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Introduction 
 

Signal reconstruction is one of the main tasks in 
signal processing, where a discrete signal has to be 
transformed into an analog form. Commonly used analog-
to-digital converters sample signals uniformly. The 
sampling rate is determined by maximal frequency in 
signal spectrum. A level-crossing sampling approach 
differs from traditional sampling scheme. For level-
crossing sampling quantization levels are regularly 
disposed along the amplitude range of the signal [1].  A 
sample is captured only when the analog input signal 
crosses one of these levels. In general, samples are not 
uniformly spaced out in time and the sampling density 
depends on the signal's local properties [2]. This allows 
minimizing activity, power consumption and hardware 
complexity of the circuit that performs the digitizing. The 
paper describes the method proposed for signal 
reconstruction from its level-crossing samples. 
 
Asymmetric constructing functions 

 
To reconstruct the uniformly sampled signal a 

corresponding reconstruction filter is used. In time domain 
reconstruction becomes convolution of samples with 
impulse response of the filter: 
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where )(ˆ ts  is reconstructed signal, )( nts  are the original 
signal samples and )(th  is the impulse response that can 
be considered as signal constructing function. In case the 
sampling rate equals the Nyquist rate, an ideal filter is used 
and constructing function is the well-known sinc-function, 
which has fairly poor decay properties. In contrast, the case 
of oversampling gives some freedom in the choice of )(th . 

If the use of cubic cardinal spline )(3 tη  is considered, then  
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decays comparatively fast (Fig. 1.), where 23 −=α  and 

)(3 tβ  is the cubic B-spline [3]. 

 
Fig. 1. Sinc-function (dotted line) and the cubic cardinal spline 

 
To reconstruct the nonuniformly sampled non-

stationary signal, the use of asymmetric constructing 
functions with fast decay time is considered. This allows 
improving the locality of signal reconstruction.  

The asymmetric cubic cardinal spline )(3 tnκ  is 
determined by expression:  
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where n is the index of level-crossing sample, 
nnn ttt −=∆ +1  and )()( 1+−−−=∆ nnn ttuttuu  is the 

difference of two unit step functions. An example of 
asymmetric cubic cardinal spline is shown in Fig. 2. 

 
Fig. 2. Asymmetric third-order cardinal spline 
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Note the constructing function )(3 tnκ  differs for each 
individual sample. In case of uniform sampling 

( ) ( )( )snn fttt ⋅−= 33 ηκ  for all n, where sf  is signal 
sampling frequency. 
 
Signal reconstruction 
 
 Signal reconstruction formula is similar to (1): 
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In this case the calculation of )(3 tnκ  is quite simple in 
comparison with iterative estimation of local atoms in [5]. 

If two successive level-crossing samples are at the 
same level, i.e. )()( 1+= nn tsts , than )(ˆ ts  between these 
samples will often be less in magnitude than the original 
signal (Fig. 4.). To prevent it, the following correction 
method is presented. 
 
Correction of the reconstructed signal 
 

To increase the magnitude of the reconstructed signal 
between two successive samples )()( 1+= nn tsts , the use 
of the quadratic Bezier spline [6] is considered.  

 
Fig. 3. Quadratic Bezier spline 

 
If three points 0P , 1P  and 2P  are given (Fig. 3.), then 

2
2

10
2 )1(2)1()( PttPtPttP +−+−= , ]1,0[∈t .     (5) 

If each point is determined by its rectangular 
coordinates ),( yx  and yy PP 20 = , than the maximal value 
of the ordinate of )(tP  is  
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where xx PPx 02 −=∆  and 1k , 2k  are the slopes of the 
lines 10PP  and 21PP . 

To correct the reconstructed signal, formula (6) can 
be used to determine the coefficient C:  
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and    

( ) )()()(ˆ)(ˆ nncorr tststsCts +−⋅= ,               (8) 

where (max)ˆ
nS  is the maximal value of the reconstructed 

signal between two successive samples )()( 1+= nn tsts  
and )(ˆ tscorr  is the reconstructed signal after correction. 

 
Fig. 4. Original )(ts  and reconstructed )(ˆ ts  signals 

 
To determine the slopes 1k  and 2k , two methods are 

considered. The first one can be used, if 
)()()()( 211 ++− ≠=≠ nnnn tstststs  and the slopes are 
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where S∆  is the difference between two successive 
quantization levels (Fig. 4.). The precision of the estimated 
slopes is obviously limited by S∆ , which shouldn’t be too 
small. To improve it, the second method is considered. 
Each time the signal crosses one of the defined levels iS  
an additional level dSSi ±  is used to determine the 
derivative of the signal (Fig. 5.). In this case the slopes are 

ndt
dSk =1  and 

1
2

+
−=

ndt
dSk .                   (10) 

 
Fig. 5. Derivative estimation of the signal  

 
The precision of derivatives is determined by dS , 

which can be small enough, and the condition 
)()()()( 211 ++− ≠=≠ nnnn tstststs  may not hold. If the 

estimated coefficient C in (7) exceeds allowable value due 
to big difference nt∆ , than original signal between nt  and 

1+nt  must have local extremes (Fig. 6.).  
 To limit the corrected signal in allowable amplitude 
range, the following technique is proposed. Firstly the 
values ...1 321 >>>> ddd  are chosen such that 
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corrected signal will be reflected. Secondly the maximal 
value of the corrected signal before limitation maxˆcorrs  

must be equal 
2

1
1

−
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+
= ii

i
SS

S  after the limitation (Fig. 

6.). To ensure this, the following expression must hold 
true:   
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Fig. 6. The limitation of the corrected reconstructed signal 

 
When initial jd  values are chosen, the equation (11) 

mostly will not be satisfied, so the smallest minj  is found 
such that 
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After the estimation of minj , new values of jd  are 
calculated: 
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For new jd ′  equation (11) holds true and new ja′  
values are found: 
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Index minj  indicates a number of times the corrected 
signal is reflected in the process of limitation at levels ja′ . 
 
Simulation results 
 
 The performance of described signal reconstruction 
technique has been investigated by computer simulations 
on two test signals. The first one is a chirp with constant 
amplitude, while the second is a chirp with time varying 
amplitude. The result of reconstruction of the first signal is 
illustrated in Fig. 7. Note that in this case )()( 1+≠ nn tsts  
for all n and no correction of reconstructed signal is 
needed. In contrast, the difference between original signal 

and recovered one in Fig. 8. is quite obvious. The result 
gets better after correction and limitation of the 
reconstructed signal. This can be seen in Fig. 9. If more 
quantization levels for level-crossing sampling are used, 
the reconstruction result of the second test signal is 
illustrated in Fig. 10. 
  

 
Fig. 7. Reconstruction of the first test signal: a) original signal; b) 
reconstructed signal 
 

 
Fig. 8. Reconstruction of the second test signal: a) original signal; 
b) reconstructed signal 
 

 
Fig. 9. Reconstructed second test signal after a) correction and b) 
correction and limitation 
 

 
Fig. 10. Reconstructed second test signal (sampled by 8 levels-
crossings) a) before correction and b) after correction and 
limitation  

 
To estimate the quality of reconstruction, effective 

values of error signal )()(ˆ)( tstst −=ε and original )(ts  
are compared. The results are summarized in Table 1. The 
reconstruction error for the first test signal is 

%5/ =effeff sε . 
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Conclusions 
 

As can be seen from the results of simulations, the 
reconstruction of the signal improves as the number of 
level-crossing samples increases. The reconstruction error 
can be considerably reduced after the correction and 
limitation of the reconstructed signal.  

 
Table 1. Estimated reconstruction errors for the second test signal 

 
The advantages of the proposed signal reconstruction 

method: 
• rather fast with higher precision as the number of 

samples increases; 
• the value of the reconstructed signal is determined 

only by twelve samples localized around time 
moment at which signal value is being calculated 
(this gives a chance to build an almost real time 
signal reconstruction systems). 

The reconstruction result gets worse if three or more 
successive samples are at the same level. The reconstructed 
signal between two successive samples is always smooth 

(except when the limitation is done) so that rapid changes 
in original signal are not taken into account. This effect can 
be reduced by increasing the number of levels when 
performing signal sampling. 
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