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Abstract

The convergence rate of the Caputo fractional difference logistic map of nilpotent matrices
is investigated in this paper. The divergence rate of the auxiliary parameters governing the
dynamics of nilpotents is exponential and is multiple to the Lyapunov exponent of the scalar
non-fractional map. However, the convergence of the Caputo fractional difference logistic
map of nilpotent matrices to a stable fixed point is governed by the interplay between the
convergence rate of the scalar fractional map (the power law rate) and the exponential
convergence induced by the nilpotent matrices. It is demonstrated that convergence is
determined by the competition between the power law and exponential mechanisms, a
feature not captured by scalar fractional maps, with higher-order auxiliary parameters
diverging exponentially at increasingly higher rates. This paper provides insight into the
complex dynamics of fractional maps of nilpotent matrices.

Keywords: fractional difference logistic map; nilpotent matrix; convergence rate;
Lyapunov exponent

1. Introduction

A logistic map was introduced (but it was not called the logistic map at the time
of its introduction) in Edward Lorenz’s paper [1] (see Equation (3) in that paper). This
map acquired its popularity after the 1976 Nature publication by Sir Robert M. May [2]
in which the author described the logistic map’s transition to chaos through the period-
doubling cascade of bifurcations. The meaning of the term cascade of bifurcations is that
at a certain value of the map’s parameter 4, a stable period ! point becomes unstable,
and a stable period 2! point is born. When a continues its monotonic evolution, this
process continues until the onset of chaos. This universal self-similar behavior is typical
for almost all nonlinear maps, and its universality is characterized by the existence of
the Feigenbaum function and constants (see, e.g., paper [3] and a book, [4]). The main
applications considered by May were biological (even the variable used in the text was
treated as “the population”) as well as from the social sciences and economics. As it is
related to the topic of the present publication, we must note that the convergence of the
logistic map’s trajectories to periodic points is exponential, except for the countable set of
bifurcation points (see, e.g., the Lyapunov exponent graph [5,6]).
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As we mentioned, the main applications of the logistic map are for biological [7-9],
social [10-12], and economic [13-15] systems. But all these systems possess memory, which
in most cases is asymptotically power law memory (see, e.g., citations in [16] for examples
of power law memory in biology and [17] for economic applications). Equations/maps
with asymptotically power law memory also play an important role in control theory (see,
e.g., [18-20]) and signal/image processing and encryption (see, e.g., [21-23]). Maps with
power law memory and arbitrary time steps (called fractional maps) may be introduced
directly, as was performed in [24]. When the maps’ time steps tend to zero, these maps
converge to the corresponding fractional differential equations. A wide class of maps with
asymptotically power law memory, which includes the majority of maps derived from
fractional differential equations or as solutions of fractional difference equations, called
generalized fractional maps, was introduced in [25]; most recent advances are reported
in [26]. Generalized fractional maps are Volterra difference equations of the convolution
type with power law-like kernels. When the kernels are falling factorials, generalized
fractional maps become fractional difference maps, which are the most popular maps used
in many applications. The present paper utilizes the fractional difference logistic map
introduced in [27].

Fractional and fractional difference maps possess some common properties that differ
from the properties of regular maps. Here, we will mention those properties that are
relevant to the present publication concerning the fractional difference logistic map.

*  The fractional difference logistic map has no periodic points except for the fixed points,
but it has asymptotically periodic points [28-30].

e  The equations defining the asymptotically periodic points of the fractional difference
logistic map were derived in [25]; the infinite sums that define the coefficients of
these equations were calculated in [31]. The equations defining asymptotic bifurcation
points were derived in [32].

e The finite time evolution of the fractional difference logistic map is characterized
by [33] as a cascade of bifurcation-type trajectories and an inverse cascade of
bifurcation-type trajectories. In a cascade of bifurcation-type trajectories, cascades
of bifurcations are not the result of changes in map parameters, but they occur on
single trajectories during the trajectories’ time evolution (iterations). In the fractional
difference logistic map, an asymptotically stable period 2/ or asymptotically chaotic
trajectories with the initial conditions near zero start converging to the unstable pe-
riod’s [ trajectory, but then bifurcate and start converging to the period’s 2! trajectory,
and so on, until, after i consecutive bifurcations, they converge to the asymptoti-
cally stable trajectory or become chaotic. The fractional difference logistic map’s
asymptotically stable period’s p trajectories with the initial conditions near one may
initially converge to period p x 2 trajectories, and after i consecutive mergers (inverse
bifurcations), converge to the stable trajectories (see examples in [16]).

. Numerical simulations show that, in fractional and fractional difference maps, conver-
gence to the asymptotically stable periodic points follows the power law. In the case
of convergence to the asymptotically stable fixed points of fractional difference maps,
the power law convergence was strictly proven in [34]. In a cascade of bifurcation-type
trajectories, as is shown in [16], the initial convergence to an unstable fixed point prior
to a bifurcation also follows the same power law.

As is shown in [35], the complexity of a discrete system can be increased not only by
extending its spatial dimension (by introducing coupled map lattices [36-38]), but also by
replacing the scalar iterative variable by the square matrix of iterative variables. Indeed,
unexpected phenomena, such as finite-time and explosive divergence, can be observed
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in the iterative logistic map of second-order matrices if and only if the matrix of initial
conditions has a recurrent eigenvalue (and is not a scalar matrix) [35].

Formal algebraic techniques are employed to define the effect of explosive divergence
in generalized maps of iterative matrices in [39]. The necessary and sufficient conditions
for the generation of complex spatiotemporal patterns in 2D coupled iterative maps of nth
order matrices are derived and used in multiple-image hiding schemes in [40]. The Caputo
fractional difference logistic map of matrices enables the observation of the original isolated
waves of temporary divergence, located far away from the initial conditions [41].

In all real-world applications, the convergence rate plays a crucial role [42—44]. It is
a critical factor in the chaos control and synchronization of dynamical systems, directly
impacting system performance and stability [45—47]. Fast convergence ensures that the sys-
tem quickly reaches the desired synchronized state, minimizing the effects of disturbances,
delays, and uncertainties [48-50]. Moreover, a higher convergence rate improves efficiency
by reducing energy consumption and communication overhead, which is essential for
real-world applications such as power grids [51-53], multi-agent systems [54-56], and net-
worked control systems [57-59]. Due to the fact that in many cases fractional-order models
describe real systems in interdisciplinary fields more elegantly than integer-order models,
the analysis of fractional systems has attracted significant attention in physics [60-62],
biology [63-65], engineering [66—-68], and economics [69-72]. Recent advancements in the
convergence control of fractional-order systems are reported in [73-75]. It is known that,
unlike in the case of the integer-order derivative, fractional systems have only asymptoti-
cally periodic solutions, except at fixed points [30,76]. The power law convergence for the
fixed points, the period-two points, and the divergence are investigated numerically and
analytically in the fractional standard map with the Riemann-Liouville fractional derivative
of order v (1 < v < 2) [33]. The rate of convergence for the Caputo logistic map is analyzed
in [27]. The numerical and semi-analytical investigation for the Caputo fractional difference
logistic map with the fractional order v > 0 is provided [16,27]. The stability conditions are
derived, and the decay rate for the fractional Caputo difference map of order 0 < v < 1is
shown to be kY, where k denotes the number of iterations [77].

The main objective of this paper is to investigate the convergence rates in the Caputo
fractional difference logistic map of nth order nilpotent matrices by emphasizing the com-
petitive behavior between the power law and the exponential convergence rates obeying
map components. This paper is structured as follows. The fundamental properties of the
iterative maps of matrices are discussed in Section 2. The Caputo fractional difference
logistic map of nth order nilpotent matrices is presented in Section 3. The divergence rate
of the fractional difference logistic map of nilpotent matrices is investigated analytically
and computationally in Section 4. The convergence of the fractional difference logistic map
of nilpotent matrices is explored in Section 5. The discussion and concluding remarks are
given in the last section.

2. Preliminaries
2.1. The Logistic Map of Matrices

The classical logistic map reads in [2] as follows:
xH1) = g x(0) (1 - x(k)), (1)
where k is the iteration number (k = 0,1,2,...), a is the parameter of the logistic map a € R

(bounded on the interval 0 < a < 4), and x(9) is the initial condition (bounded on the
interval 0 < x(0) <1.
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() in (1) can be replaced by a square matrix X¥) to obtain a

logistic map of matrices [35,39]:

The scalar variable x

x(k+1) — g x(®) (1 - x(k>), )

where XK} € R"*" (1 is the order of square matrix X(¥)) and I denotes the identity matrix.
The dynamics of the logistic map of matrices depends on the form of the initial condi-
tion matrix X(), the three possible forms being an idempotent, a scalar, or a nilpotent
matrix [35,39]. It is demonstrated in [41] that idempotent and scalar matrices do not change
the complexity of the scalar Caputo fractional difference logistic map of matrices. How-
ever, nilpotent matrices induce such effects as finite-time divergence, intermittent bursting,
and explosive divergence in iterative maps of matrices [41]. Therefore, all further analysis
is focused only on the fractional difference logistic map of nilpotent matrices.

2.2. The Logistic Map of Nilpotent Matrices

Let us assume that all eigenvalues )\](.0) (j=1,2,...,n) of the matrix of initial condi-
tions X() are identical:
A 20— A0 = A0, 3)

Then, X in a single Jordan block reads as follows [39]:
XO = A0+ 1Ny + Ny + Y N, @)

where Mgo), ygm, e yio_)l e R (ygo) # 0)and N; (j = 1,2,...,n — 1) denotes a nilpo-

tent N; = TLUIT—1, T € R"*", det T # 0. The canonical nilpotent LUl represents a matrix

of order n x n with jth superdiagonal of ones and all other entries equal to zero.
Nilpotents N; (j = 1,2,...,n — 1) satisfy the following equalities [39]:

5
0, i+j>n—1 ©)

deth:O, Ni~N]'={
123456
012345

Example 1. The matrix of initial conditions X(©) = § § é (%) % § can be decomposed into the
000001

canonical form comprising five different nilpotents:
0 0 0 0 0 0
X = A0T 4+ 1N + Ny + uON; + 1N + VN, (6)

where /\(()O) =1, ygo) =2, ygo) =3, yéo) =4, yf}O) =5, yéo) =6, and

~010000- ~001000- 000100
m_ 900100 2 _ 000010 3 _ 000001
Ny =LY = 1500010| N2=L 000001 |- N3=LY = 1060000/
000001 000000 000000
L000000- L000000- 000000 @)
(000001 (000000
_ 14 _ 1000000 _ 150 —_ 1000000
Ny =L"=1500000|- Ns=L 000000
000000 000000
L000000- L000000-

Definition 1. The matrix of initial conditions X(©) expressible in the form (4) is defined as the
nilpotent matrix.
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As shown in [39], the logistic map of matrices (2) with a nilpotent matrix of
initial conditions preserves the same nilpotents N; G = 1,2,...,n —1) for each
consecutive iteration:

XD = A EUNy L EUNG BTN, k=012, )
where
)\(k+1) _ )\() )t(k) ;
ﬂgkﬂ) = ”P‘l 1- 2)‘(()k )
k k
W = o (1-228) —a (") ©)

k+1 k k =2 (k) (k
i = (1-2087) - @ L nu®,
and],ts #0,5=12,...,.n—-1

Definition 2. The system of intertwined iterative maps (9) is defined as the logistic map of the nth
order nilpotent matrices.

2.3. The Divergence Rate of the Logistic Map of Nilpotent Matrices

The logistic map of nilpotent matrices can become explosive even if a recurrent
eigenvalue remains bounded (Equation (1)). The logistic map of matrices becomes explosive
if the Lyapunov exponent of the scalar logistic map is positive and the matrix of initial
conditions is a nilpotent matrix [39]. It is demonstrated in [39] that the divergence rate of
the auxiliary parameters ygk) ;6 =1,2,...,n — 1is exponential when the dynamics of /\(()k)
is chaotic and the Lyapunov exponent L of this scalar sequence is positive.

2.4. The Fractional Difference Logistic Map

The fractional difference logistic map is described by the following recurrence
equation [27,41]:

k . . .
A =204 Y Gya(ant D (1-200) = 2D, (10
j=1

wherek = 1,2,... and the governing equation for G; is

G = (1 1 ;V)Gjl, Go=1, (11)

where the parameter v describes the order of the fractional difference from the interval
0<v<1[27,78]

Note that Equation (10) reduces to the classical logistic map (1) when the fractional
order v is set to 1.

2.5. The Fractional Difference Logistic Map of Matrices

The scalar variable x(*) in Equation (10) can be replaced by a square matrix X¥) to
obtain a fractional logistic map of the matrices [41]:

0 4 2 Gj (ax<k ( x(’f*f)) - x(k*f>), (12)
where G; is defined by (11) and X(0) e R™*" js the matrix of the initial conditions.
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2.6. The Motivation of This Study

As already mentioned in the Introduction, the convergence rate plays a critical role in
many real-world applications. It has already been discussed that the divergence rate of the
logistic map of nilpotent matrices is exponential, but the fractional difference scalar logistic
map converges to fixed points according to the power law. The behavior of the fractional
difference logistic map of nilpotent matrices is completely unclear in that sense, and thus
constitutes the main objective of this paper.

3. The Fractional Difference Logistic Map of Nilpotent Matrices

The complexity of an iterative model can be increased not only by extending the
number of coupled nodes in the spatial domain, but also by increasing the complexity of
each individual node [39]. One effective way to enhance nodal complexity is to replace a
scalar variable with a matrix-valued variable in an iterative map [35]. On the other hand,
fractional difference iterative maps provide a powerful framework for studying systems in
which memory effects play a significant role in their evolution [27,79,80]. Consequently,
incorporating matrix-valued variables into fractional difference iterative maps represents
a natural and timely extension that opens new avenues for the investigation of complex
fractional systems.

Let us assume that the matrix of initial conditions X(?) is a nth order nilpo-
tent matrix (Equation (4)). Then the fractional difference logistic map of matrices
(Equation (12)) reads

X0 = AT+ 1 ONy 4 Ny YN
k . . . .
+ Z G]’,1 ({1 ()L((]kij)l + ;llgki])l\h + ]xléki])Nz +...+ yn:f)Nn_O

j=1

(k

(1= (AP N N+ N )

— (A N TN NG )

n

k—j k—j k—j
A0 ¢ 21 Gia (a7 (1=A87) = a¢ ”))1 13)
]:

k . . .

0 26 (o (122 7) - )
j=

k ) . AN 2 ,

u + )G (aﬂé'” (1=228) —a () =l > ) Ny+...

.

=1
: (k—j) k=) ) (k=) (k)
‘u'rl—l + Z Gj—l (a#n—l] (1 - ZAO ! ) —a Zl Hs / }’ln—]]—s - yn—lj ))anl

since the multiplication of two nilpotents is obtained by applying Equation (5). Therefore,
the fractional difference logistic map of nilpotent matrices splits into # scalar intertwined
maps. In other words, the dynamics of the fractional difference logistic map of nilpotent
matrices is governed by a single scalar fractional difference logistic map of the recurrent

(k) (k) (k)

eigenvalue A, and n — 1 scalar intertwined maps of the auxiliary parameters p; *, ji, ’,

k
o
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k . . )
AL Z 200 LG (A (1 =AY = A8,
j=

k 0, & k—j k—j k—j
‘ug) :‘ug)_i_z Gj—l(ayi ])(1_2)\(() ])) _Vg ]));
j=1

k k k—j k—j k=i)\2 | (k—j 14
yé)zyéo)leG‘_l(aﬂé D (1-2287) —a () - ]>>,. (14)
]:

k 0 k k—j k—j =2 (i) (k—j k—j
0=t (i (-2 ) B D ),

wherek =1,2,...; ygo) #0;,s=1,2,...,n—1and G; is given by Equation (11).

Definition 3. The system of intertwined iterative maps (Equation (14)) is defined as the fractional
difference logistic map of the nth order nilpotent matrices.

Example 2. Let us consider the 6th order nilpotent matrix as a matrix of initial conditions. Then
the iterated map of the highest order auxiliary parameter in Equation (14) reads

k
k k—j k—j k=j), (k=] k=i) (k=i k=
y§>:y§0)+ZGj71(wé 1)(1_2/\(() ])>_2W§ Dl — 0=y J>>. (15)
j=1

Corollary 1. The fractional difference logistic map of nilpotent matrices (14) converges to the
logistic map of nilpotent matrices (9) when the fractional order v is equal to integer value 1.
Proof. Let us investigate the expression of /\(()k) in the fractional difference logistic map of
matrices (14) when the fractional order v is set to 1:

k
(k) _ ,(0) (k=) (k=) (k=)
A = A +;Gj_1(m0 (1=287") = a8
]:

= A+ Go(ar TV (1-A8 ) — Al ) G [ aaf P (1A ) Al |+

Aé"’l)
+ Gy | aAlT D) (1 _ ;\(()kal))) A1)
A (16)
+Gq | arFH (1 _ )L(gkfk)) kb
Al
=20 4 gl (1 _ A(()k—l)) AU D) ) ) 8

+ Al A0 =
=aAf TV (1-25Y),

where G; = Gj_1 (j=1,2,...,k; Go = 1) if v = 1 (see Equation (11)).
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(k)

Now, let us consider the general expression of auxiliary parameter p,
Equation (14) when v = 1:

in

k
k 0 k—j k k—j
u;n:y,amzcﬂ(au;p(l SEWSlEIRE)

=i+

j=1

Go (au(k P(-22Y) —a Z TR Ty )

+Gy | aplD (1 AE 2)) Z#sk Pl -l |+

k-1
luiz—l )

n—2

+ Gy | ap V) (1 - 2)\6"‘("‘1))) Yl e ) ()

= n—1-s Hpa (17)

anl

n—2
k—k k—k k—k) (k—k k—k
+ Gr_1 .“,(1_1)<1—2/\(() )) —a Zﬂg )%(1 1)5 F;g—l)

—P‘Sl)ﬁ‘
+‘Zln 1

k—1
= ”P‘iﬁl )

s=1

1
Hijl

k—1 k—1) (k k—1 k-2
an ) (1=20§7") —a Z#< i = e+ ) -

(-2 _ 63 +y() o

—Hu n-1 " Hn-1

(1 ) a Z P‘sk 1) .”nk l1 .

where Gj =1j=012,... k-1
(k) (k) (k)

The auxiliary parameters y; ", 5/, ..., i, , in the fractional difference logistic map
of matrices (14) become identical to the auxiliary parameters of the classical logistic map of
matrices (9) atv =1. O

4. The Divergence Rate of the Fractional Difference Logistic Map of
Nilpotent Matrices

4.1. The Divergence Rate of yy

The fractional difference logistic map of nilpotent matrices (14) yields

W Z 04 G, (aygo) (1 B 2A((]0)> B yﬁ‘”) — 0 (/\30)), (18)

where f’(x) = a(1 — 2x) is the derivative of the mapping function of the classical logistic
map (1).
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Then,

2 . . .
W =l 3 Gy (a7 (128 ) )
j=1

=+ o (1- 220 = 1) + Gy (al® (1 - 209) — )

(19)
0+ (0 ()7 O) () (115 (o) )
=" f (A (A7) = = (7 (W) - 1)
Further elementary iterative transformations yield
k 1
() _
]Of’()t]) 01 —v). (20)

Note that the Lyapunov exponent of the scalar classical logistic map A(()k) =f (/\(()k_l))
(k=1,2,...)reads [81]

- }{:z;m ()| (21)
Therefore,
tim In || = kL + In[p{” . (22)

In other words, when L is positive, the divergence rate of ‘ygk) ‘ is exponential. More-

(k)

over, the slope of the linear equation that approximates the divergence of ‘ 1y ‘ on the

(k)

log-linear scale is equal to L. The order of the auxiliary parameter ‘yl ’ is equal to one.
Consequently, the divergence rate of this auxiliary parameter is equal to 1L.

4.2. The Divergence Rate of yp
Without loss of generality, let us consider the dynamics of yé ) governed by the

2
non-fractional logistic map of nilpotent matrices (9): u (k+1) =a yg ) ( - 2)\(()]()) —a ( ygk)) .
Let us introduce two auxiliary maps:

B =apl (1-22§"); I = (Vp)z, k=0,1,2,... (23)

Following (22), the divergence rate of ‘ 182 ’ is equal to the divergence rate of ‘ygk) ‘ on
the log-linear scale:

In| 8| = kL +1n| " (24)
However, the divergence rate of ’nék) ‘ is 2L on the log-linear scale:
1n‘;7§"> ‘ —Ina+ 21n‘y§") ( —Ina+ z(kL + 1n‘;4§°) D (25)

Note that ryék) > 0, but ﬁék) €R;k=0,1,2,.... Let us assume that ﬁgk) < 0 for some k.
Then, the growth of ygk) at k — oo can be approximated by

lim || = lim (|85]+n9) = L¥+ 21y, (26)

k—o0

https:/ /doi.org/10.3390/ fractalfract10010040
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Then,
(k+1) k11 +2k+1)
fim |2 | = fim — >/ —or. 27)
k—c0 ng) k—oo  LK(1+2F)

(k)

Therefore, the divergence rate of ‘yz ) is exponential, and the slope of the linear
equation that approximates the divergence is 2L.
Next, let us assume that ﬁgk) > 0 for some k. Then,

; ®| _ (k) _ ] _ k_ 1k

fim "] = i " "] = 21 - @)
Then,

' ‘uék+1) Lk 2k+1_1)

e I - )

Thus, finally, for positive L, the divergence rate of ‘ng) ’ is exponential, and the slope of

the linear equation that approximates the divergence is 2L. The auxiliary parameter ‘yék) ‘
is of order two. Therefore, the divergence rate of this auxiliary parameter is equal to 2L.

4.3. The Divergence Rate of p,,—1

Let us introduce the following auxiliary maps:
k+1 k k k+1 k) (k k+1 k
B =apl (1-2207); S =Pl Y = el k=012, (30)

The divergence rate of ln' [Sgk) ‘ is equal to L. However,

.1 (k
lim % ln’ﬂl,z = lim fln‘%l‘ =L+ 2L =3L. (31)

k—o0 k—o0

(k)

Therefore, the divergence rate of ’;43 ‘ is exponential, and the slope of the linear equation
that approximates the divergence is 3L.

Analogous evaluations are performed for yi +U) 9):

k k k
i = ap) = a (Wl + P o) k=012, @)

Let us introduce the following auxiliary maps:

ﬁ(k+1 _ /3 ( _2)\(()1());

k+1 k+1 k) (k k+1 k) (k
17§n ) = ‘Wg)ﬂﬁlf)z; Ué,nfs) :aﬂé)ﬂija? e ’7;(1 21) —‘Wi)zﬂg ’;

(33)

wherek =0,1,2,....
The divergence rate of ln’ ﬁfﬁ 1‘ is equal to L. But

lim ln)iyln 2’ = 11m ln’iyn 3’ =...= lim fln 177(111)2,1’ =(n—1)L. (34)

k—o0 k k—oo k

(k)

Therefore, the divergence rate of |y, 1‘ is exponential and the slope of the linear

equation that approximates the divergence is (n — 1)L. The auxiliary parameter ’y ‘ is of

order n — 1. Therefore, the divergence rate of this auxiliary parameter is equal to (n — 1)L.
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5. Computational Experiments

5.1. The Iterative Map of the Recurrent Eigenvalue in the Fractional Difference Logistic Map of
Nilpotent Matrices

Let us consider the Caputo fractional difference logistic map of nilpotent matrices of
order n = 6 and fractional order v = 0.8 (Equation (13)). Note that such a map is governed
by n scalar maps (Equation (14))—a scalar fractional difference logistic map of a recurrent

eigenvalue )\(()k) (which coincides with Equation (10)) and intertwined maps of auxiliary

parameters ygk), Mék), Ry uék)'
(k)

The bifurcation diagram of the recurrent eigenvalue A, is plotted in the top panel

of Figure 1 ()L(()O) = 0.1; 500 iterations are omitted for the transients). Vertical red dashed
lines indicate the parameter value a selected for subsequent analysis of the fractional
difference logistic map of the following nilpotent matrices: a2 = 1.2 (Section 5.3.2), a = 3.35
(Section 5.3.3), a = 3.36 (Section 5.3.4), a = 3.378 (Section 5.3.4), and a = 3.67 (Section 5.2).
The Lyapunov exponent of Aék) is shown in the bottom panel of Figure 1 (positive values
are depicted in red).

Fig. 3
1 —Y
0.8 -
—~ 0.6 —(
Z o - ~
~<0.4-
0.2
0 f : T T
1 2 3
0.6
0.4+
N 0.2+
o
R— . 2 L L L L
01 2 3 a
Figure 1. The bifurcation diagram of the recurrent eigenvalue )\((Jk) is shown in the top panel (v = 0.8;
/\(()O) = 0.1; 500 iterations are omitted for the transients). Vertical red dashed lines denote the values

of parameter a (a is set to 1.2, 3.35, 3.36, 3.378, and 3.67) used to explore different types of dynamical
behavior investigated in Sections 5.3.2-5.3.4 and Section 5.2, respectively. The Lyapunov exponent L
computed for the fractional difference logistic map is depicted in the bottom panel (values greater
than zero are marked in red).

5.2. The Divergence of the Fractional Difference Logistic Map of Nilpotent Matrices

Let us proceed with the most counterintuitive dynamics of the fractional difference
logistic map of nilpotent matrices—specifically, the divergence that may occur even when
a recurrent eigenvalue remains bounded [41]. When the matrix order exceeds 2, distinct
rates of divergence are observed.

The rates of divergence of the fractional difference logistic map of nilpotent matrices of
order 6 are shown in Figure 2. The parameter 4 is set to 3.67 and the order of the fractional

(0)

difference v is equal to 0.8; A;” = 0.1. Lyapunov exponent L of the fractional scalar logistic
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map at a = 3.67 is 0.3808. The growth of ln‘ygk) ‘ is approximated by the black dashed line
with the slope equal to 0.3861 ~ L. The growth of ln‘ yék)l is approximated by the blue

dashed line with the slope equal to 0.7737 ~ 2L. The growth of ln‘ yék) ‘ is approximated

by the green dashed line with the slope equal to 1.1594 ~ 3L. The growth of ln‘ yik)‘ is

approximated by the red dashed line with the slope equal to 1.5443 ~ 4L. The growth
of ln‘ yék) ‘ is approximated by the orange dashed line with the slope equal to 1.9323 =~ 5L.

_s=1 P -
500 l—s=2 7 ‘/ﬁ/““( //:
400( *=3 T
= —s=4 el " s
< 3001 —s=5 :?"/:J«/ ]
= 200] T ‘
100 -
0

0 50 100 150 200 250 k
Figure 2. The divergence rate of the auxiliary parameters of the fractional difference logistic map of

7

nilpotent matrices is exponential. The dynamics of ln‘ ygk) ‘, ln’ y§k> , ln‘ yék) ‘, ln‘ yfp ’, and ln‘ yék>

k=0,1,...,300 is shown at a = 3.67 and v = 0.8. The dashed lines depict linear approximation
(k)

of ln’ y§k> ’ ;8 =1,...,5. The growth rate of In|p; ) is approximately equal to sL, where the Lyapunov

exponent L = 0.3808.

5.3. The Convergence of the Fractional Difference Logistic Map of Nilpotent Matrices
5.3.1. The Algorithm Used to Identify the Type of Convergence

The type of convergence (exponential or power law) is identified by means of the
algorithm comprising the following steps. Firstly, the analyzed time series is plotted on
log-linear and log-log scales. Then, a linear (first degree polynomial) approximation
is constructed for log-linear and log—log scales. Finally, the approximation error (the
normalized root mean square error) is computed on log-linear and log-log scales.

Ideally, the approximation error for exponential convergence should be zero on
the log-linear scale, and the approximation error for power law convergence should
be zero on the log-log scale. This can be explained by the following elementary formu-
las. An exponential function y; = ¢** becomes a linear function on the log-linear scale:
y1 = In (e™) = ax. A power law function y, = x? becomes a linear function on the log-log
scale: In (y2) = In (xb) =bln(x).

In reality, the trajectories captured by numerical simulation algorithms are contami-
nated by noise. Moreover, one may not expect that the convergence of a complex fractional
difference logistic map of nilpotent matrices should be strictly exponential or strictly gov-
erned by the power law. Therefore, the classification algorithm (between exponential and
power law convergence) is based on the comparison of the approximation errors of the
same time series in the log-linear and log-log scales. The residuals of the approximation
errors in the log-log scale will be denoted as R, and the linear-log scale—as R,.

5.3.2. Monotonous Convergence of the Fractional Difference Logistic Map of Nilpotent
Matrices ata = 1.2

The monotonous convergence of the fractional difference logistic map of nilpotent
matrices of order 6 to a stable period-1 regime is investigated in Figure 3 (a = 1.2; v = 0.§;
A0 —0.1).

0
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Figure 3. Monotonous convergence of the fractional difference logistic map of nilpotent matrices at
yﬁ”’; s=1,...,5 (marked in
black solid lines in the left column) are plotted on the log-log scale (the middle column) and the

log-linear scale (the right column).

a=12,v=08and /\(()O) = 0.1. Only the regions of convergence of

The left column of Figure 3 represents the evolution of the recurrent eigenvalue A

0
and the modulus of the auxiliary parameters “ugk) ‘; s =1,...,5o0n the linear scale. The mid-

(k) (k)

dle column shows the evolution of Ay and ‘ Us ‘ ;8 =1,...,5on the log-log scale. Anal-

(k)

ogously, the right column shows the evolution of A;” and
log-linear scale.

ygk)‘; s =1,...,5 on the

It is interesting to observe that the convergence of )\(()k) occurs according to the power
law: R, = 0.0217 < R, = 0.0570 (Table 1). This fact is supported by the results reported
in [27] and coincides with the rigorous theoretical proof published in [34]: the convergence

of the scalar fractional difference logistic map to a stable fixed point follows the power law.

k
u
dynamics of the recurrent eigenvalue /\(()k) (Equation (14)). The auxiliary parameter ’ygk) ‘

k)‘

The dynamics of the auxiliary parameters ;8 =1,...,5is intertwined with the

monotonously converges to the quiet state: klim ’yg = 0. However, higher-order auxiliary
—00

parameters experience a finite-time blow-up before settling into a monotonous convergence
to the quiet state (Figure 3). The higher the order of the auxiliary parameter ygk), the larger
the finite time blow-up: ’yék) ‘ reaches 2.472 at k = 10, but ‘yék) ‘ reaches 665.5 at k = 15

(Figure 3). Only the converging parts of ‘ ygk)

;s =1,...,5 (marked in black solid lines in
the left column) are further investigated on the log-log and log-linear scales in Figure 3.

The convergence of the auxiliary parameters occurs according to the exponential
law (Figure 3, Table 1). One can observe the encounter of two different phenomena: the
power law convergence of the scalar fractional difference logistic map and the exponential
convergence induced by the nilpotent matrices. The “traces” of the power law convergence
of Aék) are still observable on the log-linear scale of ‘ ng) ’: the graph of ygk) does not
coincide with the approximating line of linear regression. In general, such an effect tends to
vanish for higher-order auxiliary parameters and can be quantified by the ratio between R,
and R,. In this particular case, % = 4.466 for ’ygk) , but 1;—’: = 34.944 for ’ygk)‘ (Figure 3,
Table 1).
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Table 1. The residuals of approximation R, and R, computed for auxiliary parameters ygk) ,
s =1,...,5 for the set of parameters used in Figures 3-6.
Parameter Set Aux. Param. R, R, R,,/Re
Ao 2.17 x 1072 5.70 x 102 <1
# 1.10 x 10° 247 x 101 >1
a=12 1 2.14 x 10° 6.11 x 102 >1
M =01 s 1.43 x 10° 6.81 x 102 >1
(Figure 3) Ha 1.45 x 100 1.19 x 10! >1
Us 1.30 x 10° 1.16 x 107 >1
1 2.94 x 10° 4.63 x 10° <1
4 =335 ) 2.34 x 10! 491 x 10° >1
10 _ o3 13 1.65 x 10! 3.03 x 10° >1
%Figure 2 M 1.60 x 10! 3.07 x 10° >1
1s 1.10 x 10! 2.65 x 10° >1
1 8.78 x 10! 1.29 x 100 >1
4= 336 1 8.48 x 10! 1.33 x 10° >1
10 _ oo U3 2.87 x 102 1.50 x 10° >1
%Figure 5) 1y 1.94 x 10° 1.78 x 10° >1
Us 7.63 x 102 1.64 x 10° >1
1 1.14 x 10? 1.56 x 10° >1
4= 3378 1 454 x 103 1.79 x 100 >1
10 _ 0078 #3 2.67 x 10° 1.77 x 10° >1
‘zFigure 6 1y 5.28 x 10° 1.91 x 10° >1
Us 8.64 x 102 1.74 x 100 >1

5.3.3. Convergence After the Finite-Time Divergence at a = 3.35

uld

divergence) is depicted in Figure 4 (a = 3.35; v = 0.§; /\(()O) = 0.3). The effect of finite-
time divergence in iterative maps of nilpotent matrices occurs when the chaotic system

The convergence of the auxiliary parameters ;8 = 1,...,5 (after finite-time

approaches the onset of chaos (the auxiliary parameters blow-up to large but finite values
and then converge to the quiet state) [35,39]. Only the converging parts (plotted in dark

ygk) ;8 =1,...,5 are investigated in Figure 4.
(k)

It is interesting to observe that the convergence of ’ Hy ‘ still occurs according to the

solid lines) of

power law as R, < R, (Table 1). However, the convergence of all other auxiliary parameters
with higher indexes is exponential (Figure 4; Table 1). The exponential effects induced by
the nilpotent matrices suppress the power law convergence effects induced by the scalar
chaotic map.
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Figure 4. Convergence after the finite-time divergence of the fractional difference logistic map of
nilpotent matrices ata = 3.35and v = 0.8 ()L((]O> = 0.3). Only the converging parts of ‘ ygk) ;s=1,...,5
(marked in black solid lines in the left column) are plotted on the log-log scale (the middle column)

and the log-linear scale (the right column). The vertical red dashed line in the upper-left panel
represents the largest peak of ‘ygk) ‘ what corresponds to the period-doubling bifurcation of A(()O).

5.3.4. Convergence After the Intermittent Bursting at a = 3.36 and a = 3.378

It is well known that nilpotent matrices may induce such effects as finite-time diver-
gence (when the system is approaching the onset of chaos) and explosive divergence (when
the Lyapunov coefficient is positive and the system is in the state of fully developed chaos)
in nonfractional maps of matrices [35,39]. However, a completely different effect (charac-
terized as intermittent bursting [41]) can be observed in the discrete fractional difference
logistic map of nilpotent matrices. Each burst occurs after the period-doubling bifurcation
of the recurrent eigenvalue A(()k) [41].

The effect of intermittent bursting is illustrated in Figure 5 (a = 3.36; v = 0.8;
‘us(,k) ;s=1,...,5
(plotted in solid black lines) are tested for the convergence rates. It can be seen that the rate

)\((JO) = 0.12). As previously mentioned, only the converging parts of

of convergence is exponential (Figure 5; Table 1).

Computational experiments are continued by increasing the parameter a to 3.378 and
moving even closer to the onset of chaos (Figure 6). Again, only the converging parts
of ‘ygk) ‘ ;8 =1,...,5 (plotted in solid black lines) are tested for the convergence rate, which
is determined to be exponential (Figure 6; Table 1).

As already mentioned, intermittent bursting occurs after the period-doubling bifurca-
tion of the recurrent eigenvalue. This effect is also illustrated for a transient trajectory of
the fractional difference logistic map of nilpotent matrices, which represents a cascade of
period-doubling bifurcations of the recurrent eigenvalue over time (Figure 7). Note that
such trajectories, called cascade of bifurcation-type trajectories, for the scalar fractional
difference logistic map have already been reported in [82].
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Figure 5. Convergence after the intermittent bursting of the fractional difference logistic map of
. . 0 . k
nilpotent matrices at 2 = 3.36, v = 0.8 and A(() ) = 012, Only the converging parts of yg )‘ ;

s = 1,...,5 (marked in black solid lines in the left column) are plotted on the log-log scale (the
middle column) and the log-linear scale (the right column). The vertical red dashed line in the
upper-left panel represents the largest peak of ‘ ygk)‘ after the initial finite-time divergence what

(0)

corresponds to the period-doubling bifurcation of A;”.
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Figure 6. Convergence after the intermittent bursting of the fractional difference logistic map of
nilpotent matrices at a = 3.378 and v = 0.8 (Aé()) = 0.078). Only the converging parts of ;ts(k> ;
s = 1,...,5 (marked in black solid lines in the left column) are plotted on the log-log scale (the
middle column) and the log-linear scale (the right column). The vertical red dashed line in the

upper-left panel represents the largest peak of ‘ ygk)‘ after the initial finite-time divergence what

(0)

corresponds to the period-doubling bifurcation of A;".
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Figure 7. The fractional difference logistic map of nilpotent matrices of order 6. The burst peaks

of ln<1 + ‘ygk) D in the fractional logistic map of matrices appear at the same time instants as the

period doubling of A(()k) is observed at k equal to 14,900, 77,640, 121,500, and 133,000. The parameters

of Caputo fractional difference logistic map issettoa = 3.39 and v = 0.1 (A(()O) = 0.001). The total
number of iterations performed is 135,000.

6. Discussion and Concluding Remarks

It is well-known that the divergence rate of the fractional difference logistic map from
a fixed point can be exponential, but convergence to a fixed point occurs according to
the power law [82]. This fact carries a number of implications for studying the complex
behavior of fractional difference chaotic maps. For example, the computation of the
Lyapunov exponent for the characterization of the convergence of the fractional difference
logistic map is meaningless.

This fact can be represented by the following example. Let us assume that the initial
perturbation d; changes in time according to the exponential law: |5(t)| = e*|5|. Then,

L]

ol = A. Therefore, the Lyapunov expo-

the Lyapunov exponent reads [83] lim lim % In
E=r00 |dg] =0

nent for periodic orbits of the standard scalar logistic map is negative, since convergence to
such orbits almost everywhere occurs at an exponential rate [84].
Now, let us assume that the initial perturbation changes according to the power law:

|6(t)| = t}|dg|. Then, tlim wli|mo 1n % =A tlim Inf — 0. This limits the applicability of
—00 0| — — 00

classical algorithms based on the computation of Lyapunov exponents for the exploration
of the convergence of fractional difference maps. In fact, it can be observed in Figure 1
that the reconstructed Lyapunov exponents for the scalar fractional difference logistic map
of eigenvalues are equal to zero everywhere except in the region where the map exhibits
chaotic behavior.

The logistic map (being paradigmatic models of chaotic systems) is widely exploited
for the investigation of spatially extended systems. Coupled Map Lattices of the logistic
maps (including fractional logistic maps) remain an active area of research. Spatiotemporal
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synchronization, traveling waves, and coherent states—these are just a few of the many
effects observed in the dynamics of chaotic Coupled Map Lattices [40,85-87].

The complexity of a system comprising fractional difference logistic maps can be
increased not only by extending the number of coupled nodes in the spatial domain, but
also by making each node more complex. The fractional difference logistic map of nilpotent
matrices is exactly the case when the extension is performed at the node itself.

It appears that the dynamics of such a fractional system of nilpotent matrices becomes
very complicated. The divergence of the system from a fixed point is governed by the expo-
nential law. The divergence occurs when the Lyapunov exponent of the scalar fractional
system is positive. The divergence rate of the auxiliary parameters is also exponential,
but the rate is a multiple of the Lyapunov exponent of the scalar system. Moreover, the ex-
ponential divergence rate of the auxiliary parameters depends on their order, with the
divergence rate being equal to the order multiplied by the Lyapunov exponent of the scalar
map. This explains the structural role of nilpotency in amplifying exponential effects.

However, the situation becomes much more tortuous with the convergence of the
fractional system of nilpotent matrices to the fixed point. The convergence of the system
is governed by the interplay of two different phenomena: the power law governing the
convergence of the scalar fractional system and the exponential convergence induced by
nilpotent matrices.

Such an interplay opens ample opportunities for designing Coupled Map Lattices
of fractional logistic maps of nilpotent matrices. For example, an encoding scheme for
multiple digital images in a single Coupled Map Lattice of classical logistic maps of
nilpotent matrices is proposed in [40]. Extending such an encoding scheme to its fractional
counterpart would open new possibilities to extend the carrying capacity of the scheme
and enhance the security of the encoding algorithm. The transient divergence induced
by the competition between the power law and exponential mechanisms at each node of
such lattices poses significant challenges for spatiotemporal synchronization and control of
transient processes. At the same time, these challenges may be viewed as advantages in
terms of the security of the encoding scheme. The development of such schemes based on
complex convergence patterns remains the definite objective of future research.

The present analysis is restricted to the Caputo fractional difference logistic map of
nilpotent matrices. In particular, the scalar non-fractional logistic map is a one-dimensional
non-invertible iterative map. Extending the present analysis to more complex classes of
iterative systems, such as two-dimensional maps (for example, the Rulkov neuron map) or
fully invertible maps (for example, the bouncing ball problem), represents a natural and
promising direction for future research. These extensions may reveal additional dynamical
features and broaden the proposed analytical framework.
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