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Abstract

Nanostructures, such as carbon nanotubes (CNTs), graphene, nanoplates, etc., show behav-
iors that classical continuum theories cannot capture. At the nanoscale, size effects, surface
stresses, and nonlocal interactions become important, so new models are needed to study
nanostructures. The main nanomechanics theories that are used in recently published
papers include nonlocal elasticity theory (NET), couple stress theory (CST), and nonlocal
strain gradient theories (NSGTs). To solve these models, methods such as finite elements,
isogeometric analysis, mesh-free approaches, molecular dynamics (MD), etc., are used.
Also, this review categorizes and summarizes the major theories and numerical methods
used in nanomechanics for the analysis of nanostructures in recently published papers.
Recently, machine learning methods have enabled faster and more accurate prediction of
nanoscale behaviors, offering efficient alternatives to traditional methods. Studying these
theories, numerical models and data driven approaches provide an important foundation
for future research and the design of next generation nanomaterials and devices.

Keywords: nanomechanics theories; numerical methods; nanostructures; machine learning;
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MSC: 74G60; 74H45; 74599; 74A99

1. Introduction

Nanomechanics is a rapidly developing field that deals with the mechanical behavior
of materials and structures at the nanometer scale. Unlike classical mechanics (which
assumes a continuum medium without internal length scales), nanomechanics consider
phenomena such as interatomic interactions, surface stresses, and discrete lattice effects
that become dominant when the characteristic dimension of a structure approaches a few
nanometers. Typical nanostructures include CNTs, graphene sheets, nanowires, nanoplates,
thin films, and components of micro/nanoelectromechanical systems (MEMS/NEMS).
These systems are widely used in electronics, sensors, actuators, biomedical devices, and
energy-harvesting technologies [1-3].

At the nanoscale, conventional continuum theories fail to accurately predict the me-
chanical response of materials. This limitation arises from several fundamental challenges.
First, size effects play a critical role. Experimental studies have demonstrated that nanos-
tructures may exhibit stiffening or softening as their characteristic dimensions decrease,
a phenomenon that classical elasticity cannot capture. Second, surface effects become domi-
nant due to the extremely high surface-to-volume ratio at the nanoscale. As a result, surface
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stress and interface energy contribute significantly to the overall mechanical behavior of
nanostructures. Finally, in some cases (particularly in ultra-thin films, nanowires, and
quantum dots), quantum effects cannot be neglected. Interactions among electronic states
and lattice vibrations modify the mechanical response that demands quantum-informed or
multiscale models [3,4].

To address these limitations, researchers have extended classical continuum mechanics
by incorporating intrinsic length scales, surface elasticity, and nonlocal interactions. The
NET proposed by Eringen [5] introduces the concept that stress at a material point depends
not only on local strain but also on strains in its neighborhood, making it suitable for
wave propagation and vibration analysis in nanostructures. Subsequently, strain gradient
theories (Mindlin [6]; Fleck and Hutchinson [7]) included higher-order gradients of strain
in the energy functional, enabling the capture of size-dependent hardening. Similarly,
CST and its modified versions incorporated internal length parameters through rotational
effects and bending moments [8,9]. To account for dominant surface contributions, the
Gurtin-Murdoch surface elasticity theory [10] provided a continuum framework, including
interface energy. For fracture and discontinuities, the peridynamics theory introduced
by Silling [11] reformulated mechanics in an integral, nonlocal framework free from spa-
tial derivatives. Similar to these continuum models, atomistic-to-continuum approaches,
such as the Cauchy Born rule [12] and quasicontinuum (QC) methods [13], established
connections between atomistic simulations (MD, DFT) and continuum models.

In recent years, several review papers have been published about nanomechanics.
For example, Barretta et al. [14] reviewed recent progress in nonlocal elasticity for nanos-
tructures, emphasizing the limitations of classical continuum mechanics and the need
for scale-dependent models. Eltaher et al. [15] reviewed the research on nonlocal elastic
models for nanoscale beams, with a focus on bending, buckling, vibration, and wave
propagation analyses. They discussed how classical continuum mechanics fail at small
scales and highlighted the effectiveness of Eringen’s NET in capturing size-dependent
behaviors. Thai et al. [16] presented a review of continuum mechanics models that had
been developed to capture size effects in beams and plates. Farajpour et al. [17] reviewed
the mechanics of nanostructures such as nanorods, nanobeams, nanoplates, and nanoshells.
They explained that experimental studies and MD simulations were difficult and costly,
so modified continuum theories have been widely used. Ghayesh and Farajpour [18]
reviewed functionally graded (FG) nanoscale and microscale structures. They described
how material properties could vary to enhance the performance of MEMS and NEMS
devices. The paper summarized findings on vibration, buckling, and deformation of FG
beams and plates and pointed toward future applications. Nuhu and Safaei [19] carried
out a comprehensive review on the vibration analyses of small-scale structures using
nonclassical continuum elasticity theories. Khaniki et al. [20] reviewed the statics and
dynamics of electrically actuated nano- and micro-structures. The authors summarized
both electrostatic and electrodynamic analyses of beams, plates, and shells, and demon-
strated how theoretical models had evolved to include electro-mechanical coupling. They
also discussed the applications of such systems in resonators, biosensors, detectors, and
diagnostic devices, showing how modeling accuracy had been essential for real-world
progress. Yee and Ghayesh [21] presented a review on the bending, buckling, and dynamics
of graphene nanoplatelet (GPL)-reinforced structures. They noted that GPL had become an
attractive nanofiller because of its low cost and ease of production compared to graphene
or carbon nanotubes. Roudbari et al. [4] reviewed size-dependent continuum mechan-
ics models for micro/nanostructures. They examined how nonlocal elasticity, modified
couple stress, strain gradient, and micromorphic theories had been employed to study
bending, vibration, buckling, and wave propagation in rods, beams, plates, and shells.
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Imani Yengejeh et al. [22] reviewed advances in the mechanical analysis of structurally
and atomically modified carbon nanotubes. The authors discussed both experimental
and computational research, including MD and finite element approaches, which showed
how defects reduced stiffness, strength, and vibrational response. They concluded that
imperfections significantly influenced the mechanical performance of CNTs and that more
realistic models were needed for engineering applications. Soni et al. [23] presented an
extensive review of FG carbon nanotube-reinforced composite structures. They summa-
rized studies on the mechanical, thermal, thermo-mechanical, vibrational, and impact
responses of beams, plates, shells, and panels reinforced with CNTs. Sayyad et al. [24]
reviewed the mechanics of FG nanobeams, focusing on nonlocal continuum theories and,
mainly, Eringen’s nonlocal elasticity. They studied research on bending, buckling, and
vibration of nanobeams modeled through elementary, Timoshenko, and higher-order non-
local beam theories. Also, they developed a new hyperbolic shear deformation theory
that satisfied traction-free boundary conditions and incorporated transverse shear effects.
Qin [25] reviewed recent progress in the study and application of CNTs and graphene-
based nanomaterials. Torkaman-Asadi and Kouchakzadeh [26] reviewed the progress in
atomistic simulations of graphene’s mechanical properties and fracture. Chandel et al. [27]
reviewed modeling approaches for nanostructures and explained their mechanical behavior
in bending, stability, and vibration. They described processing and fabrication methods
and applications in sensors, actuators, composites, and probes. The paper also reported
theoretical modeling methods such as atomistic simulations, continuum mechanics, and
atomistic—continuum approaches. Roudbari et al. [4] reviewed different size-dependent
continuum mechanics models for micro- and nano-structures. Moreover, they focused on
applications in bending, buckling, vibration, and wave propagation. The paper explained
couple stress, strain gradient models, Eringen’s nonlocal elasticity, micromorphic theory,
and hybrid nonlocal strain gradient models, and compared their uses and limits. The
authors showed that nonlocal elasticity usually predicted softening, while couple stress
and strain gradient models predicted hardening at small scales.

A wide variety of analytical and numerical methods have been developed to solve
the governing equations of nanomechanics theories. For relatively simple geometries,
analytical and semi-analytical techniques, such as separation of variables, Fourier and
Laplace transforms, and perturbation expansions, have been used to obtain closed-form
or approximate solutions for vibration, buckling, and wave propagation problems [28,29].
Energy-based approaches, including Rayleigh-Ritz [30] and Galerkin methods [31], remain
popular for deriving eigenfrequencies and stability criteria in nanobeams and nanoplates.
For higher-order continuum theories, such as strain gradient or couple stress elasticity,
differential models, including the finite difference method (FDM) [32] and the differen-
tial quadrature method (DQM) [33], have been used. The finite element method (FEM)
is a general and widely used numerical formulation that can solve many problems in
nanomechanics, from simple to highly complex geometries or boundary conditions [34,35].
Isogeometric analysis (IGA), based on smooth spline basis functions, has emerged as an
alternative because it naturally provides the continuity required for higher-order gradient
models [36,37]. Mesh-free methods, such as the element-free Galerkin (EFG) method and
reproducing kernel particle method (RKPM), have also been applied to nanoscale prob-
lems, also in large deformation and crack modeling. For fracture behavior, peridynamic
discretization methods have gained considerable attention, since they inherently capture
discontinuities without additional criteria for crack initiation or growth [38]. At the atom-
istic scale, MD simulations [39] and density functional theory (DFT) calculations [40] are
frequently employed to obtain size-dependent material constants and to validate contin-
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uum predictions, while multiscale approaches such as the QC method effectively bridge
atomistic and continuum domains [41,42].

Also, recently, there have been many papers published regarding nanomechanics.
These investigations have provided deeper insights into the mechanical, electrical, and ther-
mal responses of nanoplate systems, which can be used for the development of advanced
nanodevices and multifunctional smart materials [43,44]. For example, Akpinar et al. [45]
studied the longitudinal vibration of FG nanotubes in an elastic medium. By applying
Bishop’s rod theory together with Eringen’s nonlocal elasticity, they transformed the bound-
ary condition problem into an eigenvalue formulation using Fourier sine series and Stokes’
transformation. Kadioglu and Yayli [46] studied viscoelastic graded nanobeams with elastic
spring supports. They found that deformable boundaries reduced the natural frequencies
compared to rigid ones, with softer supports leading to greater reductions. They also no-
ticed that damping had a stronger effect on higher vibration modes, though this influence
became weaker as the nonlocal scale parameter increased. Yayli [47] analyzed the buckling
of microbeams embedded in an elastic medium. In his study, a Winkler foundation model
was used for the surrounding medium, and strain gradient elasticity theory was applied to
capture small-scale effects. Yayli [48] examined the axial vibration of Rayleigh nanorods,
which account for rotary inertia effects. Using Eringen’s NET, Hamilton’s principle, and
Fourier-Stokes methods, he derived a general eigenvalue solution that was valid for both
rigid and deformable supports. Imani Yengejeh et al. [22] examined the mechanical re-
sponse of CNTs with atomic and structural imperfections. Using both computational and
experimental findings, they concluded that any level of imperfection reduces the mechan-
ical performance of CNTs. Darban [49] studied the size-dependent behavior of silicon
nanobeams using large-scale MD simulations. Civalek [50] investigated the free vibration
of short fiber-reinforced nano/rods in an elastic medium. Kafkas et al. [51] examined
the thermal vibration of perforated nanobeams resting on a Winkler elastic foundation
with NSGT.

In recent years, a large number of studies have been published on various aspects
of nanomechanics, reflecting the growing importance and rapid progress of this field.
These works have provided valuable insights into the mechanical, thermal, and electrical
responses of nanoscale systems, as well as their applications in advanced nanodevices and
smart materials. However, despite much research, the results are still in different theories
and methods. Therefore, there is a clear need for a comprehensive updated review that
classifies and discusses the existing nanomechanics theories and numerical methods. The
purpose of this paper is to fulfill this need by presenting an updated overview of the current
state of research, highlighting the advantages, limitations, and future prospects of various
modeling and solution techniques in nanomechanics.

2. Overview of Nanomechanics Theories

The literature mainly focuses on the NET, CST, and NSGT, as these models effectively
capture size-dependent mechanical behavior through explicit length-scale parameters while
remaining consistent with classical continuum mechanics. They provide a good balance
between physical accuracy and computational efficiency, and their predictions agree well
with MD results. Moreover, numerous studies have applied these theories to bending,
vibration, and buckling analyses, highlighting their broad applicability. Among various
nanoscale materials, carbon-based structures such as graphene sheets and carbon nanotubes
are of particular interest because of their remarkable mechanical and multifunctional
properties [52].

Graphene, a single layer of carbon atoms arranged in a hexagonal lattice, and it can
combine in multiple layers to form graphite. When a single graphene sheet is rolled up, it
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forms a single-walled carbon nanotube (SWCNT), while rolling up multiple graphene layers
produces multi-walled CNTs (MWCNTs) [43]. Figure 1 illustrates the relationship between
graphene, graphite, and CNTs. These nanostructures exhibit mechanical behaviors that
deviate from classical predictions, so researchers have developed advanced nanomechanics
theories to accurately describe their size-dependent responses.
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Figure 1. The structural relationship among graphene, graphite, and CNTs [53].

Figure 2 illustrates some of the most common structural forms encountered in nanome-
chanics. At the nanoscale, materials can be engineered into different geometries such
as rods [54-58], beams [59-63], cylindrical shells [64-68], rings [69,70], disks [69,71], and
plates [72,73], each offering unique mechanical and physical behaviors. These structures
form the basis for studying how size, shape, and dimensional constraints influence me-
chanical properties such as strength, flexibility, and stability at the nanoscale. Using these
geometries, researchers can design nanostructures for applications in sensors, actuators,
energy devices, advanced materials, etc.

(a) Nano-rod (b) Nano-ring (annular nanoplate)

/ R

L

(c) Nano-beam (d) Nano-disk (circular nanoplate)

L
(e) Nano- Cylindrical shell

(H Nano-plate

Figure 2. Common structures studied in nanomechanics include the following: (a) nanorod, (b) nanor-
ing, (c) nanobeams, (d) nano-disk (circular nanoplate), (e) nanocylindrical shell, and (f) nanoplates
(in this figure R is the radius, L is the length, and a and b are arbitrary dimensions of the plate).
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Let x denote the position vector in a body (2 C R3, t time, and u(x,t) as the displacement
field. The (small-strain) tensor is ¢ = 12(Vu + (Vu) "), and the Cauchy stress is 0. The
fourth-order elasticity tensor is C (components Cj;). The mass density is p, body force is b,
and V is the spatial gradient, V -the divergence, and V? the Laplacian. Also, a superposed
“s” indicates surface quantities defined on a surface S with unit normal n; V is the surface
gradient/divergence and I the in-surface identity. The Levi—Civita tensor is e. Intrinsic
material lengths are written ¢, y, . ..

2.1. NET

NET introduces the concept that the stress at a given point depends not only on the
strain at that point but also on strains in a finite surrounding region. Eringen’s integral
form expresses this as [74]:

oij(x) = /04(|x = x'|) G (x")dx’ o
0

where o is a function which describes the nonlocal influence. In a differential approximation,
the equation can be written as follow [5]:

(1= pV?)0ij = Cijuen 2)

where p introduces an intrinsic length scale. Physically, this accounts for long-range
interatomic interactions absent in classical elasticity.

NET has been widely applied to carbon nanotubes, graphene sheets, nanobeams, and
nanoplates. There are some of the main limitations and problems associated with Eringen’s
NET. Firstly, the integral formulation of nonlocal elasticity makes it difficult to define
boundary conditions accurately (especially in beam and plate problems such as cantilever
bending) [75,76]. For instance, the differential form sometimes fails to satisfy the integral
equation at boundaries, making some problems ill-posed [76,77]. Secondly, the integral
and differential versions of Eringen’s theory can yield contradictory predictions under
certain boundary/load settings. For example, some solutions using the differential form
show no softening (or even stiffening), contrary to the expected behavior. This discrepancy
is sometimes called the nonlocal paradox [14,75]. Thirdly, Eringen’s differential nonlocal
elasticity may fail to satisfy self-adjointness and conservation properties, which can lead
to nonphysical results (for example, an increase in natural frequency with increasing
length scale) in certain configurations. Such inconsistencies are caused by the constitutive
form not always deriving from a well-defined energy functional [78-80]. Fourthly, purely
nonlocal boundary value problems are sometimes ill-posed. It means they may have no
unique or stable solution under typical boundary conditions. Some authors argue that
for certain beam problems, the only solution in the purely nonlocal theory is trivial or
nonexistent [81-83]. Fifthly, the attenuation (kernel) function « (governing how influence
decays with distance) is not uniquely defined, and different kernels produce divergent
results. Because there is no universal physical basis for the choice of kernel, its selection
(and the scaling parameter p) is often based on experiments or fit to molecular simulations,
which limits its general applicability [75]. Sixthly, the integral form involves domain-
wide interactions, making it computationally expensive, particularly in 3D or complex
geometries. Also, the need to compute double integrals or other complex integral operations
can be difficult in large-scale problems [75,84]. Finally, the original linear nonlocal theory is
not easily generalized to nonlinear behavior, large deformations, or time-dependent effects
without additional assumptions or modifications, which may introduce inconsistencies.
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Because interactions are nonlocal, capturing large strain kinematics or dynamic coupling
can become quite complex [75,85].

2.2. Strain Gradient Theory

Strain gradient elasticity extends the constitutive law by including not only strains but
also their gradients. In Mindlin’s and Fleck-Hutchinson’s formulations, the stress tensor is
written as follows [86]:

0ij = Cijkiext + I Dijktmn ¥ mexin ©)

where [ is a characteristic material length. This formulation accounts for additional stress
terms related to the energy associated with strain gradients. It effectively models the
size-dependent behavior observed in experiments, such as increased stiffness and strength
in small-scale materials, indentation, and thin films. Strain gradient theory is not itself
a nanomechanics theory, but since it accounts for size effects, it is often used as a tool in
nano/micro-mechanics [16,87,88].

2.3. CST/MCST

CST introduces additional degrees of freedom associated with material rotation and
curvature. In its modified form, the constitutive relations are written as follows [89]:

0ij = Cijuen, mij = pl>x;; 4)

where m;; is the couple stress tensor and ;; is the symmetric curvature tensor. This theory is
able to predict size-dependent effects in bending, torsion, and shear of small-scale structures.
Applications range from nanobeams and nanoplate bending to biomechanical tissues such
as bone. While conceptually simpler than strain gradient theory, it still introduces additional
parameters that require careful experimental calibration.

CST and MCST introduce one or more material length-scale parameters to capture size
effects. However, these parameters cannot be directly measured and must often be deter-
mined by fitting experimental or atomistic data, leading to inconsistencies and non-unique
results across different studies [90,91]. The physical meaning of the additional quantities,
such as the couple stress tensor and curvature tensor, is often unclear. Several authors
have noted that the symmetric couple stress assumption in MCST lacks solid physical
justification and may even contradict fundamental continuum mechanics principles [89,92].
CST requires additional boundary conditions related to moments or rotations. However,
the correct mathematical and physical formulation of these boundary conditions remains
controversial and difficult to implement, particularly in the modified version [93,94]. Be-
cause MCST involves higher-order spatial derivatives of displacement (curvature terms),
numerical implementation requires continuous finite elements or special higher-order for-
mulations. This significantly increases computational cost and model complexity compared
to classical elasticity [90,91]. Although CST and MCST are designed to capture size effects,
they remain continuum-level theories. As the characteristic length approaches atomic di-
mensions, they fail to represent discrete lattice and molecular behaviors accurately, making
atomistic or nonlocal models more suitable in that range [6,95]. The MCST typically as-
sumes isotropy and uses a single scalar length-scale parameter, which simplifies modeling
but limits its applicability to anisotropic, layered, or FG materials. So, for these materials,
the theory becomes insufficient or less accurate [95,96]. Despite numerous analytical and
numerical studies, experimental validation of CST and MCST remains inconsistent. Most
available results concern nanobeams or plates under bending, while comprehensive testing
for 3D stress states, torsion, and shear is still lacking [91,95].
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2.4. NSGT

The NSGT combines features of both nonlocal elasticity and strain gradient formula-
tions. A typical form is as follows [97]:

(1= V20 = Cija (g0 + P VZey) 5)

This theory captures both long-range interatomic forces and short-range gradient
hardening, which provides a more comprehensive description of nanostructural mechanics.
It has been applied to graphene nanoribbons, CNTs, and advanced nanocomposites.

NSGT tries to combine the ideas of nonlocal elasticity and strain gradient theory
to describe how materials behave at very small scales. Researchers have found several
problems with it. Firstly, NSGT can be mathematically inconsistent when used for structures
of limited size. Mixing nonlocal and gradient terms sometimes gives results that do not
make physical sense or have no solution. Zaera et al. [98] showed that the theory can fail
for finite structures, and Shaat [99] explained that joining nonlocal and strain gradient
models can cause contradictions. Another problem is with boundary conditions. Because
NSGT has higher-order terms, it needs extra boundary conditions related to the gradients
of strain and stress. Many studies use these conditions in an arbitrary way, which can lead
to wrong or incomplete results. Barretta et al. [100] pointed out that incorrect boundary
conditions can remove the expected nonlocal effects and suggested a consistent way to
define them. The theory also shows overlap between nonlocal and gradient effects. Both
parts can already explain size-dependent behavior, so combining them may repeat the
same physical effect instead of adding new information. Shaat [99] and Aifantis [101] both
warned that this overlap can make the theory confusing and less useful. Another difficulty
is the large number of parameters in the theory. It needs several length-scale values that are
hard to find from experiments. These values are often chosen by fitting data, which makes
the results uncertain and not unique [14,98,102]. NSGT is also computationally complex.
The equations include higher-order derivatives, which require special numerical methods
and more computer time. This makes it harder to use than simple elasticity models [98,101].
Although it is more advanced than classical elasticity, NSGT is still a continuum model.
It cannot fully describe what happens at the atomic level, where discrete and quantum
effects become important [98,101]. Finally, there is a lack of experimental evidence to
confirm NSGT predictions. While it has been applied to nanobeams, graphene sheets, and
nanotubes, only a few experiments exist to test it in different conditions. Many reviews
mention that more experimental work is needed to verify this theory [14,103].

2.5. Surface Elasticity

At the nanoscale, surface effects play a dominant role. The Gurtin-Murdoch surface
elasticity model treats the surface as an independent elastic membrane endowed with its
own stress—strain relations. The surface stress tensor is written as follows [104]:

Tag = TS/S + Caprohe (6)

where Tgﬁ is the residual surface stress and C; Bs A€ surface elastic constants. This frame-
work explains the size dependence of stiffness and strength in nanowires, thin films, and
core-shell structures where surface-to-volume ratios are large.

2.6. Micropolar (Cosserat) Elasticity

Micropolar or Cosserat elasticity generalizes continuum mechanics, allowing each
material point to possess independent translational and rotational degrees of freedom. This
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leads to asymmetric stress tensors and couple stresses. The governing balance laws are as
follows [105]:
0ij + bi = pit, mjj + €0k +¢; = J¢; )

where my; is the couple stress tensor, ¢; the microrotation vector, ¢; body couples, and | the
microinertia. Micropolar models are suited for materials with intrinsic microstructures, such
as lattice solids, granular materials, and biological tissues. The limitation lies in the difficulty
of experimentally identifying the large number of additional constitutive parameters.

2.7. Peridynamics

Peridynamics differ fundamentally from the PDE-based continuum frameworks and
express momentum balance in integral form [106]:

p(x)it(x,t) = /f(u(x’, t) —u(x,t),x" — x)dx' +b(x,t) (8)
O

where f is a pairwise force function. Unlike classical continuum mechanics, peridynamics
naturally accommodates discontinuities such as cracks without the need for special criteria.
It has been used to study fractures in graphene, ceramic nanostructures, and nanocom-
posites. However, peridynamics are computationally expensive and require calibration of
nonlocal kernels.

Comparison of major nanomechanics theories can be seen in Table 1:

Table 1. Comparison of major nanomechanics theories.

Theory Main Idea Some Applications Limitations
Stress at a point depends on :;Zrijfvr; [1307]; bg;kolrllnﬁ (%?Tr]{ Only predicts stiffness softening;
NET, Eringen the strain field of propag The nonlocal effect reduces at
surrounding points nanobeams, nanoplates, larger scales
’ and CNTs. :
Charcorstctongn B[] bulng L0 Determining hraibic
CST/MCST introduced through internal St expertm y
nanobeams, nanoplates, difficult; limited to
moments. . .
and CNTs. simple geometries.
Surface Elasticity Surface/interface energy Nanoparticles [112], Surface elastic constants must

(Gurtin-Murdoch Model)

incorporated into
constitutive relations.

nanowires [113], thin films [114],
graphene sheets [115].

be extracted from MD/DFT
or experiments.

More accurate prediction of

Combination of NET and vibration, buckling [116], Higher computational cost;
NSGT SGT to capture both bending [71], and wave multiple parameters
softening and hardening. dispersion [117] to calibrate.
in nanostructures.
Integral-based nonlocal Fracture [118], crack initiation Hich computational demand:
Peridynamics formulation without spatial and propagation [119] in & p ’

derivatives.

nanostructures.

tricky boundary conditions.

Moreover, Table 2 compares the parameters introduced in each of the main nanome-
chanics theories, together with their physical interpretation and typical reported ranges in
the literature [24,110,120,121].
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Table 2. Comparison of key parameters in size-dependent nanomechanics theories.
Theory Parameters Physical Meaning Typical Range
Defines the range of long-range interatomic
Nonlocal parameter
NET [121] _ P 5 interactions; e is dimensionless, and a is the % ~0.1-20
(= (e0a)) internal characteristic length.
Characterizes rotational gradients and
CST [110] Length-scale parameter (/;) couple-stress effects; relates to internal I, ~1—50nm
bending resistance at microscale.
NSGT [120] Nonlocal parameter (4 = (¢ga)”®) Combines long-range nonlocal softening 4 ~01-10,
and gradient parameter (1s) and short-range strain gradient hardening. % ~0.05—05

3. Numerical and Mathematical Methods

The mechanical behavior of nanostructures governed by nonclassical continuum theo-
ries and atomistic models cannot be captured by a single computational approach. A wide
range of numerical and mathematical methods has been developed to solve governing
equations, from exact analytical formulations to hybrid data-driven strategies. In this
section, we review these approaches.

3.1. Analytical and Semi-Analytical Methods

Analytical or semi-analytical techniques are applicable when geometries and bound-
ary conditions are relatively simple. A common strategy is the method of separation of
variables, in which the displacement field is assumed in a product form: u(x, t) = X(x)T(t).
Substitution into the governing PDEs decouples the spatial and temporal parts, producing
ordinary differential equations that can be solved separately. Resulting spatial eigen-
functions X(x) and temporal functions T(t) are then combined to form modal solutions.
Integral transform methods, such as the Fourier and Laplace transforms, are also widely
used. For instance, applying a Fourier transform in space and time leads to a representation,
as follows [122]:

ik, w) = / /u(x,t)e_i(kx_“’t)dxdt 9)
—c0
where k is the wave number and w the angular frequency. This converts differential
operators into algebraic multipliers, simplifying the analysis of wave dispersion in nonlocal
models. When exact solutions are not feasible, approximate variational techniques are
employed. In the Ritz method, the displacement field is approximated as follows [123]:

N
u(x) =~ Y a;ipi(x) (10)
i=1

with admissible shape functions ¢; and unknown coefficients a;. These coefficients are
determined by minimizing the total potential energy. Similarly, the Galerkin method
enforces the residual of the governing PDE to be orthogonal to all chosen test functions,
producing a set of algebraic equations.

3.2. Differential Methods

Over the past decades, numerical techniques in nanomechanics have evolved signifi-
cantly in terms of accuracy, computational efficiency, and applicability to complex boundary
conditions. Early analyses often relied on the FDM due to its conceptual simplicity and
ease of implementation; however, its low-order accuracy and mesh dependency limited its
effectiveness for nanoscale systems [124].
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Differential discretization schemes directly approximate derivatives in the governing
PDEs. The FDM replaces derivatives with discrete difference quotients. For example, the
second derivative at node x; is approximated as follows [124]:

d2M _ Uiy1 — 2111' + Ujq
dx? |, Ax?
1

(11)

where Ax is the grid spacing and u; = u(x;). Once all derivatives are replaced, the PDE
reduces to a system of linear or nonlinear algebraic equations, which can be solved by
direct or iterative solvers.

To overcome FDM shortcomings, the DOM was introduced, offering higher-order
precision by approximating derivatives using weighted sums over all grid points [125].
The DQM provides a more accurate approximation by expressing derivatives as weighted
sums of function values at all grid points [126]:

du N
a . ~ ;wiju(xi) (12)
j=1

with w;; denoting weighting coefficients derived from interpolation functions. The resulting
algebraic system is typically dense but offers high accuracy with fewer nodes.

More recently, spectral methods [127] have gained attention for their superior conver-
gence rates and ability to achieve near-exact solutions with relatively few nodes, especially
when dealing with nonlocal elasticity or gradient theories. Spectral methods instead ex-
pand the solution into orthogonal basis functions, such as Chebyshev polynomials or
Fourier series. The expansion coefficients are obtained by enforcing the PDE in weak or
collocation form.

For boundary value problems, the shooting method is often applied. The original
problem is converted into an initial value problem by guessing unknown initial conditions,
integrating the ODE system (commonly with Runge-Kutta), and iteratively adjusting the
guesses until boundary conditions are satisfied [128].

For clarity, Table 3 compares the key characteristics of the differential methods dis-
cussed above, highlighting their relative advantages, disadvantages, and common applica-
tions in nanomechanics.

Table 3. Comparison of differential numerical methods in nanomechanics.

Method

Main Principle

Advantages

Disadvantages

Typical Applications

FDM

Approximates derivatives
by finite differences on a
discrete grid.

Simple to implement;
suitable for regular
geometries; easy to program;
low memory demand.

Accuracy depends on mesh
density; less effective for
complex geometries or
irregular boundaries;
difficulties with
higher-order derivatives.

Bending [129],
buckling [130], and
vibration [131] of usually
simple geometries such as
beams and plates.

DQM

Approximates derivatives
using weighted sums of
function values at all
grid points.

Very high accuracy with few
grid points; efficient for
higher-order PDEs;
good convergence.

Produces dense coefficient
matrices; less efficient for
large or irregular domains;
boundary treatment can
be complex.

Bending [132],
buckling [133],
vibration [134] of beams,
plates, shells, or complex
structures [135].

Spectral Methods

Expands the solution in
orthogonal basis functions
(e.g., Chebyshev or
Fourier series).

Spectrally high accuracy
(“exponential convergence”);
excellent for smooth
solutions; handles periodic
domains naturally.

Requires smooth geometry;
less effective for
discontinuities or complex
boundaries; implementation
is more mathematical.

Wave propagation [136],
vibration [137], and stability
of nanostructures with
regular boundaries [138].
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3.3. Energy-Based Approaches

Energy-based formulations are rooted in variational principles. According to Hamil-
ton’s principle, we have the following [139]:

t
5/(T—U+W)dt:0 (13)

ty

where T is the kinetic energy, U is the strain energy, and W is the work of external forces.
For example, the strain energy of a nanobeam in nonlocal elasticity can be expressed as
follows [139]:

U= E/EI(W)dx (14)

with E as the Young’s modulus, I as the second moment of area, and w(x, t) as the trans-
verse displacement. The displacement field is approximated by a finite series expansion.
Substitution into the functional yields an expression in terms of unknown coefficients.
Minimizing the functional with respect to these coefficients generates algebraic equations,
which can be solved to obtain equilibrium or vibration characteristics.

3.4. Finite Element Extensions

The FEM has been extensively extended to accommodate higher-order continuum
models. In gradient elasticity, where governing equations contain second gradients of
displacement, shape functions must ensure continuity (continuity of displacement and
slope). Hermite polynomials are commonly used for this purpose. IGA addresses geometry
and approximation simultaneously. Here, the displacement is approximated with non-
uniform rational B-splines (NURBS) [140]:

u(©) = Y. Ri(@)d (15)

where R;({) are NURBS basis functions and d; are the unknown control point variables.
This direct link with CAD geometry enhances accuracy and smoothness.

Mesh-free methods, such as the element-free Galerkin (EFG), the reproducing kernel
particle method (RKPM), and smoothed particle hydrodynamics (SPH), do not require
a predefined mesh. The displacement field is approximated as follows [141]:

N
u(x) ~ ;¢i<x>ui (16)

where ¢; are kernel-based shape functions and u; are nodal parameters. These methods
are particularly well-suited for problems involving cracks and large deformations, as they
naturally handle discontinuities.

3.5. Integral Formulations

Nonlocal and fracture-dominated problems are efficiently handled by integral formu-
lations. In peridynamics, the classical PDE is replaced by an integral equation [142]:

o(x)it(x, t) = / Fu(x'8) = u(x,£), %' — x)dVig + b(x, 1) (17)
Hy
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where p(x) is the density, u(x,t) the displacement, Hy is the horizon (a finite neighbor-
hood around point x), f is the pairwise force function, and b(x,t) is the body force. This
formulation avoids singularities and naturally captures crack initiation and growth by
bond breakage. The boundary element method (BEM) reduces PDEs to boundary integral
equations using fundamental solutions, requiring discretization only of the boundary. This
reduces problem dimensionality but requires the availability of Green’s functions.

3.6. Atomistic and Multiscale Methods

Atomistic simulations capture nanoscale physics directly. In MD, the motion of each
atom is governed by Newton’s second law [143]:

m,-i;i = —ViU(rl,rz,...rN) (18)

where m; is the mass of atom i, 7; its position, and U is the interatomic potential energy.
DFT focuses on electronic structure, solving the Kohn-Sham equations [143]:

12
lhvz + Veff(r)] pi(r) =€i ¢i(r) (19)

2m,

where K’ is the reduced Planck constant, m, is the electron mass, Veff is the effective
potential, ¢; is the electron wavefunction, and €; is its eigenenergy. The solution is obtained
self-consistently until the total energy converges.

3.7. Semi-Analytical Special Techniques

Several perturbative and decomposition methods are designed to handle nonlinear
governing equations. The Adomian decomposition method (ADM) expresses the solution
as an infinite series, u(x) = }_;/_ #x(x), and expands nonlinear operators into Adomian
polynomials. Each part is found by repeating the same rule, and this makes it reach the
final result faster when the system is not nonlinear [144].

In the numerical modeling of nanoscale structures, the convergence of the applied
methods was examined through mesh or grid refinement studies. For example, in the FDM,
convergence is verified by reducing the grid size (Ax) until successive solutions show negli-
gible variation. Mohamed et al. [145] examined the convergence of a sixth-order compact
FDM for the vibration analysis of Euler—Bernoulli nanobeams. Their results showed that
the method achieves rapid convergence for all boundary conditions, providing accurate
results even with few grid points. This superior performance arises from the high-order
discretization of derivatives and the use of sixth-order boundary treatments, which signifi-
cantly reduce truncation errors. The inclusion of additional correction terms from Taylor
expansions eliminates lower-order errors, allowing the method to reach nearly fourth-
order convergence with fewer computational points compared to earlier non-compact
schemes [146]. In the DQM, convergence is assessed by increasing the number of grid
points (N); as N increases, the computed deflection or frequency values approach a con-
stant limit, typically achieving stable results. For example, Karami et al. [147] investigated
the free vibration behavior of triclinic nanobeams using the DQM. The study examined
convergence by increasing the number of grid points and showed that the method provides
fast and stable convergence, reaching accurate results with as few as 19 nodes. This rapid
convergence is attributed to the use of Chebyshev—Gauss-Lobatto sampling points and
high-order weighting coefficients, which minimize interpolation and truncation errors. For
the FEM, the solution is refined by decreasing the element size or increasing the polynomial
order of the shape functions. In the Ritz method, convergence is achieved by successively
increasing the number of admissible trial (basis) functions in the assumed displacement
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field until key response quantities, such as total potential energy, deflection, or natural
frequency, stabilize within a desired tolerance. The rate of convergence can also depend
on the applied boundary conditions; for example, the clamped—free boundary condition
converges faster with N = 5, whereas other cases, such as pinned—pinned, clamped-pinned,
and clamped-clamped require around N = 7 to achieve the desired accuracy [148]. These
convergence studies confirm that the discussed numerical methods can provide accurate
and stable results even when nonlocal or gradient-dependent terms dominate in nanoscale
continuum models.

4. Applications of Nanostructures

MEMS/NEMS are systems where mechanical motion is combined with electrical
circuits. Their sizes are usually on the micro- or nano-scale. Adding nanomaterials to these
systems has greatly improved their performance and expanded their range of applications.
For instance, CNTs and graphene membranes have been used in resonators, pressure
sensors, and microphones, where their low mass and high stiffness enable resonance fre-
quencies in the megahertz to gigahertz range and provide high sensitivity. Nanowires and
nanoparticles are also incorporated into MEMS/NEMS to increase sensing performance,
especially in gas and biosensors, where high surface-to-volume ratios maximize interaction
with analytes. In addition, nanomaterials have been employed in NEMS actuators and
switches, where they offer improved response speeds, lower energy consumption, and
multifunctionality, such as simultaneous sensing and actuation [149-151].

5. Case Studies of Nanostructure Analyses

Nanomechanics, as an extension of classical solid mechanics into the nanoscale domain,
addresses size-dependent deformation, stability, dynamics, and failure of nanostructures.
The following parts summarize the main categories of solid mechanics problems that have
been extensively studied for nanoscale systems such as CNTs, graphene sheets, nanobeams,
nanorods, nanoplates, and nanoshells.

5.1. Static Analyses in Nanomechanics

Nanostructures are frequently subjected to static loading in bending, axial ten-
sion/compression, or torsion. Continuum theories such as nonlocal elasticity, strain gradi-
ent theory, couple-stress formulations, and surface elasticity have been applied to study
nanostructures. For example, Ke et al. [152] studied the static and dynamic responses of
doubly curved FG porous nanoshells with piezoelectric surface layers with FEM while
considering the flexoelectric effect and using refined higher-order shear deformation theory
(HSDT) as well as NET. Their results showed that flexoelectricity and nanoscale size effects
strongly influenced bending, vibration, and transient responses. Additionally, factors such
as porosity distribution, curvature radius, and foundation stiffness significantly affected
the electromechanical behavior, providing insights for designing nanoscale devices such as
sensors and semiconductor components. Omar et al. [153] investigated the static stability
of FG porous nanoplates subjected to uniform and nonuniform in-plane loads using the
NSGT and Galerkin method. Their findings revealed that nonlocal and strain gradient
parameters, porosity distribution, and loading type significantly affected critical buckling
load. Uniform porosity tended to reduce stiffness, while non-uniform porosity distribu-
tions improved stability. Also, they concluded that increasing foundation stiffness and
length-scale parameters enhanced the buckling resistance of the nanoplates.

Brischetto and Cesare [154] developed an exact three-dimensional shell model for the
static and free vibration analysis of multilayered magneto-elastic structures containing
piezomagnetic materials. They formulated four coupled second-order differential equa-
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tions linking displacements and magnetic potential within a mixed curvilinear orthogonal
system. The solution was obtained using harmonic functions in-plane and the exponential
matrix method through thickness. Their results showed that magneto-elastic coupling,
material layer arrangement, and thickness effects significantly influenced static deforma-
tions and natural frequencies, offering accurate predictions for the design of multilayered
smart actuators and sensors. Anh et al. [155] analyzed the nonlinear static behavior of
magneto-electro-elastic sandwich micro/nano-plates with a FG carbon nanotube core in
a hygrothermal environment using Eringen’s nonlocal elasticity and the Galerkin method.
Also, parametric studies investigated CNT reinforcement patterns, nonlocal parameters,
thermal and moisture variations, and electric/magnetic potentials. The results demon-
strated that increasing CNT volume fraction and nonlocal parameters enhanced stiffness,
while hygrothermal loads reduced structural resistance. The study highlighted the effi-
ciency of FG-CNT cores in improving the mechanical and multifunctional performance of
magneto-electro-elastic sandwich structures. Genel et al. [156] studied the in-plane static
behavior of curved nanobeams using the finite element formulation. They introduced
a novel two-noded curved finite element developed from exact analytical solutions of gov-
erning equations using NET. Their findings showed that the proposed method provided
highly accurate results with reduced computational cost, making it an efficient approach
for investigating the in-plane static response of curved nanobeams at the nanoscale.

Siddique and Nazmul [109] studied the static bending behavior of bidirectional FG
nanobeams using the nonlocal CST and NSGT. They derived closed-form analytical solu-
tions by applying Hamilton’s principle and the Laplace transform technique to capture size
effects in nanoscale structures. Also, their results showed that both nonlocal CST and NSGT
successfully described size-dependent behaviors, but NSGT generally predicted larger
displacements, and, consequently, overestimated size effects compared to NCST (as can be
seen in Table 4). Table 4 shows the comparison of nondimensional maximum displacement
values of nanobeams analyzed using NSGT and nonlocal couple stress theory (NCST). The
parameters include the nonlocal parameter (u), boundary condition, and material gradation
parameter (f3). In the Table, [; is the strain gradient length scale (for NSGT) representing
strain gradient effects, while [ is the couple stress length scale (for NCST) representing mi-
crorotation effects in nanostructures. The values are nondimensional displacements. NSGT
tends to predict slightly higher deflections, indicating stronger size-dependent effects. It is
noted that, in Table 4, the reduction in displacement with increasing material gradation
parameter B in both NSGT and NCST models is mainly attributed to the enhancement of
the effective stiffness of the beam along its length. As  increases, a larger portion of the
beam is composed of the stiffer constituent material, resulting in an increase in the effective
bending rigidity and, consequently, a decrease in the overall deflection.

Wu et al. [157] studied the nonlinear static behaviors of nonlocal nanobeams sub-
jected to a longitudinal linear temperature gradient based on the nonlocal stress gradient
theory and using the Galerkin method. They noticed that the nonlocal effect was found
to play a major role in altering deformation amplitudes and stability. Rasouli et al. [158]
examined the dynamic buckling of FG graphene platelet-reinforced composite beams un-
der axial harmonic loading using NSGT. Employing Reddy’s shear deformation theory
and the DQM, they showed that increasing graphene platelet content and adopting an
X-type distribution enhanced buckling resistance. In contrast, larger nonlocal parame-
ters reduced stability, while greater strain gradient length scales and clamped boundaries
improved it. Zheng et al. [159] studied the size-dependent nonlinear bending behavior
of magneto-electro-elastic laminated nanobeams resting on an elastic foundation using
Reddy third-order shear deformation theory combined with nonlocal elasticity and von
Karman geometric nonlinearity and the Galerkin method. Their results showed that
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the nonlocal parameter reduced flexural stiffness, reflecting the softening effect at the
nanoscale. Increasing Winkler and Pasternak foundation parameters enhanced stiffness.
Also, Soltani et al. [160] studied the stability of sandwich double-nanobeam systems with
varying cross-sections interconnected by a Kerr-type three-parameter elastic layer. They
modeled two parallel tapered sandwich nanobeams joined through an elastic Kerr founda-
tion, with material properties varying exponentially along the length using Eringen’s NET,
the Euler-Bernoulli beam model, and the generalized DQM. Their results showed that
parameters such as the tapering ratio, nonlocal parameter, thickness ratio, volume fraction
index, axial load ratio, and stiffness of the elastic connections had significant influence on
the critical buckling load. Ren et al. [161] studied the bending and buckling of FG piezoelec-
tric Timoshenko nanobeams using a two-phase local/nonlocal piezoelectric integral model
using the generalized DOM. They showed that increasing the nonlocal length parameter
raised deflections and lowered buckling loads, whereas increasing the local volume fraction
achieved the opposite.

Table 4. Comparison of nondimensional maximum displacement of nanobeam in clamped (C) and

simply supported (S) boundary conditions [109].

u Boundary f3 NSGT (s = 1.0) NSGT (s = 0.5) NSGT (Is = 0) NCST (Ic = 1.0) NCST (Ic = 0.5) NCST (Ic=0)
0.5 0.00130 0.00135 0.00138 0.00025 0.00064 0.00138
S-S 1.0 0.00102 0.00107 0.00109 0.00019 0.00050 0.00109
0 15 0.00081 0.00085 0.00086 0.00015 0.00040 0.00086
0.5 0.00019 0.00025 0.00027 0.00005 0.00013 0.00027
c-C 1.0 0.00015 0.00019 0.00021 0.00004 0.00010 0.00021
15 0.00012 0.00015 0.00016 0.00003 0.00008 0.00016
0.5 0.00143 0.00149 0.00151 0.00027 0.00070 0.00151
S-S 1.0 0.00113 0.00117 0.00119 0.00021 0.00055 0.00119
1 15 0.00090 0.00093 0.00095 0.00017 0.00044 0.00095
0.5 0.00019 0.00025 0.00027 0.00005 0.00013 0.00027
C-C 1.0 0.00015 0.00019 0.00021 0.00004 0.00010 0.00021
15 0.00012 0.00015 0.00016 0.00003 0.00008 0.00016
Some static analyses related to nanomechanics are summarized in Table 5.
Table 5. Summary of recent static analyses in nanomechanics.
Ref. Type of Analysis Type of Theory Numerical/Analytical Method Key Findings
New nonlocal foundation model overcomes
Eringen-Wieghardt inconsistencies; accurately
[162] Static torsional analysis of Stress-driven nonlocal analvtical-semi-analvtical captures size-dependent torsional behavior;

FG nanobeams integral elasticity yrcal-semi yue torsional rotation increases with foundation
nonlocal parameter (softening effect); simplified
equivalent formulation reduces computational cost

Static bending of FG Static response strongly influenced by applied
[163] nanobeam under NSGT Analytical Navier solution voltage, power-law index, and scale parameters;
electromechanical loading positive voltage increases deflection.
In-pl tatic bending of NET (Eri , Exact-solution-based curved Proposed FE formulation inherits analytical
[156] n-plane staticbending o R ringen s finite element formulation with accuracy of nonlocal theory; provides high accuracy
curved nanobeams differential form) . .
circular elements atlow computational cost.
Static bending of Eri , local inteeral First exact closed-form solution of Eringen’s
[164] Euler-Bernoulli and rmgei\ s non‘oca dl nl egra Analytical closed-form solution ~ nonlocal integral beam model; integral form predicts
Timoshenko beams elasticity mode consistent softening with nonlocality.
8 4
Static bending, buckling, wave HOE of axial force influences deflection, buckling,
[165] propagation, and vibration of Higher-order beam theory Exact analytical solutions; FEM frequencies, and wave dispersion; tensile axial force

hollow-core beams

raises, compressive lowers natural frequencies
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Table 5. Cont.

Ref. Type of Analysis Type of Theory Numerical/Analytical Method Key Findings
'Sta‘qc bending and free Nonlocal elasticity and cubic Closed-form solutions via direct Tempera?ure r1senereases deflection, lowers
[166] vibration of FG nanobeams . . . . . frequencies; nonlocality softens response; FG
, shear strain theory integration and Navier series e ! ok
under temperature fields distribution changes stiffness significantly
Static bending of Refined shear-deformable Analyt.ma'l Vla. v1rtu§l work Displacements rise with higher thermal loads and
copper—-graphene . . principle; material . .
[167] < plate kinematics; : folding parameters; decreasing graphene volume
nanocomposite plate under . . . properties from . .
. micromechanical modeling . - fraction lowers stiffness.
thermal and mechanical loads experimental/statistical models
. . . . Nonlocal elasticity + modified . . . .
[168] Statlcctivendlqg, free vibration, couple stress + surface IGA with NURBS Porosity reduces stiffness; st}rface effects gnhancg it;
ynamic response elasticity IGA accurately captures static and dynamic behavior
. . Plate theory + nonlocal Thermal loads reduce stiffness and buckling loads;
Static bending, thermal L . N o X
. elasticity; . . . viscoelastic foundation increases damping and
[169] buckling, free and . . f . Analytical Navier-type solution [ . - ;
A viscoelastic/multiphysics modifies vibration; multiphysics strongly influences
forced vibration . -
coupling nanoplate behavior
Nonlinear static bending of Stress—d.rlven theory (SDT) FDM, DQM, Nonlocal s.tlf'fepmg observec.l ;larger scale parameter
[170] with nonlinear . . increases rigidity; SDT provides stable and
annular nanoplates 3 Newton-Raphson iteration .
plate formulation well-posed formulation for annular nanoplates
Statlg beru"lmg and free Stress-driven theory (SDT) + Analytlca'l sol}xhons V'Vlth special Increas:'mg nonlo'cal parameter reduce§ st-atlc
[171] vibration of FG A functions; Galerkin FEM deflection and raises natural frequencies; SDT
FGM power-law distribution D . . .
annular nanoplates validation avoids paradoxes of differential nonlocal theory
Static bendmg of organic Novel shear deformation plate Closedfform analytical _solutmn Bending response strongly atffected_ b_y ten}perature;
[172] nanoplates in thermal with single governing reduced-order model with high efficiency; accurate
: theory and NET . . o .
environment displacement variable predictions compared with FEM
Surface effects and nonlocal effects strongly affect
Mechamcal behavior of NET + Surface elasticity theory MD simulations and analytical bending and deﬂectlon. Tensile surface stress .
[173] nanocircular plates under increases deflection, compressive stress reduces it,

surface and nonlocal effects

(Gurtin-Murdoch model)

plate model

and nonlocality decreases deflection. Effects are
stronger for smaller thickness.

The authors of Ref. [174] investigated the static bending behavior of laminated compos-
ite shells using a nonlocal PD-HSDT approach that combined HSDT with the peridynamic
differential operator (PDDO). HSDT captures shear and stress variations, while PDDO
introduces nonlocal effects to improve accuracy in complex geometries. The main advan-
tage of PDDO is the ability to express derivatives of any order in an integral nonlocal form
without mesh dependency, offering higher precision in stress and deformation analysis.
Figure 3 illustrates the computational flow of the proposed method, from defining geometry
and material data to applying PDDO, solving the nonlocal equilibrium equations, and
evaluating deflections and stresses.

Start

Input for HSDT governing equations and boundary conditions

v

Creating PD points

Loop over PD points,
k= L.... Nigpq|

Generate family members for

sachED.pait Calculate the shape matrix A

for each bond

Construct PD
functions

> Obtain the unknown coefficients a
(a=A"h)

Solve the system of algebric equations

Hv=F Calculate the PD functions g(§)

>

Post process

Figure 3. Computational procedure of the PDDO-based HSDT approach [174].
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Bab et al. [174] investigated the nonlocal static response of laminated composite shells
by embedding a peridynamic differential operator into an HSDT. Table 6 reports the non-
dimensional center deflection of cross-ply spherical shells under sinusoidal transverse
loading for R/a =5, 10 and 20, and 3 laminate models (0°/90°, 0°/90° /0°, 0° /90° /90° /0°).
The proposed PD-HSDT predictions closely match the exact HSDT solutions of Reddy and
Liu across all cases, with relative errors generally below 1% and reaching 0.05% for the
0°/90°/90° /0° laminate, whereas first order deformation theory (FSDT) exhibits noticeably
larger discrepancies (approximately 1.7-7.3% depending on laminate and R/a). These
comparisons demonstrate that integrating the peridynamic differential operator within
HSDT delivers more converged and accurate responses than FSDT for the examined shell
configurations [174].

Table 6. Non-dimensional cross-ply spherical shell center deflection (sinusoidal loading). Deflection
for three laminations (0°/90°, 0° /90°/0°, 0°/90° /90° /0°) [174].

Theory R/a 0°/90° 0°/90°/0° 0°/90°/90°/0°
PD-HSDT [174] 5 11.0779 6.7510 6.7834
FSDT [175] 5 11.429 6.4253 6.3623
HSDT [175] 5 11.166 6.7688 6.7865
PD-HSDT [174] 10 11.7985 7.0136 7.0508
FSDT [175] 10 12.123 6.6247 6.5595
HSDT [175] 10 11.896 7.0325 7.0536
PD-HSDT [174] 20 11.9887 7.0825 7.1209
FSDT [175] 20 12.309 6.6756 6.6099
HSDT [175] 20 12.094 7.1016 7.1237

5.2. Buckling Analyses in Nanomechanics

The stability of nanostructures under compressive or axial loading has been widely
investigated through buckling and post-buckling analyses. Representative systems in-
clude CNTs, nanobeams, nanowires, and nanoshells. Nonlocal beam and shell theories,
hygro-thermal coupling models, and surface elasticity effects are employed to capture
size-dependent stability behavior. Nonlinear FEMs, such as arc-length continuation and
Riks techniques, in combination with MD simulations, provide detailed insight into post-
buckling responses. Results consistently show that critical buckling loads are reduced
due to nonlocal softening, while post-buckling paths are strongly dependent on geometry
and nanoscale parameters. These findings are important for the safe design of CNT-based
supports and stable nanoscale devices. Guo et al. [176] studied the nonlinear bending and
thermal post-buckling of magneto-electro-elastic nanobeams with nonlocal strain gradient
and surface effects. They applied an asymptotic expansion method to solve the nonlinear
partial differential equations in closed form. The results showed that nonlocality reduced
stiffness, while the strain gradient increased it. Surface elasticity had a role similar to
applied electric or magnetic fields. Foundation stiffness raised the critical buckling load,
and surface molecules influenced bending more than post-buckling. Lieu et al. [177] inves-
tigated thermal buckling of organic solar nanobeams resting on a viscoelastic foundation
with NET and HSDT with an analytical solution. The results showed that the critical
thermal load had both real and imaginary parts, where the real part caused instability
and the imaginary part represented dissipation from the viscoelastic foundation. They
found that stronger foundation stiffness delayed buckling, large deformations influenced
predictions, and size effects reduced the critical loads compared to classical theory. Sah-
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mani et al. [178] analyzed nonlinear asymmetric thermomechanical buckling of shallow
nanoscale arches reinforced with FG graphene nanofillers. They used NSGT and extended
IGA to capture size effects. The results showed that nonlocality caused softening while
strain gradients induced stiffening, and competition between them depended on load and
temperature. Zhang et al. [179] examined buckling of graphene nanosheets under local
indentation. They combined MD simulations with analytical energy methods to obtain
the critical indentation depth. They reported that increasing thickness or changing lat-
tice geometry raised the critical indentation depth, while bonding configurations affected
buckling shape and behavior. Hou et al. [180] studied the buckling of CNTs exposed to
non-uniform time-dependent heat flux using non-equilibrium MD simulations. The results
showed that kinetic energy increased until buckling, then stabilized, and potential energy
peaked before dropping negative, and higher heat flux led to stronger local deformation but
stabilized the post-buckled state. They also observed that higher flux reduced overall center
displacement, indicating localized buckling. Yang et al. [181] investigated post-buckling
of porous magneto-electro-elastic nanoplates under mechanical, electric, and magnetic
fields. They used NSGT combined with Mindlin plate assumptions and solved the system
with the Galerkin method. The results showed that symmetric porosity improved buckling
resistance by about 30% compared to asymmetric porosity. They also found that nonlocal
effects reduced stability, while strain gradients enhanced it. Sahmani et al. [182] devel-
oped a model for thermal buckling of FG porous nano-arches with surface elasticity and
nonlocality. They combined Gurtin-Murdoch surface elasticity with nonlocal continuum
theory and solved the system using IGA. Their results showed that thin arches were more
sensitive to surface effects, while thicker arches displayed stronger nonlocal softening. They
also found that porosity distribution influenced stability, with uniform porosity giving
more stable responses, and temperature rise increased load magnitudes without changing
equilibrium limit points. Ataccan [183] analyzed snap-through buckling of FG sinusoidal
shallow nano-arches supported by elastic springs. They applied stress-driven NET with
von Kdrmaén strain relations and solved the nonlinear equations using the generalized
DOM and Newton-Raphson scheme. Their results showed that snap-through loads were
highly sensitive to nonlocal parameters, and supported stiffness and gradation. Stiffer
springs raised loads, while stronger nonlocal effects lowered them, and higher modular
ratios increased structural stability. Lieu et al. [184] investigated static bending and buck-
ling of FG sandwich nanobeams with auxetic honeycomb cores. They applied third-order
shear deformation theory (TSDT) and developed an analytical solution for the governing
equations. The results showed that the wall angle of the honeycomb strongly affected
mechanical behavior. The study also reported that boundary conditions, material gradation,
and geometrical parameters significantly influenced both critical buckling loads and maxi-
mum deflections. Tang et al. [185] analyzed buckling/vibration of axially FG nanobeams.
They developed a finite element formulation based on Hamilton’s principle and incorpo-
rated stress- and strain-driven two-phase local /nonlocal integral models. Solutions were
obtained with FEM combined with the Lagrangian multiplier method and validated with
the generalized DQM. Their results showed that gradient index had more effect on mode
shapes than on buckling loads or frequencies, and that nonlocal parameters and boundary
conditions strongly influenced critical values. Georgantzinos et al. [186] studied laminated
composites reinforced with multi-walled CNTs under combined mechanical, thermal, and
moisture effects. They used a multiscale method combining Halpin-Tsai equations, Chamis
micromechanical formulas, and finite element analysis. Results showed that increasing
CNT content improved buckling resistance. They found that moisture and temperature low-
ered critical loads, and their predictions matched well with experimental data. Hafed [187]
studied tapered FG nanobeams on elastic foundations under compressive loads. She in-
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troduced new nonlinear curvature models and combined them with NET. The nonlinear
governing equations were solved using fourth- and fifth-order FDMs. Their results showed
that nonlinear curvature models reduced critical loads compared to linear ones, variable
modulus and inertia strongly influenced buckling resistance, and clamped supports pro-
duced the highest critical loads. Sahmani et al. [188] analyzed the nonlinear buckling of FG
porous reinforced curved nanobeams with different curvatures. They applied NSGT with
two length-scale parameters and solved them using isogeometric collocation. Their results
showed that graphene platelet content had a negligible effect on size-dependent influences,
especially for high curvatures. For small curvature, reducing porosity increased the role of
nonlocal and gradient effects on maximum deflections. For a larger curvature, these effects
decreased at the upper limit point but grew at the lower one. Nazmul et al. [62] presented
an analytical buckling study of bidirectional FG nanobeams. They used Eringen’s NET
with Euler-Bernoulli assumptions, derived governing equations by Hamilton's principle,
and solved analytically using the Mellin transform. Their findings showed that changing
thickness parameters consistently stiffened buckling resistance, with an optimum near
unity, while axial gradation also increased stiffness at rates depending on the support
condition and buckling mode. Hieu et al. [189] studied the size-dependent buckling of
FG carbon nanotube-reinforced composite nanoplates. Also, plates were reinforced with
single-walled CNTs embedded in a polymer matrix and arranged in four different reinforce-
ment distributions. The analysis was carried out using a model that combined HSDT with
NSGT. Analytical solutions for the critical buckling loads were derived for three types of
boundary conditions. The results were verified by comparing them with existing numerical
results. The findings showed that increasing the volume fraction of nanotubes enhanced
buckling resistance, while higher aspect ratios reduced it. Both the nonlocal parameter and
the material length-scale parameter significantly affected the critical loads, demonstrating
the need to account for nanoscale size effects in design. Bugday et al. [190] examined the
buckling of sandwich nanoplates with auxetic honeycomb cores under combined magnetic
and thermal loading using HSDT with thickness-stretching and NSGT. The governing
relations were derived through Hamilton’s principle and solved by the Navier approach for
simply supported conditions. The study showed that the honeycomb architecture and core
geometry strongly improved resistance to buckling, while thermal gradients and magnetic
fields modified the critical loads.

A summary of buckling /post-buckling studies in nanomechanics can be seen in Table 7.

In nanomechanics, many papers use advanced theories such as nonlocal elasticity,
strain gradient, and CSTs to study the buckling and post-buckling behavior of nanoscale
structures like nanobeams, nanoplates, and nanotubes. These studies mainly focus on
how size effects, geometry, and material variations change the stability and deformation of
small-scale structures compared with classical elasticity.

Most studies first examine the critical buckling load and buckling mode shapes. For
example, the authors of ref. [205] axially analyzed FG nanobeams using the NSGT. They
reported that when the nonlocal parameter increased, the critical buckling load dropped.
In contrast, when the strain gradient parameter increased, the critical load increased. This
example clearly shows how both small-scale parameters can strongly affect stability. Post-
buckling analysis is another common topic. Authors of ref. [206] studied post-buckling
of FG nanobeams using the NSGT. They found that for a nanobeam, the nonlocal param-
eter reduced the post-buckling load, while including strain gradient effects increased it.
Their results also showed that the post-buckling deflection was smaller for larger strain
gradient parameters, indicating that gradient effects delay large deformation after buckling.
Geometry also has a strong influence. Authors of ref. [207] analyzed tapered nanobeams
with varying cross-sections under axial compression. For a certain taper ratio, the critical
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buckling load decreased. They also showed that this reduction became more significant as
the nonlocal parameter increased. Zhang et al. [208] investigated nonlinear post-buckling
of nanobeams with nonlocal and gradient effects.

Table 7. Summary of buckling and post-buckling studies in nanomechanics.

Ref. Type of Analysis Type of Theory Numerical/Analytical Method Key Findings

Surface elasticity theory with Surface/interface energy strongly affects stability.

[191] Buckling and pos_t—bucklmg Kirchhoff and Mindlin Analyhcal_solutlons and Positive surface elastmlty_ increases c1“1t1cal load,
of nano-laminates late theories Galerkin method negative decreases. Residual stress improves
P stability. Shear deformation reduces stability.
Thermal buckling of FG Hamilton’s principle and Von Graphe'ne reinforce_m ent, FG index, and foam

. - P - structure improve resistance. Nonlocal effects add
[192] nano-sandwich plates with HSDT and NSGT Karman relations, and s
. : P . flexibility. Useful for aerospace and thermal
auxetic butterfly cores Halpin-Tsai micromechanics

shielding designs.

Coupled surface stress and nonlocal effects
Surface stress-driven nonlocal significantly influence critical buckling loads.

Buckling of FG elasticity model and surface Virtual work principle; parametric Surface residual stress and stiffness alter stability.

(193] Bernoulli-Euler nanobeams

numeric study

elasticity theory Cross-sectional shape and FG index strongly
affect buckling.
Buckling of laminated Elastic foundation and thermal environment
[194] lindrical % lls in elastic and Extended FSDT and Extended rule of mixture and MD, influence axial buckling load. CNT distribution
<y ca’sheusin eastica Classical Theory and analytical derivations patterns and r/h ratio strongly affect resistance.

thermal environments FSDT is more accurate than Classical Theory.

Refined Zigzag Theory and

[195] Bl_lckh‘ng of layered NSGT and Gurtin-Murdoch analytical formulation ]nterfamal_and scale effect_s significantly
cylindrical nanoshells . L influence buckling.
surface/interface elasticity
. . , . . Critical loads and post-buckling paths highly
: Buckling and post-buckling of Reddy’s TSDT and von Eigenvalue analysis and pseudo 3 Lo
[19] FG-sandwich plates Kéarman assumptions arc-length and Newton-Raphson dependent on porosity, GPL dlS?I‘lbuthn, core-to
face thickness ratio.
[197] Static/dynamic snap-through NET and von Chebyshev-Ritz and Newmark Imperfecticc:)r;sc,l Ef:gsl?:rtgﬂdf X’;;fr; iltboundary
of FG circular nanoplates Karméan nonlinearity and Budiansky-Roth - Srongty
static/dynamic snap-through.
. . . Surface elastic modulus and residual stresses
[198] Nonlinear post-buckling of Gurtin-Murdoch Shooting method critically influence post-buckling and
porous circular nanoplates surface elasticity X
yield strength.
Nonlinear buckling and .
[199] post-buckling of FG circular Geometric nonlinear theory Analytical solution Snegx(-;thr((j)ughlanj post—bucl.dmg jepegd lstrongly
shallow arches on FG index, slenderness ratio, and modulus ratio.
Thermal buckling and el
[200] post-buckling of TSDT Jacobi-Ritz and Newton-Raphson Layfre.ccllyf?. smooth ?iPL d1s_tr}11but10nls alter
FG nanobeams results; differences reduce with more layers.
Thermal and mechanical Classical shell theory and Helical stiffener patterns offer best thermal
[201] post-buckling of truncated nonlinear stress—s t¥ain Galerkin method buckling resistance; imperfections strongly
conical shells affect response.
[202] Buckling of nano-rod with G;re?n;h;[r?;fg)clézﬁd Ritz method with Euler—Bernoulli Surface effects and chosen elasticity model
surface effect su ;gface clas ti%:ity and Timoshenko beam models significantly alter critical load predictions.
Size-dependent critical stresses and buckling
Electro-mechanical buckling of Galerkin’s method with new modes obtained. Boundary conditions, geometry,
[203] flexoelectric cylindrical Flexoelectricity and HSDT displacement functions; nonlinear and applied electric voltage strongly affect
nanoshells pre-buckling considered stability. Pre-buckling deformation improves
accuracy vs. linear theory.
Thermal buckling of Auxetic hexachiral core enhances thermal
magneto-electro-el. t% (MEE) Hamilton’s principle; derived buckling resistance. Electric potential softens
[204] :agn(:el:\/?iceherfa:oe lé;stesc with NSGT and HSDT motion equations including (reduces buckling temp); magnetic field hardens
hexachiral ausetic core MEE effects (increases stability). Useful for aerospace and
sensor applications.

In addition to nonlocal and strain gradient models, surface elasticity has also been
shown to play an important role in nanoscale buckling behavior. Bochkarev et al. [209]
analyzed the buckling of nanoplates with a nanohole using a simplified version of the
Gurtin—-Murdoch surface elasticity model, in which only residual surface stresses were
considered. In a subsequent study, Grekov and Bochkarev [210] employed the complete
Gurtin—-Murdoch formulation that includes both surface stress and surface elastic moduli,
as well as full coupling between surface and bulk deformations. Their numerical results
indicated that the complete model predicts approximately 30% higher critical buckling
loads than the simplified formulation, particularly for plates thinner than 10 nm. In another
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paper, Wang and Li [211] analyzed the buckling of nanotubes under uniaxial compression
using a modified Euler model coupled with the Gurtin-Murdoch surface elasticity theory.
Their formulation accounted for both inner and outer surface layers with independent
surface stresses and surface elastic moduli, which were incorporated into the effective
bending stiffness. They revealed that as the wall thickness decreases to the nanometer
scale, surface effects significantly enhance the critical buckling load, producing a clear size-
dependent stiffening behavior. They also showed that surface elasticity is mainly governed
by nanotube geometry, while surface stress depends, additionally, on length and boundary
conditions, with the predictions agreeing well with molecular-mechanics simulations.

Opverall, these studies show that nanomechanics theories allow researchers to explore
how small-scale effects influence buckling / post-buckling response. By changing parame-
ters such as the nonlocal coefficient, gradient length scale, and geometry ratios, they can
explain why nanoscale structures often behave stiffer or softer than predicted by classical
elasticity. Table 8 summarizes how various nanomechanics theories change the critical
buckling load of nanobeams, nanoplates, and cylindrical nanoshells compared with the
classical model.

Table 8. Overall comparison of buckling behavior in different nanomechanics theories.

Structure Nonlocal Elasticity Strain Gradient Couple Stress Nonlocal-Gradient

Nanobeam Decreases critical Increases critical Increases critical Variable (depends
buckling load buckling load buckling load on parameters)

Decreases critical Increas.e s critical Increases critical Variable (depends

Nanoplate . buckling load .
buckling load e O buckling load on parameters)
(stiffening)

Cvlindrical shell Decreases critical Increases critical Increases critical Variable (depends

y buckling load buckling load buckling load on parameters)

5.3. Vibration and Dynamics Analyses

Dynamic analyses of nanostructures are often focused on CNT/NEMS resonators,
nanobeams, and graphene membranes. Both free and forced vibrations, as well as nonlinear
oscillations, are studied within the framework of nonlocal and strain gradient elasticity,
combined with nonlinear beam and shell kinematics and viscoelastic damping models.
Computational methods include modal finite element analysis, spectral methods, harmonic
balance, reduced-order modeling, and MD. Findings indicate that natural frequencies
decrease with increasing nonlocal effects, while nonlinear responses show either harden-
ing or softening behaviors depending on geometry and boundary conditions. Resonance
peaks and nonlinear dynamics are particularly significant for the development of high-
frequency, ultra-sensitive NEMS resonators and energy-harvesting devices. In relation
to vibration/dynamic analyses of nanostructures, several papers have been published
recently. Alrubea and Abouelregal [212] studied the thermoelastic dynamics of viscoelastic
nanobeams resting on Winkler elastic foundations under multiphysics interactions. They
used modified Klein-Gordon nonlocal elasticity theory that accounted for both spatial and
temporal nonlocality, combined with Tzou’s dual-phase-lag heat conduction model and the
Kelvin—Voigt viscoelastic model. The governing equations were derived from Hamilton’s
principle and solved via Laplace transforms and numerical inversion. Their results showed
that spatial and temporal nonlocal parameters significantly reduced deflections, displace-
ments, temperatures, and bending moments by redistributing stresses and incorporating
memory effects. Increasing the Winkler foundation stiffness enhanced stability and reduced
deformation, while viscoelastic damping coefficients controlled the vibration amplitudes.
The study provided a comprehensive model capturing coupled thermoelastic—viscoelastic
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behaviors at the nanoscale, offering insights for the design of MEMS/NEMS devices,
sensors, and actuators operating under complex thermal and mechanical conditions.

Sur et al. [213] studied a dual-scale nonlocal strain gradient thermoelastic model that
combined Eringen'’s spatial nonlocal elasticity with Klein-Gordon-type memory-dependent
thermoelasticity within the Moore-Gibson-Thompson (MGT) framework. This formulation
captures both spatial nonlocality and temporal memory effects, allowing accurate predic-
tion of size-dependent vibration and thermal damping behavior in piezo-thermoelastic
microbeams. The study provides an important link between nonlocal elasticity, strain gra-
dient theory, and memory-based formulations, offering a more comprehensive description
of nanoscale dynamic responses under multiphysical environments.

Ren and Qing [214] studied the buckling and vibration of FG magneto-electro-thermo-
elastic Timoshenko nanobeams using a general stress-driven two-phase local /nonlocal
integral model and DQM. They noticed that increasing the nonlocal length scale reduced
critical buckling loads and natural frequencies, whereas raising the local volume fraction
produced the opposite effect. They also observed that the influence of the grading index
reduced for high values, and sensitivity to nonlocal parameters increased with higher
buckling modes. Das et al. [215] investigated the dynamics of FG nanobeams resting on
a nonlocal elastic foundation using a nonlocal elasticity theory and using a semi-analytical
eigenvalue approach. Their results showed that the consideration of nonlocal parameters
introduced size-dependent softening effects, reducing natural frequencies and changing
dynamic responses. The influence of material gradation, foundation stiffness, and beam
geometry was also highlighted, demonstrating their combined impact on vibration charac-
teristics and the stability of nanobeams. Kog et al. [216] studied the thermal and mechanical
vibration behavior of sandwich nanoplates with auxetic cores and magneto-electro-elastic
face layers using sinusoidal HSDT combined with NSGT. The results showed that auxetic
cores improved stiffness and vibration resistance. Also, thermal gradients and magnetic
potentials shifted natural frequencies and influenced vibration amplitudes. The study
emphasized that tuning core geometry and face layer properties could optimize perfor-
mance for aerospace and smart material applications. Zou and Kiani [217] studied the
free vibration of FG graphene-reinforced composite nanoplates using a nonlocal quasi-3D
plate model with the Navier method. The results showed that adding graphene platelets
increased natural frequencies, and the FG-X distribution pattern led to the highest values.
Increasing the nonlocal parameter reduced frequencies. Cuong-Le et al. [218] studied static
bending and free-vibration laminated composite nanoplates using the Carrera unified
formulation together with IGA and Eringen’s NET. The findings showed that increasing
the nonlocal parameter reduced stiffness and natural frequencies, while the length-to-
thickness ratio, boundary conditions, and Young’s modulus ratio had a strong impact
on both static and vibration responses. Hoan et al. [219] studied the nonlinear vibration
of nanobeams in a thermal environment while considering flexomagnetic effects and us-
ing NET. The governing equations were reduced with a yin-yang weighted averaging
method, which allowed closed-form expressions for oscillation frequencies. The results
showed that increasing temperature lowered vibration frequencies, while flexomagnetic
coupling provided additional stiffness. Binh et al. [220] investigated the vibration response
of nanobeams subjected to random loads in the presence of temperature, moisture, and
flexoelectric effects, supported by viscoelastic foundations, using an analytical model
that combined classical beam theory with NSGT. The findings indicated that flexoelectric
effects reduced displacement amplitudes, whereas thermal and moisture conditions am-
plified them. Increasing the stiffness of the elastic foundation raised the frequencies, and
viscous damping in the foundation limited oscillation amplitudes. They also observed
that size-dependent effects led to frequency reductions more significantly compared with
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predictions from classical theory. The authors of Ref. [221] examined the vibration of
Euler-Bernoulli nanobeams subjected to gradient-type heating and a static magnetic field
while considering nonlocal elasticity and thermoelasticity and using the Laplace transform
with Riemann-sum inversion. The results showed that an increasing nonlocal parameter
reduced stiffness, leading to higher deflections and displacements, though the effect on
temperature was negligible. Herisanu et al. [222] investigated nonlinear longitudinal trans-
verse vibrations of FG nanobeams under the combined action of mechanical impact and
symmetric electromagnetic loading using the Galerkin Bubnov approach, while the optimal
auxiliary functions method was employed to derive accurate analytical approximations
close to resonance. The analysis was supported by stability checks using expansion meth-
ods, Routh-Hurwitz criteria, and Lyapunov functions, and results were compared with
Runge-Kutta simulations. The study showed that nonlocal parameters reduced effective
stiffness and lowered frequencies, while voltage-related parameters could either increase
or decrease frequencies depending on their direction of influence. Zhang and Yang [223]
investigated the vibration of piezoelectric nanobeams carrying an attached nanoparticle
mass while considering flexoelectric and piezoelectric effects. The study showed that flex-
oelectricity significantly reduced resonance frequencies at small beam thicknesses, while
piezoelectric effects modified the frequencies through induced axial forces that increased
or decreased values depending on the applied voltage. Numerical examples indicated
that resonance frequencies reduced rapidly with decreasing thickness. Also, they saw that
the attached mass lowered frequencies for symmetric modes but had no effect on anti-
symmetric modes. Uzun et al. [224] studied the torsional vibration behavior of restrained
non-circular nanowires embedded in an elastic medium and subjected to magnetic fields
using NSGT. The warping of non-circular sections was included using Fourier series and
Stokes’ transform, which led to a general eigenvalue solution. The results showed that both
nonlocal and strain gradient parameters strongly affected natural frequencies, with increas-
ing nonlocal length scales reducing frequencies while larger strain gradient parameters
raised them. Kadioglu and Yayl [225] investigated the torsional vibration of FG viscoelastic
nanotubes under viscoelastic boundary conditions using doublet mechanics theory. This
approach allowed them to couple nanoscale effects with damping behavior and to obtain
complex frequency solutions, where the real part represented vibration frequency and the
imaginary part represented damping. The findings highlighted that classical elastic models
were inadequate for such systems, as damping effects at the nanoscale were significant.
Kadioglu et al. [226] analyzed the torsional vibration of FG viscoelastic nanotubes with time-
dependent boundary conditions based on NSGT. The equations of motion were derived
using Hamilton’s principle and the Kelvin—Voigt viscoelastic model, and they were solved
with Fourier series expansions and Stokes’ transform to obtain an eigenvalue problem.
The study found that damping played a dominant role in vibration behavior. As nonlocal
and power-law parameters increased, the effect of damping weakened, whereas higher
strain gradient parameters amplified damping influence. Akpinar et al. [227] examined
the torsional vibration of porous nanorods under arbitrary elastic boundary conditions by
employing the nonlocal Lam strain gradient theory. The study showed that increasing the
nonlocal parameter and porosity in shear modulus reduced torsional frequencies, while
increasing material length-scale parameters, spring stiffness, and porosity in mass density
raised them.

Li et al. [228] investigated the torsional vibration of imperfect multiwalled CNT
(MWCNT) nanocomposite beams by considering reinforcement waviness, agglomeration,
and porosity defects. The Halpin-Tsai model was modified to include these imperfections,
and the governing equations were derived using the Hamiltonian approach within the
Timoshenko—Gere beam theory. Analytical solutions showed that among beams with
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different cross-sections, including rectangular, triangular, and elliptical shapes, rectangular
cross-sections exhibited the highest torsional frequencies, while triangular ones had the
lowest, which can be seen in Table 9. Table 9 presents frequency values for different porosity
distributions, beam lengths, and MWCNTs’ volume fractions (C-C, ¢y =0.2,a/b = 2). As can
be seen, increasing the porosity coefficient reduced natural frequencies due to the softening
effect, and symmetry porosity distribution type-2 produced the largest frequency values; it
should be noted in the uniform case, as the porosity is constant across the thickness, and in
symmetry distribution-1, porosity is higher at the mid-plane and lower near the surfaces,
meaning density is minimum at the center. Also, in symmetry distribution-2, porosity
is higher near the surfaces and lower at the mid-plane, so density is at the maximum at
the center. They expressed the effective material property (such as Young’s modulus or
density) as P(x3). It defines the function of the coordinate x3 along the beam thickness.
The coordinate x3 varies from —b to +b, where b denotes the half-thickness of the beam
and x3 = 0 corresponds to the mid-plane. Each porosity distribution pattern described as
follows [228]:

Uniform: P(x3) = Piep (20)
Symmetric-1: P(x3) = P;[1 — ¢ COS(%)] (21)

)] (22)

Symmetric-2: P(x3) = Pj[1 —e1(1— COS(%

Table 9. Frequency values of porous MWCNT nanocomposite beam (with beam length = 0.3) [228].

Cross-Section Porosity Distribution Vfiber = 0 0.025 0.050 0.075
Uniform porosity distribution 7.7455 9.4250 10.1085 10.2965
Elliptical Symmetry porosity distribution-1 7.7515 9.4324 10.1163 10.3045
Symmetry porosity distribution-2 7.7641 9.4477 10.1328 10.3213
Uniform porosity distribution 9.6823 11.7818 12.6361 12.8712
Rectangular Symmetry porosity distribution-1 9.6898 11.7909 12.6459 12.8812
Symmetry porosity distribution-2 9.7055 11.8101 12.6665 12.9021

Uniform porosity distribution 7.4994 9.1256 9.7873 9.9694

Triangular Symmetry porosity distribution-1 7.5052 9.1327 9.7949 9.9772
Symmetry porosity distribution-2 7.5174 9.1475 9.8109 9.9934

In the above equations, P; represents the material property of the nonporous (fully
dense) nanocomposite, while ey, €1, and e, are porosity coefficients that determine the
degree of porosity within the beam. These coefficients range between 0 and 1, and higher
values correspond to greater porosity and, therefore, lower stiffness and density.

Uzun et al. [229] studied the torsional vibration of FG porous nanotubes using strain
gradient elasticity to include size effects. The results showed that strain gradient parameters
increased natural frequencies, while porosity reduced them. Compared with classical and
CSTs, the model predicted higher frequencies, especially for higher modes. Authors of
Ref. [197] analyzed axially moving nanobeams with harmonically varying length under
thermal and mechanical loads using Euler—Bernoulli theory with nonlocal elasticity. Results
showed that longer beams and higher temperatures increased instability, while greater
thickness, axial tension, and stiffer foundations improved stability. Welles et al. [230]
developed a theoretical model for the nonlinear dynamic analysis of nanoscale beams under
intrinsic tension. Predictions matched experimental measurements for the first ten modes
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of two nanoscale beams, confirming the model’s validity for multimodal beam dynamics
in nanoscale devices. Huang et al. [231] analyzed the dynamic stability of nanobeams by
applying Reddy’s higher-order beam theory together with Eringen’s nonlocal elasticity.
The results showed that increasing beam length shifted the instability region to lower
frequencies and narrowed its width, while increasing height and Young’s modulus also
shifted it downward but widened the region. Also, they noticed the shear modulus had the
opposite effect, moving the instability region upward. Moreover, they found that larger
nonlocal parameters and higher density pushed the instability zones to lower frequencies.
The foundation modulus had little effect on short beams but became more significant for
longer beams, where it reduced stability.

Recent research has further expanded the understanding of the dynamic and vi-
brational behavior of single-walled CNTs (SWCNTs) under various physical condi-
tions. Mohammed and Hussein [232] performed a nonlinear nonlocal torsional vibra-
tion of temperature-dependent viscoelastic SWCNTs in a viscoelastic medium with the
Kelvin—Voigt model. Their results indicated that temperature and damping parameters
have a significant effect on the torsional natural frequencies, providing valuable insights
into the thermal and viscoelastic response of SWCNTs. Furthermore, Jayan et al. [233]
investigated the vibration behavior of horn-shaped magneto-elastic SWCNTs conveying
pulsating viscous fluid with the Haar wavelet method. The outcomes highlighted the impor-
tance of magnetic flux, Knudsen number, and viscous interaction in defining the vibrational
stability of such nanostructures. These studies demonstrate the continuing progress in the
numerical modeling and dynamic analysis of SWCNTSs, particularly emphasizing their
potential for sensing and nanoelectromechanical applications.

Summary of some studies concerning vibration and dynamic studies in nanomechanics
can be seen in Table 10.

Table 10. Summary of some studies concerning vibration and dynamic studies in nanomechanics.

Ref. Type of Analysis Type of Theory Numerical/Analytical Method Key Findings
[234] Sf;if_?;:fgﬁzgf;:ﬁ d Stress-driven model (SDM), Fourier sine series and Nonlocal and boundary conditions significantly
- FG nanobeams viscoelastic (Kelvin-Voigt) Stokes transform affect frequencies. Damping lowers vibrations.
Rising temperature softens materials, causes
= Thermomechanical vibration Analytical (Hamilton's principle, lower natural frequencies, and causes early
(23] of smart sandwich nanoplates HSDT and NSGT Navier approach) buckling. Nonlocal effects change
dynamic response.
GPIIj—rf;;\];E:;gmgrfous Semi-analytical method (domain Natural frequencies depend strongly on porosity,
[236] double-curved zhells FSDT decomposition, MVP, Fourier and GPL distribution, and shell curvature. SAM
of revolution Chebyshev expansions) matches FEM results, offering efficient accuracy.
Frequencies increase with graphene origami
Free v'1brat1'0n .Of graphene Shear deformable shell theory, Analytical solution (Navier and fract%on, decrease with thermal load, and'w1th
[237] origami-reinforced Hamiltor's pring . folding degree. Clamped—clamped BC yields
I amilton’s principle Galerkin methods) ; - - LT ;
cylindrical nanoshells highest frequencies. Origami design provides
tunable vibration.
Free vibration of nanoframes NET and Timoshenko Finite element (matrix Shear deformation lowers frequenc1e§. Noploc:_ﬂ
[238] [ ) . parameter reduces them further, especially in thin
considering shear deformation beam theory displacement method) e . E
frames. Mode sensitivity varies with size effects.
Proposed exact DSM resolves nonlocal paradox in
Free vibration of NET and Timoshenko cantilever beams. Efficient computation of
[239] multiple-cracked beam theor Dynamic Stiffness Method (DSM) cracked FGM nanostructures. Crack severity,
FG nanostructures y material gradation, and nonlocal effects strongly
influence vibration.
Dynamic flexoelectric effect has stronger size
Free vibration of piezoelectric Timoshenko and dependence than surface effect. Competing
[240] nanobeams with surface and Euler-Bernoulli beam theories Analytical (Navier method) mechanisms change natural frequencies. Surface
flexoelectric effects and flexoelectricity and flexoelectricity must be considered in
nanoscale design.
Resonant frequency decreases with axial force;
[241] Vibration analysis of CNTs as NET and Analvtical modelin nonlocal effects reduce stiffness, lowering
nanomechanical resonators Continuum mechanics Y & resonance frequency. Results guide design of

ultrasensitive CNT nanosensors.
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Table 10. Cont.

Ref. Type of Analysis Type of Theory Numerical/Analytical Method Key Findings
Forced vibration of . . Incorporating length scale increases stiffness,
[242] nanobeams under moving Igf:g;;etcli\fizzrizsd irrgggils:iﬁi?;iiid reduces deflection. Moving load velocity strongly
concentrated loads affects peak amplification. Matches MD results.
Deterministic and stochastic Natural frequencies influenced by CNT
, free vibration of . . distribution, thickness, power-law index, and
[243] CNT-reinforced FGM FSDT FEM and Monte Carlo Simulation temperature. Stochastic analysis shows
cantilever plates dispersion sensitivity.
Steady-state vibration of Euler-Lagrange formulation Fouri . d DISTOCrlltm}l 11t1es ar‘1d GIPL dlstrlbutlo_r];cal_lse
[244] GPL reinforced beams and micromechanical ourier series an coupled axia —tor51.ona —.transverse vibrations.
with discontinuities Halpin-Tsai/ Voigt_Reuss Cholesky method Natural frequencies shift due to cracks and
P 8 filler percentages.
Free vibration of Movable boundary conditions strongly influence
[245] CNT-reinforced MCST Fourier sine series and frequencies. CNT distribution, volume fraction,
N nanowires/nanobeams with Stokes’ transform and rotary inertia significantly affect
movable ends dynamic response.
Viscoelastic damping lowers real and imaginary
[246] Free vibration of MCST and the Zener Hamilton’s principle, and Galerkin parts of eigenfrequencies. Size effects are more
viscoelastic nano-disks viscoelastic model method, and Laplace transform important at small h/1 ratios. Boundary
conditions alter responses.
Free vibration of NET and Timoshenko Proposed exact DSM resolves nonlocal paradox in
[247] multiple-cracked Dynamic Stiffness Method (DSM) cracked FGMs. Crack depth, position, and
beam theory . .
FGM nanostructures gradation strongly affect frequencies.
. . . . Nonlocal parameter, AFG index, and
[248] Fﬁfn‘gsﬁzgﬁgﬁisériﬁc 1oc§§r/er?;3(r>zﬁ;¥;§1h ;Soe del IGA using NURBS-based FEM length-to-height ratio significantly
affect vibration.
Free vibration of FG Surface stress-driven nonlocal Hamilton’s princi . Surface elasticity, residual stress, and density
) . . amilton’s principle with . P
[249] nanobeams with model and Bernoulli-Euler . . strongly influence vibration; model captures
analytical modeling . F
surface effects beam theory surface energy effects and provides design tool.
Forced vibration of Laplace transform g;s?;giiig: t ;:caeclfe:;)tliytr{toge&c);lif‘;iils;af:d
(250] Tlrgiilfsgli?nréa;?)g?irgnlggdder NET (size-dependent) analytical solution nonlocal parameters alter deflection and
transient response.
Mathematical modeling and Rotation speed, GPL content/distribution,
[251] vibration analysis of rotating Euler-Bernoulli beam theory Assumed modes and Substructure  porosity patterns, and support conditions greatly
N FG porous spacecraft shafts and Kirchhoff plate theory modal synthesis influence vibration; enhancing spacecraft
reinforced with GPLs shaft design.
i . Porosity distributions and gradation indexes
Nonlinear dynamic responses New semi-analytical approach significantly affect nonlinear vibrations
[252] Reddy’s HSDT (Galerkin method and 18 N X .. -
of FG porous beams . . Semi-analytical method is efficient for dynamic
perturbation technique) A
response prediction.
Developed novel ECSNPS model. Nonlocal
Forced dynamics of elastically NET and Kirchhoff-Love plate parameter, curvature, damping, and external
[253] connected nano-plates and theory and Novozhilov Coupled PDE system solved by excitation strongly influence vibration amplitudes.

nano-shells

shallow shell theory

modal analysis

Useful for nano-sensors adaptable to
curved surfaces.

6. Machine Learning (ML) Applications in Nanomechanics

Recent advances in ML have provided powerful tools for modeling and analysis
in nanomechanics and nanostructured materials. Traditional numerical and analytical
approaches, while accurate, often become computationally expensive when accounting
for nanoscale effects or complex geometries. ML offers efficient alternatives by learning
complex nonlinear relationships directly from data, enabling rapid prediction of important
mechanical behaviors such as the vibration, buckling, bending, and thermal responses
of nanostructures. Using ML techniques with continuum theories and multiscale sim-
ulations has emerged as a suitable strategy to accelerate the design, optimization, and
characterization of nanosystems.

In Ref. [254], an ML framework was employed to predict the natural vibration fre-
quencies of FG porous nanobeams. The input variables for the ML models consisted
of four key physical parameters that significantly influenced the dynamic response of
nanobeams, including the porosity coefficient associated with the elastic modulus (e;), the
porosity coefficient related to mass density (e;;), the temperature change (AT), and the
nonlocal parameter (y), which accounts for small-scale effects inherent in nanostructures.
A comprehensive dataset was generated using the Sobol quasi-random sampling technique,
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where each unique combination of these input parameters was analyzed with a nonlocal
Levinson beam model for obtaining the natural frequencies. These computed frequencies,
representing the first four vibration modes (f1, f2, f3, f4), served as the output targets for
the ML algorithms. Four supervised regression models (artificial neural network (ANN),
support vector regression (SVR), decision tree regression (DTR), and extreme gradient
boosting (XGB)) were trained and optimized using Bayesian optimization to make the
mapping between the input parameters and the resulting vibration frequencies. The pre-
dictive performance of each model was evaluated using statistical metrics such as the
coefficient of determination (R%), mean absolute error (MAE), mean absolute percentage
error (MAPE), and root mean square error (RMSE). Also, the results showed that the ANN
and SVR models achieved superior accuracy, with R? values approaching 0.999, which
indicates excellent agreement between the ML predictions and the theoretical results. So,
the proposed ML approach effectively approximates the complex numerical behavior of
nonlocal nanobeams, which offers a fast and accurate alternative to traditional analytical or
numerical methods for vibration analysis.

In Ref. [255], the buckling response of carbon nanotube-reinforced hybrid FG plates
was investigated using a formulation based on modified TSDT. A C? finite element model
was implemented in MATLAB R2023b to compute a dataset of critical buckling loads
under different material parameters. These results were then used to train three ML
models: a deep neural network, an extreme gradient boosting model (XGBoost), and
a random forest. The input features consisted of effective material properties such as
Young’s modulus, Poisson’s ratio, CNT volume fraction, and gradation index, while the
output was the critical buckling load. The deep neural network employed a multilayer
feedforward architecture trained via backpropagation, whereas XGBoost and random
forest were ensemble tree-based methods trained on the same dataset. Once trained, these
models were able to predict the buckling loads for new parameter sets with high accuracy,
significantly reducing computational cost compared to repeated finite element simulations
and demonstrating strong potential for efficient structural design and analysis.

In Ref. [256], the dynamic behavior of graphene nanocomposite beams subjected to
thermal environments was investigated using a hybrid Galerkin-ML framework. A refined
higher-order beam theory was derived from the Hamilton principle, and the Galerkin
method was applied to obtain numerical solutions. The data generated from these simula-
tions included beam aspect ratios, temperature variations, and graphene platelet weight
fractions as input parameters, with the fundamental natural frequency as the output. The
data was used to train three regression models, such as polynomial regression, support
vector regression, and random forest regression. The polynomial regression model showed
the nonlinear relationships between the inputs better and gave the lowest error, performing
better than the other models. The combined Galerkin-ML strategy provided accurate pre-
dictions of natural frequencies while significantly reducing computational effort compared
to purely numerical approaches.

In Ref. [257], attention was directed toward predicting nonlocal elasticity parameters
of nanostructures such as CNTs and boron nitride nanotubes. The theoretical foundation
was based on the modified strain gradient theory, while extensive MD simulations were
carried out to generate training data for different loading conditions, including compression,
tension, and bending. ML models (such as Gaussian process regression, support vector
machines, and neural networks) were trained on the MD results. These models enabled
accurate and rapid estimation of length-scale parameters, thereby reducing the reliance on
computationally expensive atomistic simulations.

The authors of Ref. [258] studied the experimental characterization of GPLs. Raman
spectroscopy was employed to collect spectral data, which was then analyzed with numeri-
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cal peak-fitting techniques and advanced ML algorithms. Traditional classifiers were tested
alongside a convolutional neural network, the latter achieving classification accuracies
of up to 86 percent. This method was fast and low-cost for checking the quality of GPLs
during production. Also, it helped solve an important problem in the industrial processing
of two-dimensional materials. In Ref. [259], the bending analysis of nanoplates using
strain gradient elasticity theory was examined. The governing equations, which became
sixth-order partial differential equations due to size effects, were traditionally difficult to
solve using finite elements or analytical approaches. To address this, authors employed
physics-informed neural networks (PINNs), where the PDEs were directly embedded into
the loss function during training. The network takes spatial coordinates as inputs and
predicts the transverse displacement field as the output, thus bypassing the need for FEM or
experimental data generation. Training was performed using the extreme learning machine
(ELM) algorithm, in which hidden layer weights and biases were initialized randomly and
kept fixed, while the output weights were obtained through a least-squares solution. This
training strategy ensured much faster convergence compared to gradient descent. The
same framework was applied to both direct problems, where the flexural response was
computed, and inverse problems, where the internal nonlocal length-scale parameters were
identified from noisy measurements. The results demonstrated excellent agreement with
analytical and FEM solutions, with small errors, highlighting the efficiency and accuracy of
the proposed PINN-ELM approach for nanoscale bending analysis.

Taken together, these studies illustrated different ways in which advanced theories,
numerical techniques, and ML frameworks had been used for the analysis and characteri-
zation of nanostructures. A wide range of ML techniques (including deep neural networks,
ensemble methods, support vector machines, Gaussian process regression, convolutional
neural networks, and physics-informed neural networks) were successfully applied. Over-
all, these approaches demonstrated improvements in computational efficiency, predictive
accuracy, and experimental validation and opened new ways for the design and characteri-
zation of next-generation nanomaterials.

7. Conclusions

This review summarizes the main theories and computational methods used in
nanomechanics for analyzing nanostructures, focusing on the most recent studies pub-
lished in the past few years. Classical continuum models cannot describe size effects and
surface interactions at the nanoscale, so advanced theories such as nonlocal elasticity, strain
gradient, couple stress, and surface elasticity theories have been developed. Numerical
approaches, including FEM, DQM, Galerkin, mesh-free, and peridynamic methods, have
been chosen to solve these models. Using nanomaterials in MEMS/NEMS has expanded
their applications in sensing, actuation, and energy systems.

Recently, machine learning techniques have enabled faster and more accurate pre-
diction of nanoscale behaviors, offering efficient alternatives to traditional methods. For
example, ML models demonstrate high accuracy in predicting natural frequencies of nanos-
tructures. Moreover, the ML approach effectively approximates the complex numerical
behavior of nanostructures, which offers a fast and accurate alternative to traditional
analytical or numerical methods.

Combining advanced theories, numerical models, and data-driven approaches pro-
vides a strong foundation for future research and the design of next-generation nanoengi-
neering materials and devices.

Although many theories have been proposed to describe the size-dependent behavior
of nanostructures, the main theoretical challenge is still to develop a general model that
can be confirmed by experiments. Most of the existing nonlocal, strain gradient, and
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surface elasticity theories use parameters that are difficult to measure and do not have
a clear physical meaning. In addition, the overlap between these theories sometimes causes
confusion and limits their ability to make accurate predictions. Future studies should,
therefore, focus on building a consistent multiscale model that connects atomic-level
behavior with continuum mechanics in a reliable and practical way.
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