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Abstract: Studies of the dynamics of linear and nonlinear differential equations with delays described
by mathematical models play a crucial role in various scientific domains, including economics and
biology. In this article, the Lambert function method, which is applied in the research of control
systems with delays, is proposed to be newly applied to the study of price stability by describing
it as a differential equation with a delay. Unlike the previous work of Jankauskienė and Miliūnas
“Analysis of market price stability using the Lambert function method” in 2020 which focuses on the
study of the characteristic equation in a complex space for stability, this study extends the application
of this method by presenting a new solution for the study of price dynamics of linear and nonlinear
differential equation with delay used in economic and biological research. When examining the
dynamics of market prices, it is necessary to take into account the fact that goods or services are
usually supplied with a delay. The authors propose to perform the analysis using the Lambert W
function method because it is close to exact mathematical methods. In addition, the article presents
examples illustrating the applied theory, including the results of the study of the dynamics of the
nonlinear Kalecki’s business cycle model, which was not addressed in the previous work, when the
linearized Kalecki’s business cycle model is studied as a nonhomogeneous differential equation with
a delay.

Keywords: differential delay equations; delayed arguments; Lambert W function; market price;
nonlinear differential delay equations; Kalecki’s business cycle model

MSC: 37c20; 34K05

1. Introduction

The dynamics of market price are extremely useful and this is shown by a number
of published articles [1–5]. Market prices for different products are a concern for both
consumers and producers, as falling prices can cause many problems for suppliers and
rising prices reduce consumers’ purchasing power. This can lead to a loss of profit for
product manufacturers. Food prices are by their very nature more volatile than prices for
industrial goods. Such fluctuations in food prices are particularly problematic for people on
low incomes. In countries where this happens, sudden price increases can have both short-
and long-term consequences for people’s incomes. For this reason, the study of market
price stability is crucial in assessing the parameters that lead to sudden price spikes and, if
properly modeled, can provide information that can help stabilize market dynamics. The
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existence of various delays in markets, for example between supply and demand, must be
taken into account. Delays are common to many economic phenomena and can therefore
be described by a differential equation with the delay argument [1,2,5–7]. To obtain the
solutions of the differential equation with the delay argument, the method of Lambert
function can be applied.

Price stability in markets is clearly a key economic issue. Research [8] on how to
stabilize chaotic dynamic systems, which depend on initial conditions, using the technique
of asymptotic stability analysis is presented in the literature. This technique allows the
control of chaotic speculative price fluctuations in a model. Another study analyzes
the behavior of a stock market model by identifying traders who optimistically trade in
rising markets and pessimistically trade in falling markets, which risks undermining the
stability of stock markets [9]. The impact of COVID-19 on financial markets has been
widely studied [10,11]. The studies [10] focus on the evolution of market efficiency using
two efficiency indicators: the Hurst exponent and the memory parameter of a fractional
Levy stable motion. The results [11] show the impact of oil prices on the stability of
financial systems, implying that oil price fluctuations can make financial markets unstable,
especially during the period of the COVID-19 pandemic. The study shows that business
cycle uncertainty has amplified the effects of oil price shocks, thereby increasing their
impact on financial system stability. This shows the relevance of price stability studies in
financial markets.

The modified method of the Lambert W function proposed in the article provides
an opportunity to obtain quick solutions for market stability analysis by changing the
parameters. After obtaining the market price through supply and demand, it is very
relevant to study the effect of elasticity of demand and the argument of lag between
supply and demand. The increase in the supply price, due to oil price fluctuations and the
impact of COVID-19, increased the need to study as accurately as possible how buyers will
react to the price change; for this purpose, the demand elasticity coefficient was used in
the research.

A study in the literature [12] analyzes a two-market cobweb model that includes
delays in agricultural production and delays in price information between markets. The
cobweb model includes two markets because of the interdependence observed between
agricultural markets. The model highlights several delays, as each commodity has a differ-
ent production time (delay) depending on the nature of the product, and the dependence on
the two markets creates delays in the information on the different markets. First, the paper
confirms that the dynamics of two markets are similar to the dynamics of a single market if
the interdependence is one-sided. Second, it is shown that production delays have a desta-
bilizing effect and information delays have a stabilizing effect. In the context of financial
market modeling [13], structural stability implies that certain “no-arbitrage” properties
have a low impact on the disturbances in the model dynamics, leading to the formulation of
a “no-arbitrage” requirement, which is referred to as the “uncertainty principle”. The paper
shows that structural stability is essential for a correct approximation of the model (which
is used in the numerical approach to price calculation). Most of the articles use numerical
methods for the analysis of market price dynamics. When conducting experiments with
such models, it is important to use exact or near-exact methods. Such methods are the
Consequent integration method, which is exact, and the Lambert W function method,
which is near-exact [14–18].

How can economic entities act to manage an unstable situation in the face of crises
and in what ways can these challenges be dealt with? Potential solutions are offered using
innovative tools created using artificial intelligence and modern mathematical methods,
such as the Lambert function method. Using artificial intelligence methods, such as deep
learning and recurrent neural networks, as well as the innovative method of the Lambert W
function, the information system for analyzing and forecasting market price stability would
enable market entities to shape their behavior to obtain the greatest economic benefits. By
simulating various scenarios and analyzing the market situation, it is possible to make
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political decisions that help manage the situation, by regulating the prices of essential
products and raising interest rates.

The Lambert W function is a function with an infinite number of roots. This function
is frequently used in mathematics, physics, and other fields [19–24]. One of the uses
of the function in mathematics is to find the roots of differential equations with a delay
argument. This application is of great interest because differential equations with a delay
argument can be used to mathematically describe real-world models such as various control
systems [15–17,24–26]. The problem with such equations is that they are more complex
than ordinary differential equations and methods that are suitable for ordinary differential
equations are not suitable for delay differential equations, so differential equations with
a delay are usually solved by numerical methods, which can limit the accuracy of the
solutions. For these reasons, the Lambert function can be used to find exact solutions. The
Lambert function can have either scalar or matrix expressions [18,27]. The advantage of the
Lambert function method is that as the number of branches of the function N changes, an
increasingly accurate result is obtained, and as it approaches infinity, an exact solution is
obtained. This method makes it possible to solve various types of differential equations
with a delay argument, without changing the expression of the solution, only by changing
the values of the constants.

From a systemic point of view, markets are related to information feedback in the
form of price signals and, like all feedback systems, can be stable or unstable. Therefore, in
this paper, we will study market price stability based on the Lambert function approach,
widely used in control theory. We will write the market price as a differential equation
with a time delay argument, via the supply and demand equations, assuming that supply
has a real-time delay compared to demand. By applying the Lambert function to the
resulting mathematical model, we obtain a solution-finding methodology adapted to the
study of market price stability. Our research began with finding and representing the
transcendental equation in a complex plane. Based on this study and presentation of the
results, we published an article titled Analysis of market price stability using the Lambert
function method in the journal Lietuvos matematikos rinkinys [28]. In this paper, we continue
the work we started in the mentioned paper [28] by extending the study to obtain a solution
of the differential equation with a delay argument for the study of price dynamics, also
including nonhomogeneous and homogeneous cases.

Section 2.1 presents the finding of a solution to a mathematical model of market prices,
a homogeneous differential equation with a delayed argument, obtained via the supply and
demand equations using the Lambert function. Section 2.2 presents the solution when the
mathematical model, a differential equation with a delayed argument, is nonhomogeneous.
Section 2.3 presents the nonlinear delayed differential equation used in biological systems.
It is proposed to analyze such an equation using the Lambert W function. The results
section presents two examples related to the study of the dynamics of market price when
the mathematical model is a homogeneous differential equation with a delay argument
using the Lambert W function method and one example of the study of the dynamics of
the Kalecki‘s stationary business cycle model when the model is written with a nonhomo-
geneous differential equation with a delay argument and the Lambert W function method
is used for the study and the numerical dde23 method described in the Matlab is used
for comparison. This article deals with an example where we have a nonlinear system.
Example 4 shows the advantage of the Lambert W function method over the numerical
method dde23.

This newly proposed method has already been applied in the study of agricultural
real market prices and its use is planned to be extended.

2. Modified Lambert W Method

In this section, we will present the use of the Lambert function method to study market
prices. This method is widely used in studies of control systems with delays, so we will
modify this method in such a way that we can apply it in the study of market price stability.
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The developed modified method of Lambert’s functions is applied only to mathematical
models for the study of market price dynamics. This is a novel application of Lambert
functions to this type of model. This method was chosen due to its accuracy (Table 1
shows this) and invariance, resulting in a general solution for studies of price dynamics of
various products (in Equations (14), (23) and (30)). In the obtained solutions of market price
models, the differential equation with a delay argument, it is very easy to model various
situations and obtain research results. For example, it is possible to study the influence of
various delays between supply and demand on the price to observe the behavior of the
price dynamics. It is also possible to analyze the elasticity coefficient, which shows the
consumer’s behavior in relation to the price. The main Lambert function method used for
the three cases with a differential equation with a delay argument is homogeneous, and
nonhomogeneous and when we have a nonlinear equation.

Table 1. Comparison results between free methods.

τ

LAMBERT W

DDE32N

5 50 100 1000

1 0.0148 0.0015 0.00075 0.000075 0.7120

computational time, s 0.008841 0.294708 1.110586 103.209791 0.001228

0.1 0.00121 0.0001 0.000065 0.000008 0.08120

computational time, s 0.094167 0.413030 1.129259 104.467406 0.072151

2.1. Homogenous Case

In this article, we will analyze the balance of the market price when the equation
is described by a mathematical model—a differential equation with a delay argument.
Usually, market price is described by the difference between demand and supply [4,29]:

p′(t) = D(p(t))− S(p(t)), (1)

where D(p(t))—demand; S(p(t))—supply; and variable p(t) is price dependent on time
argument t.

The differential equation with a delay argument is as follows:

p′(t) = γ(D(p(t))− S(p(t − τ))), (2)

where τ is the delay argument and γ is the coefficient of elasticity of demand. This model
was chosen because the supply of goods is only available for the customers once they have
been manufactured or transported; therefore, a delay occurs. The Equation (2) of demand
and supply can be written as follows [4]:

D(p(t)) = α + βp(t), β < 0,

(3)

S(p(t − τ)) = λ + δp(t − τ), δ > 0.

where α and β are the coefficients of the demand equation and λ and δ are the coefficients
of the supply equation.

Then, the market price model can be written as

p′(t) = γ(α + βp(t)− λ − δp(t − τ)). (4)
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We denote variables v = γδ and r = −γβ. After multiplying and dividing variable
γ(α − λ) by (δ − β) we obtain the following:

p′(t) = γ(α − λ)
(δ − β)

(δ − β)
− rp(t)− vp(t − τ) (5)

Let us denote market balance price p(e) = (α−λ)
(δ−β)

and use it in (5):

p′(t) + r(p(t)− p(e)) + v(p(t − τ)− p(e)) = 0. (6)

Denoting z(t) = p(t)− p(e) and using (6) we obtain a differential equation with a
delay argument:

z′(t) + rz(t) + vz(t − τ) = 0. (7)

To solve the delay differential equation, we will use the Lambert W function
method [17,25,30]. Then, z(t) = Cest:

sCest + rCest + vCes(t−τ) = 0. (8)

Dividing both sides by Cest ̸= 0 and moving ve−τs to the right-hand side yields the
following:

s + r = −ve−τs. (9)

Multiplying both sides of the Equation (9) by τeτs+rτ yields the following:

(s + r)τe(s+r)τ = −vτeτr. (10)

Using Lambert W function ψ(w) = wew yields the following:

(s + r)τ = W(−vτeτr). (11)

We obtain the following solution:

sk =
1
τ

W
k
(−vτeτr)− r. (12)

The solution of the transcendental equation of the differential equation with delay
argument (4) using v = γδ and r = −γβ is obtained:

sk =
1
τ

W
k
(−γδ τe−γβτ) + γβ. (13)

The obtained solution can be used to study the stability of market prices, obtaining
results in the complex plane. By changing the variables of the differential equation, it is
possible to find out when the price becomes unstable and there is a risk that it will increase;
this is presented in more detail in this article [28].

The solution of the mathematical model, described by Equation (4), when
p(t) = z(t) + p(e) and z(t) = ∑∞

k=−∞ esktCk, can be written as follows:

p(t) =
∞

∑
k=−∞

esktCk + p(e) = lim
N→∞

N

∑
i=−N

esttCk + p(e), t ∈ (τ,+∞), (14)

where Ck is the coefficient of the homogeneous part, which is a vector of complex numbers.
The order of the vector depends on the number of branches of the Lambert function k. The
coefficient is found Ck = limN→∞(η−1(τ, N)Φ((τ, N))k; here, the number N determines
how many parts the studied interval will be divided into (N is equal to the number of
k branches of the Lambert W function). Φ((τ, N))k is the initial function and η−1 is the
pseudo-inverse matrix, which we obtain from the Equation (13): η−1(τ, N) = esk(τ,N).



Mathematics 2024, 12, 2760 6 of 15

Computation of this coefficient is described in detail in [31]); N is a sufficiently large natural
number. The obtained solution will be used in the analysis of market price dynamics. With
the supply and demand models, we will study the dynamics of the market price under
different parameters, evaluating the delay argument as well. Using this new method will
allow us to obtain accurate results.

2.2. Nonhomogenous Case

When p(e) is equal to the function but not the number, then we cannot solve the
differential equations with a delay argument in the homogenous case. In this case, we
can use the nonhomogenous case and solve this equation. This happens when α and λ in
Equation (3) are the functions. The researched model for the market price is a first-order
nonhomogenous differential equation with a delay argument, which can be described
as follows:

p′(t) + rp(t) + vp(t − τ) = u(t) τ > 0

(15)

p(t) = φ(t) t ∈ [−τ, 0],

where u(t) = (r + v)p(e). We can write a solution for Equation (15) [25]:

p(t) =
∫ t

0
Ψ(t, ζ)u(ζ)dζ, (16)

where Ψ(t, ζ) meets the following conditions [31]:

∂

∂ζ
Ψ(t, ζ) = −rΨ(t, ζ), t − τ ≤ ζ < t

(a)
∂

∂ζ
Ψ(t, ζ) = −rΨ(t, ζ) + vΨ(t, ζ + τ), ζ < τ − t (17)

Ψ(t, t) = 1 (b)

Ψ(t, ζ) = 0 ζ > t. (c)

Using the Lambert W function and conditions mentioned above, we can rewrite
Equation (17a) as follows:

Ψ(t, ζ) = e−r(t−ζ), t − τ ≤ ζ < t. (18)

A second Equation (17b) can be written using the Lambert W function:

Ψ(t, ζ)k = e(
1
τ Wk(−vτerτ)−r)(t−ζ), (19)

where k = −∞ . . . ∞. The Lambert W function has an infinite number of solutions; therefore,
a solution can be written as a sum:

Ψ(t, ζ)k =
∞

∑
k=−∞

C′
ke(

1
τ Wk(−vτerτ)−r)(t−ζ), (20)

where C′
k is the coefficient of the nonhomogeneous part, which is a square matrix of

complex numbers. The order of the matrix depends on the number of branches of the
Lambert function k. The coefficient is found C′

k = limN→∞(η−1(τ, N)Γ((τ, N))k, where
the number N determines how many parts the studied interval will be divided into (N
is equal to the number of k branches of the Lambert W function). From the expression
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Γ(τ, N) = ev(τ,N) we find Γ(τ, N) and η−1, which is the pseudo-inverse matrix we obtain
from the Equation (13): η−1(τ, N) = esk(τ,N).

The solution of the nonhomogenous scalar differential equation can be described as
follows: When t ≤ τ

p(t) =
∫ t

0
Ψ(t, ζ)vu(ζ)dζ =

∫ t

0
e−r(t−ζ)vu(ζ)dζ. (21)

When t > τ

p(t) =
∫ t−τ

0

∞

∑
k=−∞

C′
ke(

1
τ Wk(−vτerτ)−r)(t−ζ)vu(ζ)dζ+

(22)

+
∫ t

t−τ
e−r(t−ζ)vu(ζ)dζ.

The solution of the nonhomogenous differential equation with a delay argument can
be written as an equation, where the coefficient Ck is found using functions p(t) = φ(t),
t ∈ [0, τ]. Calculation of Ck and C′

k is given in the following equation [25]:

p(t) =
∞

∑
k=−∞

CkeSkt +
∫ t

0

∞

∑
k=−∞

C′
keSk(t−ζ)bu(ζ)dζ. (23)

The obtained solution of the differential equation with a delay, using the modified
Lambert function method, provides an opportunity to study mathematical models of the
market price in the nonhomogeneous case.

When calculating the coefficients, it is very important to calculate the pseudo-inverse
matrix, rather than the simple inverse, since the determinant is close to zero.

2.3. Nonlinear Case

In this subsection, we apply the method of Lambert functions to a nonlinear delay
differential equation of the form

x′(t) + αx(t) + β f (x(t − τ)) = 0, (24)

where α, β, and τ are positive constants and f satisfies the conditions in [32]:

f ∈ C(R, R) and u f (u) > 0, x ̸= 0 (25)

and

lim
u→0

f (u)
u

= 1. (26)

where f (u) = eu − 1. According to the Theorem 1 and Remark 1 described in the article [32],
there is an oscillation if and only if the characteristic equation

F(s) = s + α + βe−sτ = 0 (27)

has no real roots.

Theorem 1. Consider the following equation:

y′(t) +
n

∑
j=1

qj f (y(t − τj)) = 0, t ≥ τ (28)

with qj = x ∗ β j, subject to conditions (25), (26), and

f (u) ≤ u, u ≥ 0. (29)
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Then, every solution of Equation (28) oscillates if and only if the characteristic equation

λ +
n

∑
j=1

qje
−λτj = 0 (30)

of the corresponding linearized variational problem has no real roots.

Remark 1. It is interesting to note that all of the nonlinear functions in the Equations

y′(t) + β
y(t − τ)

1 + |y(t − τ)|r = 0,

y′(t) + αy(t) + β f (y(t − τ)) = 0, (31)

y′(t) + αy(t) + β[1 − e−y(t−τ)] = 0

where α, r, β, and τ are positive constants. These equations satisfy conditions (25), (26), and (29)
of Theorem 1. Furthermore, our results can be extended to more general equations of the form
of Equation (28), which involve different functions fj, each of which satisfies conditions (25), (26),
and (29).

To study the resulting characteristic equation, we propose to apply the Lambert
W function

s + α = −βe−sτ . (32)

Multiplying both sides of the equation by τeτs+ατ and using the Lambert W function
ψ(w) = wew yields the following:

(s + α)τ = W(−βτeτα). (33)

We obtain the solution of characteristic Equation (33):

sk =
1
τ

W
k
(−βτeτα)− α. (34)

Using the Lambert function, we can investigate the parameters used to describe
the oscillations of systems described by a nonlinear differential equation under certain
conditions. The conditions described are typical of various studies in mathematical biology.

In nonlinear mathematical models of differential equations of biological oscillators, the
evaluation of parameters is a difficult task. These models describe the dynamics of biological
systems, and an assessment of their parameters is necessary to predict certain processes.

3. Results

Using the Matlab (R2024a) mathematical package, in this section we will present the
results obtained by applying the modified Lambert function method to several cases. In
the first example, the results are obtained when the differential equation with the delay
argument is homogeneous, in the second, when we have the nonhomogeneous case. The
third problem is solved and the modified method of Lambert functions is applied when
we have a nonlinear case and we straighten it, and the fourth problem is chosen to show
the advantage of the method by solving it with three methods: the method of Consequent
integration (exact), the numerical method (described in the Matlab package), and the
modified Lambert function method.

3.1. Example 1

It is well known in economics that there is a lag between supply and demand, so
the estimation of the delay parameter is very important. We will analyze a mathematical
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model where the market price of a commodity is described by a homogeneous differential
equation obtained through supply and demand:

p′(t) = γ(8 + 2 − 0.4p(t)− 0.6p(t − τ))

(35)

ϕ(t) = 8t − 2 t ∈ [−τ; 0]

We are going to research the dynamics of market price. With an initial function that is
written in Equation (35), the delay argument τ = 0.5, and the coefficient of elasticity of
demand γ = 3, we observe that the solution slightly oscillates in the interval from 0 to 4
and then equilibrates out at EUR 10. We chose a small delay, considering that automated
processes allow us to reach the user faster. The coefficient of elasticity of demand describes
the change in the quantity demanded of a good when the price of the good changes. If the
demand ratio is greater than 1, buyers will be highly responsive to a change in price, if
equal to 1, total revenue will not change when the price is increased or decreased, if it is
less than 1, buyers will be unresponsive to a change in the price of the product. We selected
parameters that can cause price instability in the longer term. When the coefficient of
elasticity of demand increases to γ = 7 and γ = 9, the interval of price oscillation increases,
and a longer period of time is required in order to reach equilibrium (Figure 1b,c).

(a) (b)

(c)

Figure 1. Dynamics of market price with different intensities. (a) Shows that the price will oscillate
less with an elasticity coefficient equal to 3. (b) Shows that the price will fluctuate more with an
elasticity coefficient equal to 7. (c) Shows that the price is stable when the elasticity of demand is 7,
but more oscillating.

3.2. Example 2

The economic example was chosen from the article [5] in hopes of demonstrating the
application of the Lambert W function method for the analysis of real-life market price
dynamics. The subject of our experiment is the market price of poultry meat, which is
described by a mathematical model:



Mathematics 2024, 12, 2760 10 of 15

p′(t) = γ(375.2 − 166 − 0.78p(t)− 1.78p(t − τ))

(36)

ϕ(t) = 0.181t2 + 3.4t + 67 t ∈ [−τ; 0].

Since, in the article, the delay argument was equal to 0.5, in this article, we conducted an
experiment with a delay equal to 0.9.

When the coefficient of elasticity of demand is equal to 0.9, we have a small fluctuation
(Figure 2a) because the demand is inelastic (buyers will not react much to the change in
the price of the product). As the coefficient values increase, the oscillation interval also
increases (Figure 2b). The third graph (Figure 2c) shows a pattern with a demand elasticity
coefficient of 1.9, a coefficient in this case indicating that demand is flexible (i.e, buyers
will be very responsive to a change in price). In this case, the system is asymptotically
unstable and we cannot analyze when the market price will reach the equilibrium point.
All presented results were calculated using the Lambert W function method and compared
with the numerical method dde23 from the Matlab package.

(a) (b)

(c)

Figure 2. Dynamics of real-life market price with different intensities. (a) Shows that the price will
fluctuate less with an elasticity coefficient equal to 0.9 and (b) shows that the price will fluctuate more
with an elasticity coefficient equal to 1.4. (c) Shows that the price is unstable when the elasticity of
demand is 1.9.

A number of branches of the Lambert W function equal to 80 was used during the
experiment. The larger the number of branches of the Lambert function that is chosen,
the more accurate the result is. To be more accurate than the numerical method dde23, it
is enough to select 80 branches (the chosen number of branches is based on the analysis
performed in the article [15,26]). The Lambert W function method is close to the exact
Consequent integration method and is therefore superior to the dde23 method (a more
detailed comparative analysis of the methods can be found in articles [15,26]).
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3.3. Example 3

In economical theory, Kalecki’s stationary business cycle model (in the paper [33] it is
denoted KS) has the following form:

J′(t) =
m
τ
(J(t)− J(t − τ))− nJ(t − τ), τ > 0, (37)

where m = a/s and n = b are the symbols taken from paper [33]; τ—time delay;
J = k(t)− k0, k(t)—the capital stock at time t. In the paper [33], Kalecki’s model is adapted
to growth and is denoted KG. For this purpose, we will investigate linearized KG around
the equilibrium point [k(t), k(t − τ) = (k0, k0) = (1, 1)], in which it is of the same form as
KS [33]:

k′(t) = a(k(t)− 1)− b(k(t − τ)− 1), τ > 0, (38)

where a = m
τ and b = m

τ + n. We are going to analyze Kalecki‘s stationary business cycle
model, when τ = 0.6, m = 0.95, n = 0.121. With parameters a = 0.95

0.6 = 19
12 , b = ( 19

12 + 0.121)
used in the nonhomogenous differential equation, we obtain the following:

k′(t)− 19
12

k(t) + (
19
12

+ 0.121)k(t − 0.6) = 0.121

k(t) = 1 t ∈ [−0.6, 0]

We will compare the price dynamics with different delay arguments. In Figure 3, we
can see transition function of the system when the delay argument is 0.61 and in Figure 3b,
when the delay argument is 0.6, the system becomes asymptotically unstable and capital
stock can not be modeled for the future time steps. The method of Lambert functions
allows us to estimate the stability limits of Kalecki’s model by changing the delay argument.
This modified method of Lambert functions allows investors to accurately determine the
directions of capital stock dynamics. Using the Lambert W function method, we can test the
behavior of the system with different values of parameters n, m, and the delay argument τ.
In order to ensure the validity of the results, they were compared with the results of the
(dde23) numerical method from the Matlab package. The proposed method is superior to
numerical methods because it is accurate and responsive to parameter changes, and more
sensitive because it provides an accurate solution. It is possible to determine more precisely
at which parameter values the system becomes stable. Example 3 results were obtained
using the same number of Lambert W function branches as in Examples 1 and 2 (more
description in articles [15,26]).

(a) (b)

Figure 3. Dynamics of Kalecki’s stationary business cycle model with different delay arguments.
Figure (a) shows the unstable behavior of stocks. Figure (b) shows when Kalecki’s model becomes
stable up to τ = 0.6.

3.4. Example 4

To demonstrate the advantage of the Lambert W function method, we will present an
example that we will solve using Laplace transforms, that is, using the Consequent integra-
tion method, the numerical dde23 method, and the proposed Lambert W function method.
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Laplace transforms are used to transform differential equations with a delayed argument
into simpler algebraic equations and to solve them using elementary algebraic methods.
The method of Consequent integration is accurate, but it is difficult to apply to the solution
of different equations with a delay, as a different expression of the solution is obtained for
different equations, while in the Lambert W function method, only constants are changed,
and the method itself is close to exact, and when we have an infinite number of branches of
the Lambert W function, the method becomes accurate. Numerical methods that provide
approximate results are widely used in the literature; one of the most commonly used is
dde23, described in the Matlab package. We will present an example that illustrates the
superiority of the Lambert W function method compared to the numerical method dde23,
using the exact method of Consequent integration. We will solve a differential equation
with a delayed argument:

y′(t) = −y(t − τ), when y(0) = 1. (39)

Using the inverse Laplace transform, we will write down the solution (τ = 1) for step
response for dynamics of the model:

y′(t) =
|t|

∑
n=0

(t − n)n

n!
(40)

In Figure 4, the dashed line represents the result obtained by the numerical method
dde23, which deviates from the Lambert W function and the exact method result, which
shows that the Lambert W function is more accurate than the numerical one. The accuracy
of the Lambert W function method depends on the numbers of branches. The table shows
the relative error at different numbers of branches of the Lambert W function and the exact
calculation of the method. The numerical method is also compared with the exact one. All
results are obtained by choosing one of the freely assigned t = 5. It can be seen from the
graph that the relative error between the exact and the numerical method is larger in the
interval t ∈ [0; 5]. We can conclude that by choosing only five branches, we obtain a more
accurate result than in the case of the numerical method.

Figure 4. Comparison results between free methods.

In Table 1, we have given computational times to the different number of branches
of the Lambert W function. We can see that the numerical method is faster, but it is less
accurate. When we have a lower delay, the method gives more accurate results, but the
computation time is longer.
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4. Conclusions and Futures

This paper presents a new application of the Lambert W function method to the
solution of an economic model described by a differential equation with a delay. The use
of the Lambert W function method, when we solve delay differential equations, is widely
known only in the application of control systems with delays.

This method is close to an exact mathematical method and is proposed in economics
as a substitute for numerical solution methods.

The proposed modified method can be used not only for the study of price stability
but also for the analytical study of other market models described by a linear delayed
differential equation.

It is proposed to apply to a nonlinear Kaleicki’s stationary business cycle model a
linear first-order nonhomogeneous differential equation with a delay argument and to
solve the Lambert W function.

It is proposed to apply the Lambert W function to the nonlinear differential equation
to find the solution of the characteristic equation.

The results are almost exact, which makes the solution suitable for analyzing models
with different parameter values. The proposed Lambert W function method shows that it
is more accurate than the numerical method dde23 described in the Matlab package and
compared to the exact Consequent integration method it is superior because there are no
complicated expressions. The numerical method outperforms the modified Lambert W
function only in terms of time.

The study of differential equations and dynamical systems provides valuable in-
sights into the behavior of complex systems, whether in economics, biology, or other
scientific disciplines.

In order to strengthen the reliability and applicability of our theoretical model, future
research should focus on empirical validation. After integrating case studies and real data,
we will more accurately assess the model’s ability to predict market stability. This empirical
study will not only help to present concrete facts that support our theoretical claims, but
will also allow a practical comparison of the performance of the model under various
market conditions.

Author Contributions: Conceptualization, T.R.; Methodology, I.J.; Software, A.Z.; Validation, M.L.;
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Notations

This manuscript uses the following notations: Consequent integration method—exact method
using Laplace transforms; dde23—numerical method described in the Matlab package for cal-
culating differential equations with delays; Homogenous—a type of delay differential equation;
k—Lambert W function branches; KG—indicate that here Kalecki’s model is adapted to growth;
KS—The Kalecki’s stationary business cycle model; Lambert W—Lambert W function method;
Matlab—mathematical package; N—branches of Lambert W functions used to calculate coefficients;
Nonhomogenous—a type of delay differential equation.
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