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Abstract: A transportation system requires an asymmetry to achieve objects’ motion on an oscillating
surface. Transportation methods based on vibrational techniques usually employ different types of
asymmetries, such as temporal (time) asymmetry, kinematic asymmetry, wave asymmetry or power
asymmetry. However, transporting an object on an inclined angle requires a relatively high net
frictional force over each period of vibrational cycles due to the gravitational potential energy exerted
on the object. This paper investigates the transportation of an object upward on an inclined plane
that harmonically oscillates in its longitudinal direction. The novelty of this research is attributed to
the upward motion of the object on the inclined plane, which is achieved by creating an additional
asymmetry of the system through dry friction dynamic manipulations. For this reason, periodic
dynamic dry friction manipulations have been employed to create the asymmetry of frictional
conditions, resulting in a net frictional force that outweighs the gravitational force. A mathematical
model has been developed using the Lagrange method, which describes the moving object’s motion.
Moreover, the theoretical findings and results confirmed that the object’s velocity and direction can
be controlled by dynamic dry friction manipulations. To demonstrate the technical feasibility of the
proposed method, an experimental investigation was carried out where the results demonstrated
that the control parameters significantly influence the characteristics of the directional motion of
the moving object. This transportation method is beneficial for various modern industries engaged
in transportation and manipulation tasks with objects spanning a broad range of sizes, including
those operating at small scales for applications in lab-on-a-chip technology, micro-assembly lines,
micro-feeder systems and other delicate component manipulation systems. The presented research
advances the classical theories of vibrational transportation on inclined surfaces.

Keywords: vibrational transport; asymmetry; inclined plane; harmonically oscillating plane; dynamic
dry friction manipulations

1. Introduction

Transport and manipulation of various objects can be implemented using various
methods and approaches. The usage of vibrational transport has significantly increased
in several disciplines and sectors, such as micro-machine technology, biotechnology, cell
biology, material processing, semiconductors and neuroscience [1–3].

To perform vibrational transport tasks effectively, asymmetry is an essential condition
to achieve the motion of a part on a plane. In the presence of asymmetry, the net friction
force throughout a single oscillation is not nullified, which drives the motion of transported
objects. Transportation methods that rely on vibrational techniques commonly utilize
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temporal asymmetry, spatial asymmetry, power (force) asymmetry, kinematic asymmetry,
or wave asymmetry to achieve the part’s motion.

Temporal asymmetry, also known as time asymmetry, can be achieved through dif-
ferent forward and backward speeds, where the forward motion takes longer than the
backward motion. Reznik et al. [4] studied the transportation of objects placed on a vibrat-
ing pane exposed to vibrational excitation where the velocity of the forward motion was not
equal to the velocity of the backward motion in each vibration cycle. This sort of vibrational
excitation resulted in a temporal asymmetry necessary to perform the transportation task.
Viswarupachari et al. [5] studied the transportation of particles on a rigid plane subjected to
asymmetrical vibrations that resulted in a temporal asymmetry. Mayyas [6,7] investigated
the stick–slip dynamics of a part transporting on a two-dimensional oscillating plane,
where a temporal asymmetry is employed to achieve the motion of an object. In this case,
the object moved forward when the platform acceleration in the forward direction created
an inertial force lower than the friction force. Hunnekens et al. [8] demonstrated that a
proper periodic motion profile of a vibrating plane results in a temporal asymmetry that
can be used to transport an object.

According to the theory of vibrational transportation, if the transportation system is
inclined with respect to the horizontal plane or a constant force is applied to the object to be
transported, then a power asymmetry is induced. Higashimori et al. [9] proposed a method
that uses vibrations on a plate, where a power asymmetry is accomplished by changing
the frequency and the offset angle of the vibrational platform connected to an actuator.
The direction of the part in motion is controlled and reached by exploiting asymmetric
platform oscillations achieved due to different frequencies with a phase shift for the x and
y axis. Sakashita et al. [10] and Yamaguchi et al. [11] presented an experimental study
implemented using an excitation vibrating plate, where a single actuator is used to control
the motion of a part in 3-DoF (degree of freedom). The results revealed that the translation
and rotation of a part could be governed by tuning the offset angle and sinusoidal excitation
of the actuator through the asymmetric vibrational orbit of the platform. Chen et al. [12]
analyzed the particle conveyance mechanism using a discrete element method (DEM). In
this case, an asymmetric force was achieved, which led to particle directional conveyance,
where the velocity increases with the increase in vibration time.

Asymmetries of the vibration path or the law of motion along this path are classified as
kinematic asymmetries. Vrublevskyi [13] investigated vibrational transportation achieved
through a kinematic asymmetry where an inclined platform was subjected to harmonic
longwise and polyharmonic perpendicular oscillations. This type of asymmetry is usually
applied to various industrial vibrational transportation applications [14–16]. Baksys and
Baskutiene [17] investigated the characteristics of the motion of the compliant body sub-
jected to kinematic excitations along the direction of the joining axis. Moreover, Baksys
and Puodziuniene [18] have investigated the body motion from a static state to dynamic
equilibrium by using vibrational non-impact displacement of an exited-based body on an
inclined plane, where different asymmetries such as power asymmetry and kinematical
asymmetry are combined.

Wave asymmetry occurs when the object moves in the same direction as the propa-
gation of the traveling wave [19]. Kumar and Dasgupta [20] analyzed the circumferential
traveling wave on a thin circular plate. Three circumferentially actuators are connected
to the circular plate and positioned at the excited plate transversely to a relevant phasing,
where wave asymmetry is achieved.

Recently, a novel approach for omnidirectional vibrational transportation has been
proposed [21,22]. The omnidirectional motion of an object on a horizontal platform sub-
jected to harmonic circular motion was achieved and controlled through an asymmetry
induced by periodic dynamic dry friction control between the object and the platform.

This research aims to uncover the feasibility of transporting objects upward on an
inclined plane that harmonically oscillates in its longitudinal direction by applying an
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additional asymmetry achieved through dynamic dry friction manipulations, as well as to
determine the control parameters of the transportation process.

2. Methodology
2.1. Mathematical Model Using Lagrangian Mechanics

Figure 1 depicts the dynamic model of the transportation of objects on an inclined
plane harmonically oscillating in its longitudinal direction.
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Figure 1. Dynamic model of transportation of objects on an inclined plane oscillating in its longitudi-
nal direction.

The inclined plane is subjected to harmonic oscillations along its longitudinal direction:

η(t) = Asin(ωt), (1)

where η is the displacement of the platform, A is the amplitude, ω is the angular frequency
of the harmonic excitation along the longitudinal direction, and t is the time.

The Lagrange equation represents the difference between kinetic and potential energy,
as shown in Equation (2).

L = T+Fr
.
x − U, (2)

where T corresponds to the translational kinetic energy of the object being transported, m
is the object’s mass, Fr is the dry friction force between the object and the inclined plane, x
is the displacement of the object along the inclined plane, and U is the potential energy.
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where g is the gravity, α is the inclination angle of the oscillating platform, and µ(ωt) is the
effective dry friction coefficient, where, in this study, it is considered as a periodic function
of the same period as the longitudinal harmonic oscillations of the platform.

The Euler–Lagrange equation was written as shown in Equation (6).

d
dt

∂L
∂

.
x
− ∂L

∂x
+

∂
(

Fr
.
x
)

∂
.
x

= 0. (6)

Equation (7) shows the partial derivative of the Lagrange equation that describes the
momentum of the moving particle on an inclined plane.

d
dt

∂L
∂

.
x
= m

..
x − mAω2sin(ωt). (7)

The rate of change of momentum can be affected and changed due to the potential
energy and the friction forces exerted on the moving object on an inclined plane, as shown
in Equations (8) and (9), respectively.
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∂L
∂x

= −mgsin(α), (8)

∂(Fr
.
x)

∂
.
x

= µ(ωt)mgcos(α)sign
( .
x
)
,

where

{
Fr = mgcos (α)µ(ωt)sign

( .
x
)
,

.
x ̸= 0

−mgcos (α)µ(ωt) < Fr < mgcos (α)µ(ωt),
.
x = 0

(9)

Non-dimensionalization was applied to identify and determine the characteristic
control parameters:

τ = ωt, ξ = x/A, γ = g/Aω2, (10)

The following non-dimensional equation can describe the relative body motion on the
inclined plane:

ξ ′′ = sin(τ)− γ
(
sin (α) + µ(τ)cos (α)sign

(
ξ ′
))

, (11)

The average non-dimensional velocity of the moving object is presented in Equation (12):

〈
ξ ′
〉
=

1
2π

∫ 2π

0
ξ ′dτ, (12)

To achieve the additional asymmetry needed for the upward motion of the object, the
dry friction coefficient magnitude is periodically manipulated in each cycle of oscillations
of the inclined plane. With respect to the period harmonic excitations, the dry friction is
being manipulated by a rectangular function, as shown in Figure 2.
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harmonic oscillations.

The rectangular function that represents the dynamic dry friction manipulations with
respect to the longitudinal harmonic oscillations can be described by the following equation:

µ(τ) =

{
⟨µm⟩, when ϕ + 2πn < τ < ϕ + λ + 2πn
µ0, otherwise

(13)

where n represents the number of cycles of the harmonic oscillations of the inclined plane
n = (0, 1, 2, 3. . .N), µ0 is the nominal dry friction coefficient between the object and the
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platform’s surface. ⟨µm⟩ is the dry friction coefficient between the object and the platform’s
surface that is dynamically modified, λ corresponds to the part of the period in which the
friction coefficient is dynamically decreased to an effective value of ⟨µm⟩ as presented in
Figure 2. The ratio ⟨µm⟩/µ0 indicates the extent to which the dynamic modification of the
dry friction coefficient deviates from the nominal dry friction coefficient. This parameter
can be associated with the magnitude of the frictional asymmetry. ϕ is the phase shift
between the function of harmonic oscillations and the function governing the dry friction
coefficient. Therefore, these dynamic friction manipulations generate an asymmetry of
frictional conditions to move the object on an inclined platform upward.

In terms of practicality, the dry friction coefficient can be manipulated dynamically
by means of high-frequency vibrations generated between contacting objects. Research
reported in numerous papers demonstrates a reduction in frictional forces between sliding
bodies in the presence of vibrations [23–27].

2.2. Experimental Investigation

An experimental study has been carried out to verify the proposed method’s feasibility.
The concept behind this experiment was to transport a small-scaled object on a harmonically
oscillating inclined plane upwards through dynamic dry friction manipulations.

The principle diagram shown in Figure 3a represents the experimental setup for trans-
porting an object on an inclined plane oscillating in the longitudinal direction implemented
through dynamic dry friction manipulation. Figure 3b shows the general view of the
experimental setup. The experimental setup consists of an inclined plane (1) and the trans-
portation surface (2) that was mounted on top of a piezoelectric actuator (3) that was used
for dry friction dynamic manipulations through bursts of high-frequency vibrations. The
moving object was placed on the transportation surface. The roughness of the manipulated
surface was around 0.2 µm. The inclined plane was subjected to low-frequency harmonic
oscillations in the longitudinal direction created by an electrodynamic vibrator (ESE 211,
VEB Robotron-Meßelektronik, Dresden, Germany) (4). A vibration sensor (5) monitored
and controlled the harmonic oscillations. A power amplifier (LV-103, Metra Mess- und
Frequenztechnik in Radebeul, Radebeul, Germany) (6) was used to amplify the harmonic
signals to drive the electrodynamic vibrator. A piezo linear amplifier (EPA-104, Piezo
Systems Inc., Cambridge, MA, USA) (7) was used to amplify the signals subjected to the
piezoelectric actuator. A waveform generator (DG4202, RIGOL, Beijing, China) (8) was used
to generate the signals. The signals were visualized and monitored using a digital oscillo-
scope (DS1054, RIGOL, Beijing, China) (9). The transportation of the object (ϕ6 × 0.7 mm,
0.201 g) was captured and filmed using a camera connected to a PC (10,11). Then, the
videos were divided into frames (40 frames/sec) and the moving object’s trajectory was
analyzed using MATLAB R2023a software.

The dry friction between the object and the transportation surface was dynamically
manipulated by bursts of high-frequency vibrations (5860 Hz) that were periodically ex-
cited in a direction perpendicular to the manipulation plane by the piezoelectric actuator
(Figure 3a). This frequency was close to the resonance frequency of the system, resulting in
the most efficient reduction in the frictional properties. The bursts excited by the piezoelec-
tric actuator were synchronized with respect to the period of the longitudinal oscillations,
as shown in Figure 2. Therefore, the λ parameter was controlled by changing the amount of
high-frequency waves in a burst and the parameter ϕ was changed by changing the phase
shift between the harmonic signal and the signal for the piezoelectric actuator. Figure 4
shows an oscillogram to demonstrate the synchronized signals of piezoelectric actuator
excitation and harmonic oscillation.
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3. Results
3.1. Modeling Results

The mathematical model that describes the motion of an object on an inclined plane has
been solved numerically using MATLAB R2023a software. The Runge–Kutta ordinary differ-
ential equation solver ode45 was used to solve the non-dimensional differential equation.

Figure 5 represents the non-dimensional average velocity depending on the phase shift
ϕ at various inclination angles. The results have shown that the directional motion of the
moving particle can be controlled by changing the phase shift ϕ. The average velocity was
significantly increased at α = 0.035 rad between ϕ = 0 and ϕ = π/2 and reached its maximum
at λ = π, and then the average velocity was gradually decreased between ϕ = π/2 and
ϕ = 3π/2, as shown in Figure 5a. However, as the inclination angle was increased to
α = 0.1 rad, the non-dimensional average velocity was significantly decreased between
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ϕ = π/2 and ϕ = π due to the potential energy that is exerted on the moving particle, as
demonstrated in Figure 5b, where µ0 = 0.2 and ⟨µm⟩/µ0 = 1/5. Therefore, ϕ is an essential
parameter to control the direction of the moving object.
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Since λ is a parameter that corresponds to the level of the frictional asymmetry, at
α = 0.035 rad, which is almost equivalent to 2 degrees of inclination angle, the average
velocity was gradually increased and reached a maximum between λ = π and λ = 2π/3
at ϕ = π/4. Then, the average velocity was sharply decreased, and the particle moved
downward in the opposite direction at λ = 2π, as shown in Figure 6a. The average velocity
was slightly increased at α = 0.1 rad and reached a maximum between λ = π and λ = 3π/2,
then it drastically decreased at λ = 2π and then, the object started to move backward in a
negative direction, as presented in Figure 6b. Therefore, λ is a crucial parameter to control
the velocity of the moving particle on an inclined plane.
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The modeling has demonstrated that the ratio of the modified effective dry friction
coefficient ⟨µm⟩ to the nominal dry friction coefficient µ0 has yielded a notable influence
on the non-dimensional average velocity of moving objects. The average velocity was
significantly decreased as ⟨µm⟩/µ0 increased at α = 0.035 rad. However, the average velocity
of the moving object reached a maximum at µ0 = 0.15 and a minimum at µ0 = 0.55, as
presented in Figure 7a. Nevertheless, the average velocity gradually decreased when the
inclination angle increased to α = 0.1 rad. The average velocity was dramatically reduced
when this ratio increased from ⟨µm⟩/µ0 = 0.1 to ⟨µm⟩/µ0 = 0.5, as shown in Figure 7b.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 8 of 13 
 

  

(a) (b) 

Figure 6. Non-dimensional average velocity vs. λ: (a) α = 0.035 rad, γ = 1, µ0 = 0.2, 〈µm〈/µ0 = 1/5; (b) α 
= 0.1 rad, γ = 1, µ0 = 0.2, 〈µm〈/µ0 = 1/5. 

The modeling has demonstrated that the ratio of the modified effective dry friction 
coefficient 〈µm〈 to the nominal dry friction coefficient µ0 has yielded a notable influence on 
the non-dimensional average velocity of moving objects. The average velocity was signif-
icantly decreased as 〈µm〈/µ0 increased at α = 0.035 rad. However, the average velocity of 
the moving object reached a maximum at µ0 = 0.15 and a minimum at µ0 = 0.55, as pre-
sented in Figure 7a. Nevertheless, the average velocity gradually decreased when the in-
clination angle increased to α = 0.1 rad. The average velocity was dramatically reduced 
when this ratio increased from 〈µm〈/µ0 = 0.1 to 〈µm〈/µ0 = 0.5, as shown in Figure 7b. 

  
(a) (b) 

Figure 7. Non-dimensional average velocity vs. the dry friction coefficient manipulation ratio: (a) α 
= 0.035 rad, γ = 1, λ = π, ϕ = π/2; (b) α = 0.1 rad, γ = 1, λ = π, ϕ = π/2. 

The results have revealed that the directional motion of the object is also affected by 
γ ratio, which represents the gravity divided by amplitude multiplied by squared angular 
frequency as shown in Equation (10). The average velocity was gradually decreased be-
tween γ = 1 and γ = 6. The highest values were observed at λ = 2π/3, ϕ = π/2, as demon-
strated in Figure 8a. As the inclination angle was increased to 0.035 rad, the average 

Figure 7. Non-dimensional average velocity vs. the dry friction coefficient manipulation ratio:
(a) α = 0.035 rad, γ = 1, λ = π, ϕ = π/2; (b) α = 0.1 rad, γ = 1, λ = π, ϕ = π/2.

The results have revealed that the directional motion of the object is also affected by γ
ratio, which represents the gravity divided by amplitude multiplied by squared angular
frequency as shown in Equation (10). The average velocity was gradually decreased
between γ = 1 and γ = 6. The highest values were observed at λ = 2π/3, ϕ = π/2, as
demonstrated in Figure 8a. As the inclination angle was increased to 0.035 rad, the average
velocity of an object was slightly increased and reached its highest values between γ = 1
and γ = 4, and then it started to decrease due to the gravitational potential energy exerted
on it as shown in Figure 8b, where the ratio of the modified effective dry friction coefficient
⟨µm⟩/µ0 is 1/5 and µ0 = 0.2.

The phase shift ϕ and another crucial parameter λ have significantly influenced the
average velocity because they manipulate the shift and level of the frictional asymmetry.
The object’s average velocity dramatically decreased between α = 0 rad and α = 0.12 rad.
This is due to the impact of the gravitation force exerted on it, where the non-dimensional
average velocity reached the maximum at λ = π, ϕ = π/3 and minimum at λ = 2π/3,
ϕ = π/2, as shown in Figure 9a. Moreover, the interpretation of the effect of the inclination
angle on gamma is shown in Figure 9b. At a lower value of gamma, the average velocity
has reached the maximum because the angular frequency at γ = 1 is higher than the angular
frequency at γ = 6, where the average velocity steadily decreased between α = 0 rad and
α = 0.1 rad at µ0 = 0.2, ⟨µm⟩/µ0 = 1/5, λ = π and ϕ = π/4.
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3.2. Experimental Results

An experimental investigation has been carried out on the technical feasibility of
transporting objects on an inclined plane oscillating in its longitudinal direction, applying
an additional asymmetry achieved through dynamic dry friction manipulations. The ob-
ject’s motion was achieved by tuning the control parameters ϕ and λ, where the dynamic
effective dry friction was reduced between the object and the manipulated surface, and a
frictional asymmetry was achieved. The amplitude of the sinusoidal harmonic oscillations
was A = 1.04 mm, and the angular frequency was ω = 62.83 rad/s. The kinetic friction
coefficient between the manipulation surface and the upward-moving object was approxi-
mately µ0 = 0.24, and the ratio was ⟨µm⟩/µ0 = 1/4. The average velocity sharply increased
from ϕ = 0 and reached the maximum between ϕ = π/3 and ϕ = π/2 at λ = π, and then
dramatically started to decrease until it reached ϕ = 2π/3 at α = 0.035 rad as shown in
Figure 10a. At a higher inclination angle α = 0.1 rad, the average velocity was notably
decreased at ϕ = π/2 and λ = π due to the gravitational potential energy exerted on the
moving object. Similarly, the average velocity was reduced at lower λ as a function of
phase shift and reached a minimum at λ = 2π/3, as demonstrated in Figure 10b. These
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experimental findings verified the modeling results, which revealed that the phase shift ϕ
had shown its effectiveness in controlling and changing the direction of the moving object
at different inclination angles.
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The experimental investigation has proven the technical feasibility of the theoretical
findings that the directional motion of the moving object can be controlled by changing λ
and the phase shift ϕ. Figure 11a represents the variation of the average velocity depending
on λ. The average velocity was dramatically increased as λ increased between π/6 and π/2
and reached its maximum at ϕ = π/4. However, as the inclination angle increased to 0.1
rad, the average velocity significantly decreased due to the gravitational potential energy,
as demonstrated in Figure 11b. Similarly, the average velocity was notably increased as λ
increased between π/6 and π/2. The average velocity reached the maximum at ϕ = π/4
and the minimum at ϕ = π/2. λ has revealed strong effectiveness in changing the velocity
of the moving object at different inclination angles.
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Different experiments have been performed at various inclination angles α rad, as
shown in Figure 12. The experiments have presented the influence of the inclined angle
while the object was moving upwards. The average velocity steadily decreased as the
inclined angle increased from α = 0 rad to α = 0.1 rad. The average velocity reached a
maximum value at ϕ = π/3 and λ = π, where A = 1.04 mm, ω = 62.83 rad/s, µ0 = 0.24 and
⟨µm⟩/µ0 = 1/4.
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4. Conclusions

A mathematical model was developed to investigate the transportation of objects
upward on an inclined plane that harmonically oscillates in its longitudinal direction by
applying an additional asymmetry achieved through dry friction dynamic manipulations.

The modeling results have demonstrated that the asymmetry of frictional conditions
that is achieved through dry friction dynamic manipulations results in a net frictional force
that outweighs the gravitational force. Therefore, the object can be transported upwards.
The object’s velocity and direction can be changed by dynamically manipulating the dry
friction coefficient to achieve the required frictional asymmetry. Also, the findings have
identified the control parameters that define the moving object’s directional motion. The
phase shift ϕ has proven its effectiveness in controlling and changing the direction of the
moving object at different inclination angles, where the average velocity was significantly
increased at α = 0.035 rad between ϕ = 0 and ϕ = π/2 and reached its maximum at λ = π.
However, λ, which corresponds to the part of the period in which the friction coefficient
is dynamically decreased, is a crucial parameter in changing the velocity of the object, as
the average velocity was gradually increased and reached a maximum between λ = π
and λ = 2π/3 at ϕ = π/4. Moreover, the results have demonstrated that the ratio of the
modified effective dry friction coefficient ⟨µm⟩ to the nominal dry friction coefficient µ0
has a significant effect on the transportation velocity of the object. At inclination angle
α = 0.035 rad, the average velocity was significantly decreased as this ratio increased, where
the average velocity of the moving object reached the maximum at µ0 = 0.15.

Experimental investigations have been carried out to prove the technical feasibility
of the proposed method. The experiment has verified that periodic dynamic dry friction
manipulations create an additional asymmetry that results in a net frictional force that
outweighs the gravitational force acting on an object placed on an inclined plane. Therefore,
the object can be transported upwards to the inclined plane. The experimental findings
have shown that the control parameters ϕ and λ have a significant influence in controlling
and changing the directional motion of the moving object. In agreement with the theoretical
findings, the experiments demonstrated that the phase shift ϕ is very effective in controlling
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and changing the direction of the moving object at different inclination angles, and λ has
revealed a significant influence in changing the velocity of the object being transported at
different inclination angles. The experimental findings qualitatively verified the modeling
by demonstrating a similar response of motion parameters to the control parameters as it
was obtained in the modeling results.

The proposed transportation method is beneficial for various modern industries
engaged in transportation and manipulation tasks with objects spanning a broad range of
sizes, including those operating at small scales for applications in lab-on-a-chip technology,
micro-assembly lines, micro-feeder systems and other delicate component manipulation
systems. The method’s straightforward technical implementation makes it a cost-effective
alternative to more intricate devices like microgrippers. The presented research advances
the classical theories of vibrational transportation on inclined surfaces. Future research
will focus on further developing and optimizing the proposed transportation method to
handle large quantities of small-scale materials, microelectronics components and similar
micro-scale particles.
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