;·¶¸EF³¹kQTKSF¶Ç�¸�È�

Qn
Æ��'Ä���¹GR-F³¹º¹

d
Å�Q�Å ·�Å �,·³¹GR-F5�V·³¹<Ä

¹`M��-HQ·¶ÈOV �	È È�JdK'ÈZV��EK'Ç�Å �;È Ä K-Q7��¹GR-F³¹º¹ ≤ d
�	��� Qâ�;ÅÈ ÄC·�K�Å �,·³¹GR-F5�V·³¹�¹`M��-HQ·¶ÈOV

f(x) =
xd+1.

 �!#"%$'&($*)+$-,.&�671 m Æ�¹S·�F¶¸��dHº�V·³ÅZK'��¹�FLF�K-F�QTK-F ·³Æ�¹ U ¸��	�EF³�;·¶¸EF³¹CQTKSF¶Ç�¸�È ��Å Ä ·¶Æ�¹C��Å98i¹GF¶¾
¹º�>Hº¹�Y�¹Q·!] ¹º¹<�¢·¶Æ�¹[��¸�Ç�¹GF³ÅIHº�;È1�	���¢�;���	ÈZV,·¶ÅIHº�	È  ¹`M��SH�·���XV�	È ¸�¹>Ä@K�Q£·¶Æ�¹[Å�,·¶¹�R-F5�;È«�

m Æ�¹ ·LF³¸��>Hº�;·¶ÅOK	��¹GF�FLKSF QTKSFÐ·¶Æ�¹ U ¸��'�WF³�;·¶¸EF³¹�QTK-F³Ç�¸�È �	Ä  Ã'� Ã5�à¾  Ã'� Â%�1Å ÄvR	ÅOX	¹<��Å��·³Æ�¹
QTK-F³Ç

Chαf (β)(ξ),  Ã	� ¿%�
]7Æ�¹GF³¹

C
ÅÄ ��H`K	�#Ä¯·5�;�,·<Á

α
ÅÄ �;��Å �,·³¹GR	¹�F ��¹GJ�¹º����¹<�,·@K'�f·³Æ�¹���¹GR-F³¹º¹1K�Q U ¸��'�WF5�V·¶¸>F¶¹

QTK-F³Ç�¸�È ��Á
β

ÅÄ*�;��Å�,·¶¹GR'¹GF*Å ����ÅOH<�V·¶Å�ER�·³Æ�¹[KSF³��¹GF K-Q
·¶Æ�¹���¹GF³ÅZXV�;·¶ÅOX	¹	Á��;���
ξ

Å Ä"ÄLK	Ç�¹
JdK'Å �,· Å��·³Æ�¹[Å�'·³¹GF�XV�;È

(a, b).
��¸EJEJ5K'Ä¶¹ ·³Æ��V·@]Ö¹1] �	�,·%·LK���JEJ>FLKNM�ÅÇ��;·¶¹ Å�,·¶¹�R-F5�;È b

∫

a

f(x) dx
·�K[]7Å ·¶Æ�Å����ÄuJ�¹�HQ¾

Å�_�¹>��·LK'È ¹�F³�	�>HQ¹
ε > 0. : KSFÖÄLK	ÈOX,Å�ERS·³Æ�ÅÄ�JEF�K-Y�È¹ºÇ ]Ö¹"��¹º¹>�ÞÉ,� U ¸#�	�WF5�V·³¸EF¶¹@QTKSF¶Ç�¸�È ��Á

�;�¢Å �,·¶¹�R-F5�V·³ÅZK'��ÄF·LF5�V·¶¹�R-V'Á��;���¢�+QTK-F³Ç�¸�È �+QTK-F7¹<ÄF·¶ÅÇ��V·³ÅZK'� K-Q�·³Æ�¹S·LF³¸��>H<�V·¶ÅOK	�¢¹GF�F�K-F>�
� � Å Ç$J5K-F¶·³�;�,·$JEF�K-Y�È¹ºÇ��'Ä¶ÄLKWHQÅ �V·¶¹>� ]7Å ·¶Æ��;¸�·�K	Ç��V·³ÅOH���¸�Ç�¹GF³ÅOH<�;È Å �,·¶¹�R-F5�V·³ÅZK'�

JEFLKSY�È¹ºÇwÅÄ ·¶Æ��;·CK�Q
¹GF�F�K-F7¹<ÄF·¶ÅÇ��V·³ÅZK'�1���à·�ÅÄ*��Å9�aHº¸�È ·*·LK"HGK	Ç$J�¸�·³¹C¹GF�F�K-F7¹<ÄF·¶ÅÇ��V·³¹<Ä
·¶Æ��;·���F³¹fY5K;·³Æ F³¹ºÈÅ�-Y�È ¹��;�����SHGHº¸EF³�;·¶¹'�#� � K-Y�X�ÅZK'¸�Ä ] �NV·�KaK-Y�·³�;Å���	��¹GF�FLKSF ¹<ÄF·¶Å ¾
Ç��;·¶¹�ÅÄ%·LK$H`K'Ç$J���F³¹"�+J��;ÅOF�K-QnÅ�'·³¹GRSF³�;·¶ÅOK	�$QTK-F³Ç�¸�È�'Ä

Qn1
�;�#�

Qn2
� m Æ�¹��'Ä¶Ä¶¸�Ç$J�¾

·¶ÅOK	�¢·¶Æ��;·
Qn2

F³¹Q·³¸EF³��Ä7ÄFÅOR	��Å�_dH<�;�,·¶ÈOVaY�¹Q·¶·¶¹GFCF¶¹>ÄF¸�È ·³Ä7·¶Æ��	�
Qn1

Å Ç$J�ÈÅ¹<Ä ·³Æ��V·"¹�FLF�K-F
¹<ÄF·¶ÅÇ��;·¶¹�QTKSF¶Ç�¸�È�
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∆ =
∣

∣

∣
Qn1f − Qn2f

∣

∣

∣
 Ã	� ¼��

R	ÅOX	¹<Ä"�fÄF¸2�eHºÅ ¹<�,·¶ÈOV��SHGHº¸EF³�;·¶¹[¹>Ä¯·³Å Ç��V·³¹[K-Q£·³Æ�¹C·�F¶¸��>Hº�;·¶ÅOK	��¹GF�F�K-F@QTK-F��fÈ ��F�R	¹fHºÈ�'Ä¶Ä
K�Q�Å�,·¶¹�R-F5�;����Ä<���d��¹�Hº¹<Ä³Ä¶�-FLVeHGK	����Å ·¶ÅOK	�¢Å�·³Æ�ÅÄ7·¶¹�H5Æ���Å U ¸�¹SÅ Ä ·¶Æ�¹C�'Ä¶Ä¶¸�Ç$J�·³ÅZK'�f·¶Æ#�V·
·¶Æ�¹C��¹�R-F³¹º¹�K�Q
�-H�HQ¸EF5�-HGV

Qn2
ÅÄ È�-FLR'¹GFÖ·¶Æ��	�

Qn1
�

��Ä¶Å Ç$J�È¹f] �NV·�KaK-Y�·5�;Å��·!]�K��Å 8�¹�F¶¹<�'·*¹<ÄF·¶ÅÇ��;·¶¹>Ä
Qn1

�;���
Qn2

QTKSF
If

Å Ä"·LK
¸�ÄF¹ HGK	Ç$JdK'¸����"F¶¸�È¹<Ä<�����,·¶¹GRSF³�;·¶ÅOK	�eQTKSF¶Ç�¸�È �

Qn
ÅÄ7�-JEJ�ÈÅ ¹>�a_>F5ÄF·Ö·�K

[a, b]
�;�#��·¶Æ�¹º�

·LK�·¶Æ�¹ ·!]�K[ÄF¸>Y�Å �,·³¹GF�X��	ÈÄ
[a, (a+b)/2]

�	���
[(a+b)/2, b].

�7����Å�ERS¸EJ�·¶Æ�¹\F³¹<Ä¶¸�È ·³ÄvK�Q
YdK	·¶Æ�Ä¶¸EY�Å�,·¶¹GF�XV�;È Ä7È¹<�	��Ä ·LK�·³Æ�¹fQTKSF¶Ç�¸�È �

Q2n
]7Æ�ÅIH5Æ�Å Ä Ç$K-F³¹��-H�HQ¸EF5�V·³¹�·¶Æ��	�

Qn.��Q
f

ÅÄ ��Ä¶¸ �aHQÅ¹º�,·¶ÈOVÄ¶Ç$K�K	·¶Æ Q ¸��>HQ·¶ÅOK	���;�#�
Qn

Æ��'Ä ·¶Æ�¹C��¹�R-F³¹º¹
p

·¶Æ�¹<� QTK-F³Ç�¸�È �

E =
∣

∣

∣

Q2nf − Qnf

2p − 1

∣

∣

∣
 Ã	� ���

Ç��NV"Y#¹[¸�Ä¶¹<�¢�	Ä7�	��¹GF�FLKSFÖ¹>Ä¯·³Å Ç��V·³ÅZK'�"QTKSF¶Ç�¸�È ���
m Æ�¹�Ç��	Å �{�WF5�N]\Y��-H�� K�Q�QTKSF¶Ç�¸�È �  Ã	� ���"ÅÄ���¹	HQ¹<Ä³Ä¶Å ·!V�·�K¢�-JEJEF�KNM�ÅÇ��V·³¹���¹G_���Å ·¶¹

Å �,·¶¹�R-F5�;È�·!]7ÅOHº¹	� m Æ�¹GF³¹`QTKSF¶¹ QTK-F Ç�Å��ÅÇ�ÅZi>�V·¶ÅOK	�"K�Q H`K'Ç$J�¸�·³�;·¶ÅOK	� H`K'ÄF·³Ä ·¶Æ�¹�¹<ÄF·¶ÅÇ��V·³¹<Ä
Qn1

�	���
Qn2

��F³¹kHº�	ÈOHº¸�È �V·¶¹>� ¸�ÄFÅ�ER ¹<Ç[Y�¹<����¹>� QTK-F³Ç�¸�È �	Ä<�%��¸EJ>JdK,ÄF¹�·³Æ�¹
n + 1�EK���¹<Ä���F³¹f_EM�¹>���;�����f¸���Å U ¸�¹�Å �,·¶¹�FLJ5K	È �V·�K-F�V U ¸��'�WF³�;·¶¸EF³¹ QTKSF¶Ç�¸�È�

Qn2 = Qn+1K�QÞ��¹GRSF¶¹<¹
d

Å Ä'H`K'��ÄF·LF³¸>H�·³¹<�Þ� m Æ�¹@QTKSF¶Ç�¸�È �
Qn1

Ç��NV Y�¹ H`K'��ÄF·LF³¸>H�·³¹<�+F¶¹<Ç�K�X�Å�ER�K	��¹
K-FCÄLK	Ç�¹$JdK'Å �,·³Ä QTFLK'Çx·¶Æ�¹�Å ��Å ·¶Å �;ÈÖÄF¹º·fK�Q �EK���¹<Ä H5Æ�¹	H���Å �ER¢·³Æ��V·[·³Æ�¹�Å �,·³¹GF�JdK'È�;·LK-F�V
F¶¸�È¹CY#�	Ä¶¹<�$K	�f·¶Æ�¹1F¶¹<Ç��	Å ��Å �ER��EK���¹<Ä �-HQ·¶¸��	È ÈOV�Æ��	Ä%ÈZK�] ¹GF%��¹GR-F³¹º¹CK�Qn�-H�HQ¸EF5�-HGV�·³Æ��;�
·¶Æ�¹�QTKSF¶Ç�¸�È�

Qn2
�

 �!#"%$'&($*)+$-,.&��71+3��54à��� F¶¸�È¹

Nf =

n
∑

i=1

uif(xi)  Ã	�JÀ �

ÅÄ �¢�#��´¦´Þ¨���´ § ÅZQ£Å · Æ��	Ä7�;·7È ¹>�	ÄF· K	��¹S�EK'�Eiº¹�FLK�]Ö¹<ÅZR'Æ,·<Á��;�#�Å���	����Å ·¶ÅOK	�
n

∑

i=1

ui = 0.

� �#��´¦´�¨���´ §£ÅÄÐÄ³�;Å �[·�K�Æ#�NX	¹Ö��¹GR-F³¹º¹
d

Å�Q�Å ·
Å�,·¶¹GRSF³�;·¶¹>Ä1·�K�i<¹GF�K*�;ÈÈ�JdK'ÈZV��EK'Ç�Å�	ÈÄ K�Q
��¹GRSF¶¹<¹ ≤ d

�	���1Qâ�;ÅÈÄ1·LK �WK"ÄLK@]7Å ·³Æ
f(x) = xd+1.

� �#��´¦´	¨���´ §
N

�	����Å �,·³¹GF�JdK'È�;·LK-F�V
F¶¸�È¹

Q,
Y��'ÄF¹>�lK	��·¶Æ�¹�Ä¶�	Ç�¹�ÄF¹º·�K-Q�JdK'Å �,·5ÄºÁÞ��F³¹�§��º���V´¦´Jª¢ �©õ¨³¬V�,µ�ÅZQ ·¶Æ�¹���¸�ÈÈ F³¸�È¹�Å Ä

ÄLH<�;È¹<�¢ÄF¸>H5Æ�·¶Æ#�V· ‖N‖2 = ‖Q‖2
ÁW]7Æ�¹GF³¹

‖N‖2 =
(

n
∑

i=1

u2
i

)1/2

, ‖Q‖2 =
(

n
∑

i=1

w2
i

)1/2

�;���
wi

��F³¹ ·¶Æ�¹�H`K�¹��aHQÅ¹º�,·5Ä'K�Q F³¸�È¹
Q

� m Æ�¹ ·¶¹GF³Çw����´¦´�¨���´ §'] �	Ä�_>F³ÄF·%¸�Ä¶¹<��Å��Ã
	��'¼
Y�V��#�Þ�C�Þ� V���¹>Ä¶Ä�3 Ã�¼�4à� m Æ�¹�R	¹<��¹GF5�;Èn·¶Æ�¹�K-F�VlK�Q ����´¦´Ð¨���´ §Q \] �'ÄCJ>F¶¹>ÄF¹<�'·³¹<��Å�yÃ
		�Ã
Y�V������ ¹�F¶�,·³Ä¶¹º�¢�;��� m �������%ÄLJ#¹<È Å �¢Å � 3��54à�

�S�;¸�Ä³Ä$QTK-F³Ç�¸�È�'Ä�Æ��NX	¹lK'��¹�Ä¶¹GX	¹�F¶¹��WF5�N]\Y��SH���ÉÐ·!]�K ��F�Y�Å ·LF5��F�V �S�;¸#Ä¶ÄaQTK-F³Ç�¸�¾
È�'Ä

QG
n1

�;�#�
QG

n2

]7Å ·³Æ
n2 > n1

�WKq�EK;·¢Æ��NX	¹��	��V Å ��¹<�'·³ÅOH<�;È��EK���¹<Ä  ¹GMWHº¹GJ�·>Á



Â�Ã�� �$t�� ´J���'�� ��	��t
� ´J���;¤â§Q���§
J#¹�F¶Æ��-J�Ä<Á QTK-F[·³Æ�¹�Å �,·³¹GF�X��	ÈcHQ¹<�,·¶¹GF ��� m Æ�¹�¸�ÄF¸#�;È�JEF�KWHQ¹>��¸EF³¹+QTKSF K-Y�·5�;Å��Å�ER��lJEF³�SH�¾
·¶ÅIHº�;È�¹GF�FLKSF7¹<ÄF·¶ÅÇ��V·¶¹[Y�V"QTK-F³Ç�¸�È �  Ã'� ¼��@F³¹ U ¸�ÅOF¶¹>Ä ·LK�K�Ç��;��VÅ�,·¶¹�R-F5�;��� XV�;È¸�¹<Ä*�;���
·¶Æ�¹�F¶¹GQTK-F³¹"·�K�K�Ç�¸dH5Æ H`K'Ç$J�¸�·³�;·¶ÅOK	���	Èi¹�8 K-F¶·<� m Æ�Å Ä7��ÅÄ³�	�EX��	�,·³��R'¹ ] �	Ä�K�X	¹�F�HGK	Ç�¹ Y�V
¸�ÄFÅ�ER���Ä¶¹º¹ºÇ�Å�ER	ÈOVkKSY�X�ÅOK	¸�ÄSÇ�¹º·¶ÆEK�� JEF�K-J5K'Ä¶¹<� Y�V �C���Þ�n��FLK'�EF�K���Å ��Ã
	��'¼ 3Ã�À�4à�
��¸EJEJ5K'Ä¶¹f·³Æ��V·

n
�>K���¹<Ä

x1, x2, . . . , xn
�-F¶¹�·³Æ�¹��-Y�ÄLHºÅÄ³Ä³�	Ä K-Q

QG
n1

Á�·¶Æ�¹º� QTKSF¶Ç�¸�È�
QG

n2

]7Å ·³Æ
(2n + 1)

�EK���¹>Ä�ÅÄ�H`K'��ÄF·LF³¸>H�·³¹<��Å�{ÄF¸>H5Æ � ] �NV¢·¶Æ#�V·[Å ·5Ä[��¹GRSF¶¹<¹[K-Q �-HQ¾
HQ¸EF5�-HGV�Å Ä[·¶Æ�¹Æ�ÅOR	Æ�¹>Ä¯·+JdK,Ä¶Ä¶ÅZY�È ¹'Á1Åõ� ¹	�£��¹�] �>K���¹<Ä��-F¶¹aHGK	�,·³�	Å ��¹<�{Å�{·¶Æ�¹�Å �,·¶¹�FLXV�	ÈÄ
(a, x1), (x1, x2), . . . , (xn, b).��Å �dHQ¹�·³Æ�¹e_>F5Ä¯·��	¸�·LK'Ç��V·¶ÅIHf�	ÈZRSK-F³Å ·³Æ�Ç QTK-F�·¶Æ�¹�,¸�Ç�¹�F¶ÅIHº�	ÈcHº�	ÈOHº¸�È �V·¶ÅOK	� K-Q7��¹`Q¦¾
Å ��Å ·¶¹Å �,·¶¹�R-F5�;È Ä�] �'Ä�R	ÅOX	¹<� Y�V bkHº�S¹<¹ºÇ��;��3Ã��54%Å� Ã 	��	Â�ÁÞÇ��	��V���¹�] �	ÈZRSK-F³Å ·³Æ�Ç�ÄºÁ
Å �>HºÈ ¸#��Å �>Rf�EK	��¾à�'����J�·³ÅZX'¹	Á��'����J�·¶ÅOX	¹  ÈOKWHº�	È ÈOV��	���lR	ÈOK-Y��	È ÈOV2��Á��	�����WK'¸EY�È¹��	���-J�·¶ÅOX	¹
 ÈOK�H<�;ÈÈZV��;��� R	ÈOK-Y#�;ÈÈZV2��Á�Æ��NX'¹�Y#¹<¹º����¹GX'¹ºÈOK-J�¹<� 3 Â�Á�¿�Á#¼�Á2��Á#À�Á���Á�	�Á1Ã>Â�Á1Ã<¿ 4«�

�7¹�Hº¹º�,·¶ÈOV �S�;����¹�F��	��� �S�	¸�·³Ä�H5Æ�Å 3 	 4'J�¸EY�ÈÅÄ¶Æ�¹>���aJ#��J�¹GF[��¹<Ä�H`F³ÅOY�Å �>Rf·!]�K��¹�]
�	���-J�·¶ÅOX	¹ U ¸��'�WF³�;·¶¸EF³¹\b��V·³È�-YaH`K���¹>Ä"�-o'����©õ �¤ sl�	�����-o'���i©õ´ ¬���Y��	Ä¶¹<��K	���Å Ç$J�ÄLK	�	� Ä
�;����·³Æ�¹+QTK	¸EF¶¾ J5K	Å�,· �S�	¸�Ä¶ÄF¾�� K-Y#�V·F·�KaF³¸�È ¹>ÄCF³¹<ÄLJ�¹�H�·³ÅZX'¹ºÈOV	���%ÄLJ#¹<È Å ��Å� 3 Â54 ��Å ÄLHº¸�Ä¶Ä¶¹<�
�,¸�È È\F³¸�È¹<Ä$Y��'ÄF¹>� K	����ÅOX�Å��¹>�q��Å98i¹GF³¹º�>Hº¹<Ä��	���hHGK	��ÄF·LF³¸>HQ·¶¹<�y¹GF�FLKSF�¹>Ä¯·³Å Ç��;·LK-F�¸�ÄF¾
Å �ER{Ä¶¹ U ¸�¹º�dHQ¹<Ä+K�Q*�,¸�È È\F³¸�È¹<Ä+]7Å ·³Æy·³Æ�¹�Å�,·¶¹<�'·³ÅZK'� ·�K Å�>HGF¶¹>�	Ä¶¹�·¶Æ�¹lF³¹ºÈÅ�-Y�ÅÈ Å ·!V QTK-F
YdK	·¶Æy�-o'���i©â �¤ s �;��� �So	���i©õ´¬
��H`K���¹>Äº�������'����Å ·¶ÅOK	��·!]�K���¹G] b��;·¶È ��YkH`K���¹>Ä�±5¬V©�§ o	�
�;���{±5¬V©�§«µ	´ ¬��7��F³¹���¹GX	¹<ÈZKSJ#¹>�ÞÁ�·¶Æ�¹GV¸#ÄF¹[��ÈZKWHº�	È ÈOV�	������R'ÈZKSY��;ÈÈZVf�EK	¸EY�È¹[�	���-J�·¶ÅOX	¹
Ä¯·�F³�;·¶¹GRSV"F³¹<ÄLJ#¹	H�·³ÅZX'¹ºÈOV	����K;·³Æ��;ÈOR-KSF¶Å ·¶Æ�Ç�Ä7¸#ÄF¹�Ä¶¹ U ¸�¹<�>HQ¹>Ä\K�Q
��¸�ÈÈ F³¸�È¹<Ä Å��·¶Æ�¹ºÅOF"ÈOK;¾
Hº�;È�¹GF�F�K-F%¹>Ä¯·³Å Ç��;·¶ÅOK	��Ä<� m Æ�¹<Ä¶¹"��¹�] H`K���¹>Ä Ç���	¹*¸�ÄF¹�K�Q YdK	·¶Æf·³Æ�¹1_>X	¹º¾ J5K	Å�,·�HQÈOK'Ä¶¹<�
� ¹G] ·�K	��¾u^�K;·³¹<Ä@F³¸�È¹S�	���·¶Æ�¹[��Å��¹º¾ J5K	Å�,·CHQÈOK'Ä¶¹<�¢� ¹G] ·�K	��¾u^�K;·³¹<Ä�F³¸�È ¹'�

m Æ�¹[�;ÅÇ�Ä@K-Q�·³Æ�Å Ä\J���J�¹GF �-F¶¹'É
Ã	� m K$H`K'Ç$J�¸�·¶¹�·³Æ�¹S�,¸�È ÈgF³¸�È¹<Ä�]7Å ·³Æ·³Æ�¹[ÄFÇ��	È È¹<ÄF·Ö·�F¶¸��>Hº�;·¶ÅOK	�¹�FLF�K-F�QTK-F7�"¹G] ·LK'��¾

^�K;·³¹<Ä7�;�#���"¹GF³Ç�Å ·³Å�	� U ¸��'�WF³�;·¶¸EF³¹1QTK-F³Ç�¸�È �	Ä<�
��� m K ��¹GX	¹<ÈZKSJ �	���q·LK ·³¹<ÄF·�	���-J�·¶ÅOX	¹Pb��;·¶È ��Y JEF�KWHQ¹<��¸EF¶¹>Ä$Y��	Ä¶¹<� K'�q·³Æ�¹kH`K'��¾

Ä¯·�F¶¸dH�·¶¹>�¢�,¸�È È F³¸�È¹<Ä7�	���f·³Æ�¹[��Å��¹Q¾�J5K	Å�'·CHºÈZK,ÄF¹>���"¹G] ·�K	��¾u^�K;·³¹<Ä7�;�#�f·³Æ�¹�QTK	¸EF¶¾
JdK'Å �,·CHºÈZK,ÄF¹>� �"¹GF³Ç�Å ·¶Å �;� U ¸��	�EF³�;·¶¸EF³¹CQTKSF¶Ç�¸�È �	Ä<�

Â�� m K H`K	Ç$J��-F¶¹S��¸�Ç�¹GF³ÅIHº�;È F¶¹>ÄF¸�È ·³Ä ]7Å ·³Æ �S�;����¹�F��2�S�;¸�·5ÄLH5Æ�Å1�;�����%ÄLJ�¹ºÈÅ�lF³¹<Ä¶¸�È ·³Ä
QTFLK'Çr·¶Æ�¹ ]Ö¹<È È ���EK�]7�·¶¹>Ä¯· ��Å · R	ÅOX	¹º�¢Å� 3 Â�Á�	 4«�

@8���<>A1:CB�� ;ED!=c:��l<E<E=�<��������uA�� ;WDu=c:
��¸EJEJ5K'Ä¶¹C·³Æ��V· U ¸#�	�WF5�V·³¸EF¶¹

Q
Å ÄCY#�	Ä¶¹<�lK	���>K���¹<Ä

x0 = a, x1, x2, . . . , xn = b
�;���

Å ·�Æ��'ÄC·³Æ�¹���¹GRSF¶¹<¹
d

�;��� U ¸��	�WF5�V·³¸EF³¹
Q1

ÅÄ�Y��'ÄF¹>� K'� ·¶Æ�¹¢Ä³�;Ç�¹¢�EK���¹<Ä�¹`MEHº¹GJ�·
K�QÖ�>K���¹<Ä

xk1
, . . . , xkq

, ki ∈ {1, 2, . . . , n − 1}, i = 1, q, q ≥ 1
�	����Å ·CÆ��	ÄS��¹�R-F³¹º¹

d1 ≤ (d− q).
�*ÄF¸��	È ÈOV	Á'·¶Æ�¹ �EK���¹<Ä

xki
, i = 1, q

��F³¹ H5ÆEK'Ä¶¹º��Å�fÄF¸dH5Æf� ] �NV�·¶Æ#�V· ·³Æ�¹
U ¸#�	�WF5�V·³¸EF¶¹�QTKSF¶Ç�¸�È �

Q1
]�K	¸�È �¢Æ��NX	¹C·¶Æ�¹�Ä¶Ç��;ÈÈ ¹>Ä¯·"·¶Æ�¹�K-F³¹Q·¶ÅIHº�	È1·�F¶¸��dHº�V·³ÅZK'��¹GF�FLKSF<Á

Åõ� ¹	��·³Æ��V· ·³Æ�¹C��Y�ÄLK	È¸�·³¹�XV�	È ¸�¹ K-Qn·³Æ�¹fH`K'��Ä¯·5�;�,·
C

Å��·¶Æ�¹S·�F¶¸��dHº�V·³ÅZK'��¹�FLF�K-F�QTKSF¶Ç�¸�È�
 Ã	� ¿%��]�K	¸�È � Y#¹S·³Æ�¹CÄFÇ��	È È¹<ÄF·<�

��¸EJEJ5K'Ä¶¹�·¶Æ��;·
∆

�	���
∆1

�-F¶¹�·³Æ�¹ XV�;È¸�¹<Ä\K-Q�·�F¶¸��>Hº�;·¶ÅOK	�¢¹GF�FLKSF�QTKSF@QTK-F³Ç�¸�È �	Ä
Q�;���

Q1
F³¹<ÄLJ#¹	H�·¶ÅOX	¹<ÈZV'� m Æ�¸�ÄºÁ

If = Qf + ∆ = Q1f + ∆1.  ���Ã��
� U ¸�ÅZXV�	È ¹<�'·³ÈZV'Á  ��� Ã5��Hº�;� Y�¹ F¶¹�]\F¶Å ·F·³¹º���	Ä



� ¨�¨¶¬V¨��  5©«¤ s��V©«¤â¬V��®Q¬V¨�� ���-o;¨¶�V©«��¨¶§���¬V¨�s���´ �V  Â�Ã 	

δ =
∣

∣Qf − Q1f
∣

∣ =
∣

∣∆1 − ∆
∣

∣.  �������
�à·�Å Ä�K-Y�X�ÅZK'¸�Ä ·³Æ��V·�QTK-F³Ç�¸�È�  �������"Å Ä"·³Æ�¹��,¸�È ÈvF³¸�È ¹�K�Q ��¹GRSF¶¹<¹

d0 = min(d, d1)
�i�à·

Å Ç$J�ÈÅ ¹>Ä ·¶Æ#�V·\QTK-F³Ç�¸�È�  ��� ����H<�;�lY�¹[¸�ÄF¹>�aQTKSF7ÈZKWH<�;ÈÞ¹GF�F�K-F ¹<ÄF·¶ÅÇ��V·¶ÅOK	�n�
� ¹ Ç��NV�¹GMWJ#¹	H�·Ð·¶Æ��;·£¹�FLF�K-F�¹<ÄF·¶ÅÇ��V·¶¹�QTK-F³Ç�¸�È�  ������� K	��·¶Æ�¹ ���-FLF�K�]{Å �,·¶¹�R-F5�V·³ÅZK'�

Å �,·¶¹�FLXV�	Èg]7Å ÈÈ Y�¹[¹`M��-HQ· ¹<�EK	¸>R	Æ Y#¹	Hº�;¸#ÄF¹

|f(x) − Pn(x)| ≈ |Pn+1(x) − Pn(x)|,
]7Æ�¹º� Å �,·³¹GF�JdK'È�;·¶Å�ER ÄF·¶¹�JqÅ Ä�ÄF¸2�eHºÅ ¹<�,·¶ÈOVyÄFÇ��	È È«Áv]7Æ�¹GF³¹

Pn(x)
�;���

Pn+1(x)
�-F¶¹

Å �,·¶¹�FLJ5K	È �V·³Å �>R JdK'ÈZV��EK'Ç�Å �;È Ä'QTKSF
f(x)

3Ã 4à� m Æ�Å Ä%ÄF·³�;·¶¹<Ç�¹<�,·�Hº�	�eY#¹1JEFLK�X'¹<��Y�V�¸#ÄFÅ�ER
·¶Æ�¹ m �NV�ÈZKSF Ä¶¹GF³Å¹<Ä Å �¢·³Æ�¹[Å �,·³¹GF�X��	È

[xj , xj+1]
�

: K-F³Ç�¸�È�  ��� ����QTKSF ·¶Æ�¹fHºÈZK,ÄF¹>���"¹G] ·�K	��¾u^�K;·³¹<Ä@F³¸�È ¹>Ä\Hº�	� Y�¹ ]\F¶Å ·F·³¹º���	Ä

δ =
∣

∣Qf − Q1f
∣

∣ =
∣

∣h(wδ
1y1 + wδ

2y1 + . . . + wδ
nyn)

∣

∣,  ��� Â��
]7Æ�¹GF³¹

wδ
i = wQ

i − wQ1

i , i = 0, . . . , n,
�;�#�·³Æ�¹fH`K�¹��eHºÅ ¹<�,·³Ä

wQ
i

�;���
wQi

i

��F³¹*·³Æ�¹
]Ö¹<ÅZR'Æ'·5Ä Å � QTK-F³Ç�¸�È�  Ã'� Ã5�cQTK-F ·¶Æ�¹ U ¸#�	�WF5�V·³¸EF¶¹1QTK-F³Ç�¸�È�'Ä

Q
�;�#�

Q1
F¶¹>ÄuJ�¹�HQ·¶ÅOX	¹ºÈOV	�

������ÄFÅÇ�Å È ��F@] �NV+QTKSF¶Ç�¸�È �  ��������QTK-F\HQÈOK'Ä¶¹<� �"¹GF³Ç�Å ·³Å�	� F³¸�È¹�H<�;�"Y�¹�]\F¶Å ·F·³¹º�¢�	Ä

δ =
∣

∣h(wδ
1y1 + wδ

2y1 + . . . + wδ
nyn) + h2(wδ∗

1 y′
1 + wδ∗

2 y′
2 + . . . + wδ∗

n y′
n)

∣

∣.  ��� ¿%�

�@8������ �l<E<E=�< ���S;WD	� � ;EDu=c:�
 =�<����� ;W=c:���� =';������jA �'?C< � ;WAC<��
� =�<�� A �����
��¸EJEJ5K'Ä¶¹�·³Æ��V·¢·¶Æ�¹ HºÈZK,ÄF¹>�_� ¹�] ·LK	��¾!^�K	·¶¹<Ä U ¸��	�EF³�;·¶¸EF³¹PQTK-F³Ç�¸�È�

Q
ÅÄ Y��'ÄF¹>� K	�

¹ U ¸��;ÈÈOV�ÄuJ��SHQ¹>���EK���¹>Ä
xi, i = 0, n

�;�#��Å ·SÆ#�	Ä*·¶Æ�¹���¹�R-F³¹º¹
n.

����·¶Æ�ÅÄ[Ä¶¹�HQ·¶ÅOK	� ] ¹
]7Å ÈÈ1��Å ÄLHº¸�Ä¶Ä �+JEF�K�Hº¹<��¸>F¶¹CQTK-F\H`K'��Ä¯·�F¶¸dH�·¶ÅOK	�"K�Q£��HQÈOK'Ä¶¹<�Å �,·³¹GF�JdK'È�;·LK-F�V U ¸#�	�WF5�V·³¸EF¶¹
QTK-F³Ç�¸�È �

Q1
Ád]7Æ�ÅIH5Æ¢Å Ä Y#�	Ä¶¹<�lK	�¢·³Æ�¹�Ä³�;Ç�¹C�EK���¹>Ä

xi
¹`MEHQ¹�J�·CK�Q'K'��¹[�EK���¹

xk, k ∈
{1, 2, . . . , n − 1} �;���·¶Æ�¹S·�F¶¸��>Hº�;·¶ÅOK	�¢¹GF�FLKSF�K-Q ]7Æ�ÅIH5Æ�ÅÄ ·³Æ�¹CÄ¶Ç��	È È¹<ÄF·\JdK,Ä¶Ä¶ÅOY�È ¹'�

m Æ�¹ H`K	�#Ä¯·�F¶¸>HQ·¶ÅOK	� K�Q U ¸#�	�WF5�V·³¸EF¶¹
Q1

HGK	��Ä¶ÅÄF·³Ä@K-Qn·³Æ�¹�QTK	ÈÈZK�]7Å�ER�ÄF·¶¹GJ#Äº�
Ã	� ��¸EY�ÄF·¶Å ·¶¸�·¶¹�·¶Æ�¹¢Å �,·³¹GR-F5�;�#� Q ¸��>H�·³ÅZK'�

f(x)
]7Å ·¶Æ ·³Æ�¹�����RSF³�	�ER	¹�Å�,·¶¹GF�J5K	È �V·¶Å�ER

JdK'ÈZV��EK'Ç�Å�	È
Pn−1(x)

·¶Æ��V·%�-R-F³¹º¹>Äv]7Å ·³Æ
f(x)

�V· �EK���¹>Ä
xi, i = 0, n, i 6= k, ki ∈

{1, 2, . . . , n − 1}.����� F³Å ·¶¹S·¶Æ�¹ F¶¹>ÄF¸�È ·¶Å�ER���J>JEFLKNM�ÅÇ��V·¶ÅOK	�"K�Q£·¶Æ�¹[Å�,·¶¹GRSF³�	È

b
∫

a

f(x) dx ≈ Q1f =

b
∫

a

Pn−1(x) dx = h

n
∑

i=0,i6=k

wQ1

i yi.  Â��Ã��

Â�� : KSF
¹<�-H5Æ
k = 1, 2, . . . , n−1

¹GXV�	È ¸��;·¶¹Ö·¶Æ�¹ ·�F¶¸��>Hº�;·¶ÅOK	��¹�FLF�K-F5Ä K�Q>QTKSF¶Ç�¸�È �  Â��Ã����
¿��C^ÖÆEK�K'Ä¶¹¢·¶Æ�¹�Ä¶Ç��	È È¹<ÄF·�·¶Æ�¹�K-F³¹Q·³ÅOH<�;È ·LF³¸��>H<�V·³ÅZK'�y¹GF�F�K-F>�Ð�n¹Q·

xk
Y�¹�� �EK���¹ QTK-F

]7Æ�ÅIH5Æ�·³Æ�Å Ä7¹GF�FLKSFÖÅ Ä\F³¹�Hº¹ºÅOX	¹<�1�
¼��C^ �;ÈIHQ¸�È �V·³¹�·¶Æ�¹fHGK,¹��aHQÅ¹º�,·³Ä

wQi

i

Å � QTK-F³Ç�¸�È�  Â�� Ã5���



Â��;½ �$t�� ´J���'�� ��	��t
� ´J���;¤â§Q���§
m Æ�¹"·³Æ�¹GKSF¶¹º·¶ÅIHº�	È#·�F¶¸��>Hº�;·¶ÅOK	�¹�FLF�K-F

∆1
QTK-F U ¸��	�WF5�V·³¸EF³¹

Q1
Å Ä�H<�;ÈIHQ¸�È �V·³¹<�¸�ÄFÅ�ER

·¶Æ�¹*¹GF�FLKSF'QTK-F³Ç�¸�È � K-QÞ·¶Æ�¹*Å �,·¶¹�FLJ5K	È �V·³Å �>RfJdK'ÈZV��EK'Ç�Å�	È
Pn−1(x)

�;����·¶Æ�¹*���'·³¹GF³Ç�¹<��Å ¾
�V·¶¹�� �	È ¸�¹ m Æ�¹GK-F³¹ºÇ����à·CH<�;� Y#¹ ]\F³Å ·¶·¶¹<�¢�'Ä

∆1 =
f (n)(ξ)

n!

xn=b
∫

x0=a

(x−x0)(x−x1) . . . (x−xk−1)(x−xk+1) . . . (x−xn) dx,  Â������

]7Æ�¹GF³¹
ξ

Å Ä[ÄuK'Ç�¹�J5K	Å�'·[Å� ·¶Æ�¹�Å�'·³¹GF�XV�;È
(a, b)

�1�"Ä¶Å �ER�Ä¶¸EY�ÄF·¶Å ·¶¸�·³ÅZK'�
t = x−a

h − l,]7Æ�¹GF³¹
h = b−a

n , l = n
2 ,

QTK-F³Ç�¸�È �  Â�� ����H<�;� Y#¹ ]\F³Å ·F·¶¹<���	Ä

∆1 =
f (n)(ξ)

n!
hn+1

l
∫

−l

(t+ l)(t+ l−1) . . . (t+ l−k+1)(t+ l−k−1) . . . (t− l) dt.

 Â�� Â��
: K-F³Ç�¸�È�  Â�� Â%� ÅÄ Ç�KSF¶¹fHGK	��X	¹<��Å¹º�,·@QTK-FCH<�;ÈIHQ¸�È �V·³ÅZK'�1ÁWY#¹	Hº�	¸�ÄF¹[Å ·*�WK�¹>Ä7�EK;·"��¹GJ�¹º���
K	��·¶Æ�¹C�SH�·¶¸#�;ÈgXV�;È¸�¹<Ä@K-Q

xi.
m Æ�¹ HGK�¹��aHQÅ¹º�,·³Ä�Å�jQTKSF¶Ç�¸�È �  Â�� Ã5�[H<�;�hY#¹PH`K'Ç$J�¸�·¶¹>�y¸#ÄFÅ�ER ·¶Æ�¹�Ç�¹Q·³ÆEK��jK-Q

¸�����¹º·¶¹GF³Ç�Å ��¹<� H`K�¹��eHºÅ ¹<�,·³Ä<� : KSF¶Ç�¸�È �  Â��Ã���Ç�¸�ÄF·"Y#¹ ¹`M��-HQ·eQTK-F JdK'ÈZV��EK'Ç�Å �;È ÄeK-Q
��¹GRSF¶¹<¹ ≤ (n− 1).

���f·³Æ�Å Ä\Hº�	Ä¶¹	Á�] ¹*��¹º¹<�·LK�ÄLK	ÈOX	¹"·¶Æ�¹�QTK	ÈÈOK�]7Å �ER�ÄLV�ÄF·¶¹<Ç K�QnÈÅ��¹<�-F
¹ U ¸��V·³ÅZK'��Ä







wQ1

0 ϕj(l0) + wQ1

1 ϕj(l1) + . . . + wQ1

k−1ϕj(lk−1)

+wQ1

k+1ϕj(lk+1) + . . . + wQ1

n ϕj(ln) = mj , j = 0, n− 1,
 Â�� ¿%�

]7Æ�¹GF³¹
ϕj(li) = (−l+i)j , mj =

l
∫

−l

xjdx,
QTK-FÐ�;ÈÈ

i = 0, 1, 2, . . . , k−1, k+1, . . . , n,

�;���
j = 0, n − 1.

m �-Y�È ¹"Ã%ÄFÆ>K�] Ä H`K�¹��eHºÅ ¹<�,·³Ä K-Q�·¶Æ�¹�HQÈOK'Ä¶¹<�[�"¹G] ·LK'��¾u^�K;·¶¹>Ä U ¸��'�WF³�;·¶¸EF³¹vQTK-F³Ç�¸�È�'ÄºÁ
HQÈOK'Ä¶¹<��Å �,·¶¹�FLJ5K	È �V·�K-F�V U ¸��	�WF5�V·³¸EF³¹CQTKSF¶Ç�¸�È�'Ä

Q1
�;����¹GF�F�K-F ¹<ÄF·¶ÅÇ��V·¶ÅOK	� QTK-F³Ç�¸�È�

∆ = c∆(p̃)
f (p̃−1)(ξ)

(p̃ − 1)!
htildep.

m Æ�¹ ·5��Y�È¹%Å Ä���ÅZX�Å ��¹<��Å �,·LK�ÄF¹�X	¹�F³�	È�J���F¶·³Ä<Á>¹<�-H5Æ K-QE]7Æ�ÅIH5Æ[H`K'��ÄFÅ ÄF·³Ä K-Q�·¶Æ�¹ ·¶Æ>F¶¹<¹cF�K�] Äº�
m Æ�¹+HGK,¹��aHQÅ¹º�,·³ÄCK�QÐ·¶Æ�¹�HQÈOK'Ä¶¹<���"¹G] ·LK'��¾u^�K;·¶¹>Ä U ¸��	�EF³�;·¶¸EF³¹�QTK-F³Ç�¸�È �  U ¸#�	�WF5�V·³¸EF¶¹
Q
��K�Q ·¶Æ�¹f��¹GR-F³¹º¹

p
��F³¹$J�¸�·�Å� ·¶Æ�¹$_>F5ÄF·fFLK�] K-Q ¹>�-H5Æ J���F¶·<� m Æ�¹aHº�;ÈIHQ¸�È�;·¶¹<� HGK;¾

¹��aHQÅ¹º�,·³Ä1K�Q%·¶Æ�¹ U ¸��	�WF5�V·³¸EF³¹
Ql

]7Å ·¶Æ�·³Æ�¹�ÄFÇ��;ÈÈ¹<ÄF·"·LF³¸��>H<�V·³ÅZK'��¹GF�FLKSF*�	���PK�Q
·³Æ�¹
��¹GRSF¶¹<¹

(p−2)
��F³¹�R'ÅZX'¹º�[Å�[·¶Æ�¹ ÄF¹	H`K'����FLK�][Á>�;���[·¶Æ�¹�H`K�¹��aHQÅ¹º�,·5Ä K�Q�·³Æ�¹ ·�F¶¸��>Hº�;·¶ÅOK	�

¹GF�FLKSF1QTKSF¶Ç�¸�È �  ��� Â��S�-F¶¹�ÈÅÄF·¶¹>�{Å � ·¶Æ�¹�·¶Æ�ÅOF5� F�K�]  ��¹º�>K;·¶¹>�
”δn”

��� m Æ�¹<Ä¶¹aH`K�¹���¾
HQÅ¹º�,·³Ä[R	ÅOX	¹�·¶Æ�¹��Å 8�¹�F¶¹<�>HQ¹aY�¹Q·!] ¹º¹<� H`K�¹��aHºÅ ¹<�'·5ÄCÅ�{·¶Æ�¹"_>F5Ä¯·��	���{Å�{·¶Æ�¹Ä¶¹�HGK	���
FLK�] Ä<�

m Æ�¹+HGK	È¸�Ç��
”n”

F³¹GJEF³¹<Ä¶¹º�,·5Ä ·¶Æ�¹���¸�Ç[Y�¹GF1K�Q%¹ U ¸��;ÈÈZV�Ä¶ÅZi<¹<��Ä¶¸EY�Å�,·¶¹GF�XV�;È Ä Å�,·LK
]7Æ�ÅOH5Æ Å �,·³¹GR-F5�V·³ÅZK'� Å �,·³¹GF�X��	È*Å Ä���ÅOX,Å ��¹>�Þ� m Æ�¹ HGK	È¸�Ç��

”p”
R	ÅOX	¹>Äf·³Æ�¹{��¹GRSF¶¹<¹ K�Q

U ¸#�	�WF5�V·³¸EF¶¹[QTK-F³Ç�¸�È �	Ä<ÁÞ�;����·¶Æ�¹$HGK	È¸�Ç��
”c∆”

��ÅÄLJ�È �NV�Ä"·³Æ�¹GKSF¶¹º·¶ÅIHº�	È QTKSF¶Ç�¸�È �	ÄCQTK-F
¹GXV�;È¸��V·³ÅZK'�aK�Q�·¶Æ�¹*·LF³¸��>H<�V·³ÅZK'�¹GF�F�K-F>� : KSFÖ¹GM��;Ç$J�È¹	Á�Å�Q

n = 4,
·¶Æ�¹<�·³Æ�¹*·LF³¸��>Hº�;·¶ÅOK	�



� ¨�¨¶¬V¨��  5©«¤ s��V©«¤â¬V��®Q¬V¨�� ���-o;¨¶�V©«��¨¶§���¬V¨�s���´ �V  Â���Ã
������� *���	�B E D ? ZVD�� ?³H D G;U ÿ%Z ��U¯E D ÿ -� � D U T HJ? D � 
�D �S� D �CN D�� U Z G P � Z U D³ÿ � Z T � � \ K ÿ
KºG��CU T!� G,?5KºU¯H Z G D T�T Z T D5ÿ U¯H��CKºU¯H Z G+� Z T � � \ K ÿ �
n p w0 wl w2 w3 w4 w5 c∆ p̃

@ 1

3

4

3

1

3

−4

15

9
@ 8

1
= 8

−4

3

6
δ2

1

3

4

3

1

3X
14

45

64

45

24

45

64

45

14

45

−128

21



X 6

2

9

16

9

=
16

9

2

9

32

15

9
δ4

4

45

−16

45

24

45

−16

45

4

45A
41

140

216

140

27

140

272

140

27

140

216

140

−1296

5

O
A 9

14

50

81

50

=
110

50
0 81

50

324

35




δ6
9

700

−54

700

135

700

−180

700

135

700

54

700Y
3956

14175

23552

14175

−3712

14175

41984

14175

−18160

14175

41984

14175

−606208

33

8>8
Y 


1908

6615

10496

6615

=
16128

6615

−4144

6615

16128

6615

−118784

315

O
δ8

−928

99225

7424

99225

−25984

99225

51968

99225

−64960

99225

51968

9922585=
80335

299376

531500

299376

−242625

299376

1362000

299376

−1302750

299376

2136840

299376

−53854·10
4

273

8�6
8�= O

11690

40824

65125

40824

=
97500

40824

−23250

40824

106110

40824

−647·10
4

99

8>8
δ10

−16175

898128

16175

898128

−727875

898128

1941000

898128

−3396750

898128

4076100

898128

¹GF�FLKSFn¹<ÄF·¶ÅÇ��V·³¹�QTK-F³Ç�¸�È�  ��� Â��gQTK-F�·¶Æ�¹�_>X'¹cJ5K	Å�'·'HQÈOK'Ä¶¹<��� ¹G] ·�K	��¾u^�K;·³¹<Ä U ¸#�	�WF5�V·³¸EF¶¹
ÅÄ\J>F¶¹>ÄF¹<�'·³¹<���	Ä

δ4 =
4

45

∣

∣

∣
h(y0 − 4y1 + 6y2 − 4y3 + y4)

∣

∣

∣
.  Â�� ¼��

�"§Gs��;¨ ��St,��Q
n = 2

K-F
4,

·³Æ�¹º� ] ¹�H<�;� ¸�Ä¶¹�·³Æ�¹aH`K'Ç$JdK,ÄFÅ ·¶¹$F³¸�È ¹+QTK-F[¹>Ä¯·³Å Ç��;·¶ÅOK	�
K�QÐ·¶Æ�¹C·LF³¸��>Hº�;·¶ÅOK	��¹GF�F�K-F>É�·¶Æ�¹[HGK	Ç$J5K'Ä¶Å ·³¹S·LF5��J�¹GiGK'Å� F³¸�È¹�QTK-F

n = 2
�;�#�·³Æ�¹[HGK	Ç�¾

JdK,ÄFÅ ·¶¹���ÅÇ$J�ÄLK	�	� Ä\F³¸�È ¹�QTKSF
n = 4.

����·³Æ�¹<Ä¶¹fHº�'ÄF¹>Ä�]Ö¹ ]7ÅÈ È R	¹Q·\QTK'¸EF7·³Å Ç�¹<Ä È ¹>Ä¶Ä ·³Æ�¹
·LF³¸��>Hº�;·¶ÅOK	�¢¹GF�FLKSF@X��	È ¸�¹<Ä ·¶Æ#�;��·¶Æ�¹fHGK-F�F¶¹>ÄuJ5K	����Å �ER�XV�;È¸�¹<Ä@F³¹GJ5K-F¶·¶¹>�Å� m �-Y�È¹�Ã'�
�"§Gs��;¨ ����t m �-Y�È ¹ � ÄFÆEK�] Ä�·¶Æ�¹ F5�V·³ÅZK Y#¹º·!]Ö¹<¹º� ·³Æ�¹���Y�ÄLK	È¸�·¶¹ XV�;È¸�¹<Ä+K�Q"·¶Æ�¹¢·¶Æ�¹Q¾
K-F³¹Q·¶ÅIHº�	È ·LF³¸��>H<�V·¶ÅOK	� ¹GF�F�K-F5Ä+K-Q�¹�FLF�K-F�¹>Ä¯·³Å Ç��V·³ÅZK'�jQTKSF¶Ç�¸�È �	Ä

δn(xk).
�"¹GF³¹

δn(xk)��¹º�EK	·¶¹>Ä�·³Æ�¹¢·¶Æ�¹�K-F³¹Q·³ÅOH<�;È ¹GF�FLKSF�¹>Ä¯·³Å Ç��V·³¹ QTK-F�·¶Æ�¹
n

��¹GR-F³¹º¹ U ¸��	�EF³�;·¶¸EF³¹aQTKSF¶Ç�¸�È�
Y��	Ä¶¹<�lK'�¢¹ U ¸��;ÈÈZV�ÄLJ��-Hº¹<�¢�EK���¹<Ä

x0, x1, . . . , xk−1, xk+1, . . . , xn.
� �	È ¸�¹<Ä |δn(xk)|�;��� |δn(xn−k)| �-F¶¹S¹ U ¸��	Èõ�

�à·'QTK	ÈÈZK�] Ä QTF�K	Ç m �-Y�È ¹ �*·³Æ��V·�KSJ�·¶ÅÇ��;È�¹�FLF�K-FÐ¹<ÄF·¶ÅÇ��V·�K-F
Å Ä'K-Y�·5�;Å��¹<�+QTKSF
δn(x2).

m Æ�ÅÄ�Qâ�SH�·[H<�;� Y#¹�¹GM�J�È�	Å ��¹>��Å� ·¶Æ�¹e] �NV�·¶Æ��;· QTK-F�·¶Æ�¹�§Q¥V§Q�y¤¦��©�§«µ,§º¨
n

·¶Æ�¹eXV�;È¸�¹
K�Q7Å �,·³¹GR-F5�;È xn=b

∫

x0=a

(x − x0)(x − x1) . . . (x − xk−1)(x − xk+1) . . . (x − xn) dx
Æ��'Ä

·¶Æ�¹�ÄFÇ��	È È¹<ÄF·1XV�;È¸�¹�Å�Q
xk = x2.

�à·�Y#�	Ä¶¹<�PK'��·¶Æ�¹�JEF�K-J�¹GF¶·¶Å¹<Ä1K�Q�J5K	ÈOV��EK	Ç�Å �;È
(x −

x0)(x − x1) . . . (x − xk−1)(x − xk+1) . . . (x − xn)
3 Ã5��4à�



Â���� �$t�� ´J���'�� ��	��t
� ´J���;¤â§Q���§
������� *�� 	�B E D �>Kº\ � D5ÿ Z ��U¯E D T KQU¯H Z ˛

˛

δn(xk)

δn(x2)

˛

˛.

n x1 x2 x3 x4 x5

4
X 8 X

6 @ = 8
68

9

8 @ =
8 644

29

8
164

29

227

116

164

29

10 6378

647

8
1362

647

5211

4529

35614

23645

� 8������ ��<>AC:1B�� ;WDu=c: �l<E<E=�<�� �S;ED � � ;ED!=c: 
 =�<�� � <�� D!;WD �':
� A��'? < � ;EA <�� 
 =�<�� A������

m Æ�¹eH`K	�#Ä¯·�F¶¸>HQ·¶ÅOK	�kK-Q%·³Æ�¹
(2n + 1)

¾«·¶Æ K-F5��¹GF � ¹�F¶Ç�Å ·¶Å �;� U ¸��'�WF5�V·¶¸>F¶¹[QTK-F³Ç�¸�È �
Q

Á
]7Æ�ÅOH5Æ�Å Ä@Y��	Ä¶¹<� K	�¢¹ U ¸�Å ��Å Ä¯·5�;�,· �EK���¹>ÄºÁEHGK	��Ä¶ÅÄF·³Ä@K-Qn·³Æ�¹�QTK	ÈÈZK�]7Å�ER�ÄF·¶¹GJ#Äº�
Ã	�7�"ÅOX�Å��¹�·³Æ�¹+R'ÅZX'¹º��Å�,·¶¹GRSF³�;·¶ÅOK	��Å�,·¶¹GF�XV�;È

[a, b]
Å�,·LK¹ U ¸��;ÈÈZV�Ä¶ÅZi<¹<��Ä¶¸EY�Å�,·¶¹�FLXV�;È Ä

Y�Vf�EK���¹<Ä
xi = x0 + ih, i = 0, n,

]7Æ�¹GF³¹
x0 = a, h = (b − a)/n, xn = b.��� ��¸EY�ÄF·¶Å ·¶¸�·¶¹�Å�'·³¹GRSF³�	���lQ ¸��>HQ·¶ÅOK	�

f(x)
]7Å ·¶Æ ·¶Æ�¹ � ¹�F¶Ç�Å ·¶¹�Å�'·³¹GF�JdK'È�;·¶Å�ER"J5K	ÈOV,¾

�EK	Ç�Å �;È
H(x)

KSY#¹�V,Å�ER�·¶Æ�¹�QTK	ÈÈZK�]7Å�ER�¹ U ¸��;ÈÅ ·¶Å¹<Ä<É

H(xi) = yi, H ′(xi) = y′
i, yi = f(xi), y′

i = f ′(xi), i = 0, n.

Â���� F³Å ·¶¹S·¶Æ�¹ F¶¹>ÄF¸�È ·¶Å�ER���J>JEFLKNM�ÅÇ��V·¶ÅOK	�Å �¢·¶Æ�¹�QTK-F³Ç

b
∫

a

f(x) dx ≈
b

∫

a

H(x) dx = h(w0y0 + w1y1 + · · · + wnyn)

+ h2(w∗
0y′

0 + w∗
1y′

1 + · · · + w∗
ny′

n).  ¿��Ã��
¿��C^ �;ÈIHQ¸�È �V·³¹�·¶Æ�¹fHGK,¹��aHQÅ¹º�,·³Ä

wi
�	���

w∗
i

�

m Æ�¹+HGK,¹��aHQÅ¹º�,·³Ä"Å �PQTKSF¶Ç�¸�È �  ¿#� Ã5�7��F³¹[H`K'Ç$J�¸�·¶¹>��¸�Ä¶Å �>R�·¶Æ�¹�¸�����¹º·¶¹�F¶Ç�Å��¹<�kHGK�¹`Q¦¾
_dHQÅ¹º�,·³Ä Ç�¹º·¶ÆEK��Þ� � ¹º�dHQ¹	Á�È Å �	¹�QTK-F ·³Æ�¹��"¹G] ·LK'��¾u^�K;·¶¹>Ä�QTK-F³Ç�¸�È �	Ä<ÁW]Ö¹S��¹<¹<��·LKfÄLK	ÈOX	¹
·¶Æ�¹�QTK'È ÈOK�]7Å �>R�ÄLV�Ä¯·³¹ºÇ K-Q�ÈÅ ��¹<��F7¹ U ¸��V·³ÅZK'��Ä







w0ϕj(l0) + w1ϕj(l1) + · · · + wnϕj(ln)

+w∗
0ϕ

′
j(l0) + w∗

1ϕ′
j(l1) + · · · + w∗

nϕ′
j(ln) = mj , j = 0, 2n + 1,

 ¿������

]7Æ�¹GF³¹

ϕj(li) = (−[n/2] + i)j , ϕ′
j(li) = j(−[n/2] + i)j−1, i = 0, n,

mj =

n−[n/2]
∫

−[n/2]

xj dx, j = 0, 2n + 1.



� ¨�¨¶¬V¨��  5©«¤ s��V©«¤â¬V��®Q¬V¨�� ���-o;¨¶�V©«��¨¶§���¬V¨�s���´ �V  Â��;Â

m Æ�¹¢·¶Æ�¹�K-F³¹Q·¶ÅIHº�	È ·LF³¸��>Hº�;·¶ÅOK	� ¹GF�FLKSF
∆

QTK-F �"¹GF³Ç�Å ·¶Å �;� U ¸��	�EF³�;·¶¸EF³¹
Q

Hº�	�hY�¹
H`K	Ç$J�¸�·¶¹<� ¸�Ä¶Å �>R·³Æ�¹�·�F¶¸��>Hº�;·¶ÅOK	��¹�FLF�K-F1QTK-F³Ç�¸�È�"K�Q ·³Æ�¹ � ¹GF³Ç�Å ·³Å�	� Å�,·¶¹�FLJ5K	È �V·³Å �ER
JdK'ÈZV��EK'Ç�Å �;ÈÞ�	���f·³Æ�¹S���,·¶¹GF³Ç�¹<��Å �V·³¹�� �;È¸�¹ m Æ�¹GKSF¶¹<Ç¢� m Æ�Å Ä�QTK-F³Ç�¸�È��È Å �	¹  Â�� Â%��Hº�;�
Y#¹ ]\F³Å ·¶·¶¹<���'Ä�QTK	ÈÈZK�] Ä

∆ =
f (2n+2)(ξ)

(2n + 2)!
h2n+3

n
∫

0

n
∏

l=0

(t − l)2 dt,  ¿�� Â��

]7Æ�¹GF³¹
t = x−a

h , h = b−a
n .��¸EJEJ5K'Ä¶¹"·³Æ��V· � ¹�F¶Ç�Å ·¶Å �;� U ¸#�	�WF5�V·³¸EF¶¹ QTK-F³Ç�¸�È �

Q
Å Ä�Y��	Ä¶¹<�aK	�¹ U ¸��;ÈÈZV�ÄLJ��-Hº¹<�

�EK���¹<Ä
xi, = 0, n

�;�#�{Å ·�Æ��	Ä���¹GRSF¶¹<¹
p = 2n + 1. m Æ�¹<� � ¹�F¶Ç�Å ·¶Å �;� U ¸��	�EF³�;·¶¸EF³¹

QTK-F³Ç�¸�È �
Q1

K�Q7��¹�R-F³¹º¹
(p − q)

QTKSFCÅ�'·³¹GR'¹GF
q > 0

Å ÄfK-Y�·³�;Å��¹>� Y�V�·¶Æ�¹eQTK'È ÈOK�]7Å�ER
Ä¯·³¹GJ�Ä<�
Ã	� ��¸EY�ÄF·¶Å ·¶¸�·¶¹�Å�'·³¹GRSF³�	���lQ ¸��>HQ·¶ÅOK	�

f(x)
]7Å ·¶Æ ·¶Æ�¹ � ¹�F¶Ç�Å ·¶¹�Å�'·³¹GF�JdK'È�;·¶Å�ER"J5K	ÈOV,¾

�EK	Ç�Å �;È
H1(x)

KSY#¹�V,Å�ER�·¶Æ�¹�QTK	ÈÈZK�]7Å�ER�¹ U ¸��;·¶ÅOK	��Ä

H1(x) = yi, i = 0, n, H ′
1(x) = y′

i, i = 0, n, i 6= k1, k2, . . . , kq,

]7Æ�¹GF³¹
xi, i = 0, n

��F³¹�·¶Æ�¹[�>K���¹<Ä@K�Q£·¶Æ�¹ U ¸#�	�WF5�V·³¸EF¶¹
Q. m Æ�¹[�EK���¹>Ä

xki
∈ {x0, x1, . . . , xn}, i = 1, q

��F³¹1H5ÆEK,ÄF¹<��Å �¢ÄF¸dH5Æ�f] �NV�·³Æ��V·Ö·¶Æ�¹*·¶Æ�¹GK-F³¹Q·³ÅOH<�;È�·LF³¸��>Hº�;·¶ÅOK	�f¹�FLF�K-FcQTK-F U ¸#�	�WF5�V¾
·¶¸EF³¹

Q1
]�K	¸�È �"Y�¹S·¶Æ�¹CÄFÇ��;ÈÈ¹<ÄF·<�

����� F³Å ·¶¹S·¶Æ�¹ F¶¹>ÄF¸�È ·¶Å�ER���J>JEFLKNM�ÅÇ��V·¶ÅOK	�Å �¢·¶Æ�¹�QTK-F³Ç

b
∫

a

f(x) dx ≈
b

∫

a

H1(x) dx = h

n
∑

i=0

wiyi + h2
n

∑

i=0

w∗
i y′

i,  ¿�� ¿%�

]7Æ�¹GF³¹
w∗

ki
= 0, i = 1, q.Â��C^ �;ÈIHQ¸�È �V·³¹�·¶Æ�¹fHGK,¹��aHQÅ¹º�,·³Ä

wi
�	���

w∗
i

�
m Æ�¹ H`K�¹��aHQÅ¹º�,·5Ä%Å�  ¿�� ¿%�Ö��F³¹�HGK	Ç$J�¸�·³¹<�"Y�V¸�ÄFÅ�ER�·¶Æ�¹�¸�����¹Q·¶¹�F¶Ç�Å��¹<� H`K�¹��eHºÅ ¹<�,·³Ä
Ç�¹º·¶ÆEK��Þ� : K-F³Ç�¸�È�  ¿#� ¿ �ÖÆ��	Ä7��¹�R-F³¹º¹

p1 ≤ (2n + 1 − q).
m Æ�¹�·¶Æ�¹�K-F³¹Q·¶ÅIHº�	È£·LF³¸��>Hº�;·¶ÅOK	� ¹GF�FLKSF

∆1
QTKSF � ¹�F¶Ç�Å ·¶Å �;� U ¸#�	�WF5�V·³¸EF¶¹

Q1
Å Ä Hº�;È ¾

HQ¸�È �V·³¹<��¸�Ä¶Å �>R�·¶Æ�¹�¹GF�FLKSF@QTK-F³Ç�¸�È �$K�QÐ·³Æ�¹��"¹GF³Ç�Å ·¶¹�Å �,·¶¹�FLJ5K	È �V·³Å �>ReJdK'ÈZV��EK'Ç�Å �;È£�;���
·¶Æ�¹����'·³¹GF³Ç�¹<��Å �V·³¹ � �;È¸�¹ m Æ�¹GK-F³¹ºÇ�� m Æ�ÅÄ[QTK-F³Ç�¸�È��ÈÅ �'¹  ¿�� Â�� H<�;� Y�¹"]\F³Å ·¶·¶¹º�q�	Ä
QTK	ÈÈZK�] Ä

∆1 =
f (2n+2−q)(ξ)

(2n + 2 − q)!
h2n+3−q

n
∫

0

n
∏

l=0

(t − l)s dt,  ¿�� ¼��

]7Æ�¹GF³¹
t = x−a

h , h = b−a
n

�	����Å�Q
l = ki, i = 1, q

·¶Æ�¹<�
s = 1

¹ºÈ ÄF¹
s = 2.

m �-Y�È ¹>Ä"Â��;��� ¿¢ÄFÆ>K�] H<�;ÈIHQ¸�È �V·³¹<�PHGK,¹��aHQÅ¹º�,·³Ä1K�Q
·³Æ�¹��"¹GF³Ç�Å ·¶Å �;� U ¸#�	�WF5�V·³¸EF¶¹
QTK-F³Ç�¸�È �	Ä

Q
�;���

Q1. m Æ�¹ Ä¯·�F¶¸>HQ·¶¸EF³¹�K-Q>YdK	·¶Æ[·5��Y�È¹<Ä�Å Ä1·³Æ�¹ Ä³�;Ç�¹ �	ÄÞ·³Æ��V·vK�Q m ��Y�È ¹*Ã	�
m �-Y�È ¹>Ä�¼�;��� ��Ä¶ÆEK�] HGK,¹��aHQÅ¹º�,·³Ä1K�Q ·³Æ�¹�·LF³¸��>Hº�;·¶ÅOK	� ¹GF�FLKSF QTK-F³Ç�¸�È�'Ä K�Q � ¹GF¶¾

Ç�Å ·¶Å �;� U ¸��'�WF³�;·¶¸EF³¹	�



Â��V¿ �$t�� ´J���'�� ��	��t
� ´J���;¤â§Q���§
������� *�� 	�B E D ? ZVD�� ?³H D G;U ÿ%Z ��U¯E D D � 
�D ��� D �f� D T �[H U¯H K<G ��� K	� T KºU �'T D � Z T � � \ K ÿ �

n δ w0 w1 w2 w3 w4 w5 w6

3 1

2

1

28
2 1

3

2

3

5 7

15

16

15

7

15@
4 4

15

16

15

10

15

7 93

224

243

224

243

224

93

2246
5 39

80

81

90

81

90

39

80

9 3202

8505

8192

8505

11232

8505

8192

8505

3202

8505X
7 434

945

1024

945

864

945

1024

945

434

945

11 319085

912384

691875

912384

1270000

912384

1270000

912384

691875

912384

319085

9123849
9 175515

435456

455625

435456

457500

435456

457500

435456

455625

435456

175515

435456

13 3310219

10010000

5014656

10010000

11161125

10010000

21088000

10010000

1161125

10010000

5014656

10010000

3310219

10010000A
11 144341

385000

377784

385000

475875

385000

314000

385000

475875

385000

377784

385000

144341

385000

������� *�� 	�B E D ? ZVD�� ?³H D G;U ÿ%Z ��U¯E D D � 
�D ��� D �f� D T �[H U¯H K<G ��� K	� T KºU �'T D � Z T � � \ K ÿ �
n δ w∗

0 w∗

1 w∗

2 w∗

3 w∗

4 w∗

5 w∗

6 c∆ p̃

3 1

12

−1

12

1

30

98
2 0 −1

6

1

12

X
5 1

15
0 −1

15

16

105




@
4 0 −4

15

−2

15

4

15

A
7 57

1120

−81

1120

81

1120

−57

1120

81

70

O6
5 3

40
0 0 1

40

81

140




9 116

2835

−512

2835
0 512

2835

−116

2835

10240

693

8<8X
7 20

315
0 0 0 −20

3155

2048

315

O
11 36975

1064448

−314375

1064448

−272500

1064448

272500

1064448

314375

1064448

−369975

1064448

3610625

12012

8569
9 1725

36288

−3750

36288
0 0 3750

36288

−1725

36288

68125

924

8<8
13 30711

10010000

−409536

10010000

−726975

10010000
0 726975

1001·104

409536

1001·104

−30711

1001·104

1306368

143

8�9A
11 111

2750

−486

2750
0 0 0 486

2750

−111

2750

8374752

5005

856

�@8 � A � � <dDuB������ ����A��!;��

m Æ�¹ b�� m ��� � ÈZKWH<�;ÈÈZV{�	���-J�·¶ÅOX	¹  ·¶Æ�¹�Ä¶¸EY�Å�'·³¹GF�XV�;È ÄC��F³¹eJEF�K�Hº¹<Ä³ÄF¹>� QTFLK'Ç|È¹`Q¦·�·LK
F¶ÅOR	Æ,·Ð¸��,·¶ÅÈ'·³Æ�¹ Å �,·³¹GR-F5�;È�K�X	¹�Fn¹>�-H5Æ�Ä¶¸EY�Å�,·¶¹�FLXV�;È�Ä³�V·³ÅÄu_�¹<Än·¶Æ�¹�F³¹ºÈ �V·³ÅZX'¹%¹�FLF�K-F F¶¹ U ¸�ÅZF³¹Q¾
Ç�¹<�,·��*Å �,·³¹GR-F5�V·³ÅZK'�kJEF�KWHQ¹<��¸EF¶¹>ÄºÉ

ncg9
�;�#�

hermit5
]Ö¹�F¶¹���¹GX'¹ºÈOK-J�¹<�Þ�i��F�KWHQ¹>��¸EF³¹

ncg9
¸�Ä¶¹<Ä
·¶Æ�¹�HQÈOK'Ä¶¹<����Å��¹Q¾�JdK'Å �,·Ö�"¹G] ·�K	��¾u^�K;·³¹<Ä U ¸��'�WF³�;·¶¸EF³¹�QTK-F³Ç�¸�È ���	��FLKWHº¹<��¸EF³¹



� ¨�¨¶¬V¨��  5©«¤ s��V©«¤â¬V��®Q¬V¨�� ���-o;¨¶�V©«��¨¶§���¬V¨�s���´ �V  Â��	¼
������� *�� 	�B E D ? ZVD�� ?³H D G;U ÿ%Z ��U¯E D U T!� G,?�KQU¯H Z G D T�T Z T � Z T � � \ K Z � � D T �[H U¯H K<G ��� K	� T KºU �'T D �

n δ w0 w1 w2 w3 w4 w5 w6

1 δ1

1

1

6

−1

6

2 δ1

2

1

5

=
−1

5

3 δ2

3

−81

1120

81

1120

81

1120

−81

1120

4 δ2

4
−704

8505

−1024

8505

3456

8505

−1024

8505

−704

8505

5 δ2

5
−1021875

19180064

−5518125

19180064

6540000

19180064

6540000

19180064

−5518125

19180064

−1021875

19180064

6 δ2

6

−442647

10010000

−4807728

10010000

−1211625

10010000

12924000

10010000

−1211625

10010000

−4807728

10010000

−442647

10010000

������� *�� 	�B E D ? ZVD�� ?³H D G;U ÿ%Z ��U¯E D U T!� G,?�KQU¯H Z G D T�T Z T � Z T � � \ K Z � � D T �[H U¯H K<G ��� K	� T KºU �'T D �
n δ w∗

0 w∗

1 w∗

2 w∗

3 w∗

4 w∗

5 w∗

6

1 δ1

1
1

12

1

12

2 δ1

2

1

15

4

15

1

15

3 δ2

3

−27

1120

−81

1120

81

1120

27

1120

4 δ2

4

−64

2835

−512

2835

=
512

2835

64

2835

5 δ2

5

−40875

3193344

−613125

3193344

−817500

3193344

613125

3193344

40875

3193344

6 δ2

6

−9693

10010000

−232632

10010000

−726975

10010000

=
726975

10010000

232632

10010000

−9693

10010000

hermit5
¸�Ä¶¹<Än·¶Æ�¹@HºÈZK,ÄF¹>��_>X'¹Q¾�JdK'Å �,·	�"¹GF³Ç�Å ·³¹ U ¸��	�EF³�;·¶¸EF³¹�QTKSF¶Ç�¸�È��� ��K;·³ÆfQTKSF¶Ç�¸�È�'Ä

Æ��NX	¹���¹GR-F³¹º¹[K�Q'JEF³¹�HQÅ Ä¶ÅZK'��¹ U ¸��;È�·LK���Å��¹	� : KSF¶Ç�¸�È�'Ä  ��� Â%� �	���  ��� ¿ �7��F³¹C¸�Ä¶¹<�PQTK-F
ÈZKWHº�	ÈÞ¹GF�FLKSF ¹<ÄF·¶ÅÇ��;·¶ÅOK	�¢Å �lJEF�KWHQ¹>��¸EF³¹<Ä

ncg9
�;�#�

hermit5
F³¹<ÄLJ�¹�H�·³ÅZX'¹ºÈOV	�

�\K	¸��#��Å �>R�¹GF�FLKSF7Ç��NV¢Å����¸�¹<�>HQ¹fY5K;·³Æ�·¶Æ�¹�¹<ÄF·¶ÅÇ��V·¶¹ K-QÐ·¶Æ�¹�ÈZKWHº�	È1Å�'·³¹GRSF³�	Èn�;���
·¶Æ�¹ ¹GXV�;È¸��;·¶ÅOK	�fK-Q�·LF³¸��>H<�V·¶ÅOK	��¹GF�FLKSF<� � ¹�]7Å ÈÈ«Á;�	Ä�Å � 3 Â54àÁV��¹`_#��¹ ��HQ¹�FF·5�;Å�C�EK'ÅÄ¶¹%È¹GX'¹ºÈ
QTK-FÐ·¶Æ�¹�J>FLKSY�È ¹<Ç��;� ÈÈ�ÈZKWH<�;È�¹GF�FLKSF³Ä Y�¹ºÈOK�] ·¶Æ�ÅÄ
�>K	Å ÄF¹ È ¹�X	¹<È�Å ��YdK	·¶Æ$JEF�KWHQ¹<��¸EF¶¹>Ä

ncg9�;���
hermit5

�-F¶¹C��¹G_���¹>�¢·LKeY�¹[iº¹�FLK#Á�·¶Æ�¸�Ä*�NX-K	Å ��Å�ER�ÄF¸EYi��ÅOX�Å��Å�ERÄ¶¸>H5Æ�Å�,·¶¹GF�XV�;È Ä
Q ¸EFF·³Æ�¹GF>� m Æ�¹��EK	Å Ä¶¹�È¹GX'¹ºÈÐÅ � YdK	·¶Æ JEF�K�Hº¹<��¸>F¶¹>Ä"Å ÄºÉ

is ∗ 10−17,
]7Æ�¹GF³¹

is 6= 0,
ÅÄS�

FLK'¸ER	Æ�¹<ÄF·¶ÅÇ��;·¶¹ K-Q£��Ç$K���¸�È¸�Ä@K�Q£·¶Æ�¹[Å�,·¶¹�R-F5�;È«�
����Y5K;·³ÆeJEF�K�Hº¹<��¸>F¶¹>Äv]Ö¹ �-F¶¹ ¸�Ä¶Å �>RS·¶Æ�¹CHGK	��X	¹<�,·¶ÅOK	���	È'·³¹GF³Ç�Å ���;·¶ÅOK	�eH`F³Å ·¶¹GF³Å �1K�X'¹GF

¹<�-H5Æ�Ä¶¸EY�Å�'·³¹GF�XV�;È
[u, v]

K�Q£·¶Æ�¹[Å ��Å ·¶Å �;ÈÞÅ�,·¶¹�FLXV�;È
[a, b]

É

(is + δ = is) or (m = u) or (m = ν),  ¼�� Ã5�
]7Æ�¹GF³¹

m = (u + ν)/2
�;���

δ
ÅÄ ·³Æ�¹S·LF³¸��>H<�V·³ÅZK'��¹�FLF�K-F�XV�;È¸�¹ K�X	¹�F

[u, v]
�

��� H`K	Ç$J��-F¶Å�ER��	����J�·³ÅZX'¹ U ¸#�	�WF5�V·³¸EF¶¹$F�K	¸�·³Å ��¹<Ä<ÁÞ·¶Æ�¹�Ç$K'ÄF·CÅ Ç$J5K-F¶·³�;�,·+H5Æ#��F5�-H�¾
·¶¹GF³Å Ä¯·³ÅOH<Ä7��F³¹�3 	54àÉ
• §���±Q¤â§º��±ºªVÁ��'ÄÖÇ�¹>�	Ä¶¸EF¶¹>�aY�V�·³Æ�¹S�,¸�Ç[Y�¹GF\K�Q Q ¸��>HQ·¶ÅOK	�¢¹GXV�;È¸��V·³ÅZK'��Ä�F¶¹ U ¸�ÅZF³¹<�f·LK

Ç�¹<¹Q· �$R	ÅOX	¹<�¹�FLF�K-F ·LK'È ¹�F³�	�>HQ¹��
• ¨¶§Q´ ¤â�
�º¤¦´J¤¦©õª5�Þ·³Æ�¹[¹`M�·³¹º�,· ·LKe]7Æ�ÅIH5Æ·³Æ�¹ F³¹ U ¸�¹<ÄF·¶¹>�¹�FLF�K-F ·�K	È¹GF5�;�>Hº¹*Å Ä �-H5Æ�Å ¹�X	¹<�	�



Â�� � �$t�� ´J���'�� ��	��t
� ´J���;¤â§Q���§
• ©à¬;´ §Q¨³�V��±5§�¨¶§Q  ��¬V�� �¤¦¥�§º��§Q 5 5Ái�	Ä Ç�¹>�	Ä¶¸EF¶¹>� Y�V·¶Æ�¹�¹��aHQÅ¹º�>HGV"K-Q
Ä¶¹º�#ÄFÅ ·¶ÅOX	¹<��¹<Ä³Ä ·LK

H5Æ��;�ER'¹<Ä Å��·³Æ�¹S¹GF�FLKSF ·LK	È¹GF5�;�dHQ¹	�
� ¹ Æ#�NX	¹ ·¶¹>Ä¯·³¹<�$Y5K;·³ÆeJEFLKWHº¹<��¸EF³¹<Ä

ncg9
�	���

hermit5
��Å ÄLHº¸�Ä³ÄF¹>��Å ��·³Æ�ÅÄcJ���J�¹GF

K	� �;Â[·¶¹<ÄF·�J>FLKSY�È ¹<Ç�Ä
¸�Ä¶¹<��Å� 3 Â�Á 	 4«� m Æ�¹GV���F³¹ J�ÅIH��	¹>��QTFLK'Ç�·!]�K���Å 8i¹GF³¹º�,·ÖÄLK	¸EF HQ¹>ÄºÉ
·¶Æ�¹ ��Ãc_>F5ÄF·vJ>FLKSY�È ¹<Ç�Ä HGK	Ç�¹�QTFLK'Ç��[�;Æ#�;��¹�F 3Ã	Ã�4��;����·¶Æ�¹7È �	ÄF·Ð·!]�KS��F³¹�J�ÅOH��'¹<�[QTFLK'Ç
3 Ã>½54«�

1.

1
∫

0

exp(x) dx. 2.

1
∫

0

f(x) dx, where f(x) =

{

1, if x > 0.3,

0, else.

3.

1
∫

0

√
x dx. 4.

1
∫

−1

(23

25
cosh(x) − cos(x)

)

dx. 5.

1
∫

0

dx

x4 + x2 + 0.9
.

6.

1
∫

0

√
x3 dx. 7.

1
∫

0

1√
x

dx. 8.

1
∫

0

1

x4
dx. 9.

1
∫

0

2

2 + sin (10πx)
dx.

10.

1
∫

0

1

1 + x
dx. 11.

1
∫

0

1

1 + ex
dx. 12.

1
∫

0

x

ex − 1
dx.

13.

1
∫

0,1

sin
(100πx

πx

)

dx. 14.

10
∫

0

√
50

exp (50πx2)
dx. 15.

10
∫

0

25

exp (25x)
dx.

16.

10
∫

0

50

π(2500x2 + 1)
dx. 17.

1
∫

0,01

50 sin (50πx)

(50πx)2
dx.

18.

10
∫

0

cos
(

cos(x) + 3 sin(x) + 2 cos(2x) + 3 sin(2x) + 3 cos(3x)
)

dx.

19.

1
∫

0

f(x) dx, f(x) =

{

log x, if x > 10−15,

0, else.
20.

1
∫

−1

1

1.005 + x2
dx.

21.

1
∫

0

3
∑

i=1

1

cosh(20i(x − 21))
dx. 22.

1
∫

0

4π2x sin(20πx) cos((2πx)) dx.

23.

1
∫

0

1

1 + (230x − 30)2
dx.

� ¹ H`K	Ç$J��-F¶¹>� K	¸EF+F¶¹>ÄF¸�È ·5Äf]7Å ·¶ÆjF³¹<Ä¶¸�È ·³Ä[K�QCb�� m ��� �)À Q ¸��dH�·¶ÅOK	�
quadl

3 	 4
�;��� ]7Å ·¶ÆhF¶¹>ÄF¸�È ·5Ä[K-Q JEFLKWHº¹<��¸EF³¹

coteda
3 Â 4à� m Æ�¹ J>FLKWHQ¹>��¸EF³¹<Ä

quadl
�	���

coteda�	Ä
ncg9

�	���
hermit5

Æ��NX	¹���¹GRSF¶¹<¹fK�Q�JEF¶¹	HQÅ ÄFÅOK	����Å ��¹'� m Æ�¹fQ ¸��dH�·¶ÅOK	�
quadl

¸�Ä¶¹<Ä
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·¶Æ�¹[Ä³�;Ç�¹�ÄF·LKSJEJ�Å�ER$H`F³Å ·³¹GF³ÅZK'�  Ã'� ¼��%�	���fÅ Ä@Y��	Ä¶¹<�"K	�¢�fQTK'¸EFF¾�J5K	Å�'· �S�;¸#Ä¶ÄF¾à� K-Y��;·F·�K
F¶¸�È¹ ]7Å ·¶Æ���·¶ÆEF³¹º¹º¾ J5K	Å�,· ��FLK'�EFLK��¹`M�·¶¹<��ÄFÅOK	�n� m Æ�¹CÄ¶¹�H`K'���¢��FLK'�EFLK��¹`M�·¶¹<��ÄFÅOK	�lK-Q
��JEJ�ÈÅ¹<��·�K�·³Æ�¹"Å��Å ·¶Å �;ÈiÅ �,·³¹GF�X��	È

[a, b]
JEF�K�X,Å ��¹>ÄÐ·¶Æ�¹�¹<ÄF·¶ÅÇ��V·³¹CK�Q�ÅÄÖÅ �"QTK-F³Ç�¸�È �  Ã	� ¼��

 JEF�KWHQ¹<��¸EF¶¹>Ä
ncg9

�;�#�
hermit5

�	ÈÄLKC¸�Ä¶¹ ·³Æ�Å ÄcQTKSF¶Ç�¸�È ��QTK-F�FLK'¸ER	Æ�¹>Ä¯·³Å Ç��;·¶¹CK-QÞ·¶Æ�¹
Ç�K���¸�È ¸�Ä K�Q�Å�,·¶¹�R-F5�;È'���
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