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INTRODUCTION 

Caputo Fractional Differential Equations (CFDEs) have recently emerged as 

an important tool for modeling complex phenomena in a variety of scientific fields 

owing to their ability to model systems exhibiting memory or hereditary properties. 

The extensive applicability of Caputo’s differential equations necessitates their 

exploration via both analytical and numerical techniques, thus making it a highly 

relevant task. Thus, the main objective of this thesis is to develop a novel semi-

analytical framework for the construction and analysis of solutions to Caputo 

fractional differential equations by utilizing the concepts of Caputo algebra of 

fractional power series, as presented in [1; 2].  

The realization of this objective was achieved by completing the following 

tasks: 

1. Development of a methodology for the construction of fractional power 

series solutions to a ( D 
𝐶

 
(

1

𝑛
)
)

𝑛

type Riccati CFDE and investigation of the 

structure of such solutions. 

2. Development of the methodology for the construction of fractional power 

series solutions to a more general class of equations – ( D 
𝐶

 
(

1

𝑛
)
)

𝑛

 type CFDEs 

with polynomial nonlinearity. 

3. Development of the analytical framework for the extension of solutions to 

CFDEs with polynomial nonlinearity to the negative half-line and 

investigation of the properties of such an extension. 

4. Creation of a semi-analytical scheme for the construction of approximate 

solutions to CFDEs. 

5. Development of a methodology for the construction of fractional power 

series solutions to an even wider class of nonlinear CFDEs – D 
𝐶

𝑥

(
1

𝑛
)
 type 

CFDEs. 

This doctoral dissertation is based on a collection of scientific papers, each of 

which fulfilled one or several tasks outlined above. The first paper The Fractal 

Structure of Analytical Solutions to Fractional Riccati Equation paved the way for 

this research by developing a novel methodology for the construction of fractional 

power series solutions to a specific Riccati-type CFDE. The presented results were 

expanded upon significantly in the paper The Extension of Analytic Solutions to FDEs 

to the Negative Half-Line by demonstrating that a refined methodology can be utilized 

not only for Riccati-type CFDEs, but also for a wider range of equations including 

CFDEs with polynomial nonlinearity. The next step, published in paper An Operator-

Based Scheme for the Numerical Integration of FDEs, was concerned with using the 

developed methodology to create a semi-analytical scheme aimed towards the 

construction of approximate solutions to CFDEs. The final paper presented in this 

thesis, titled The Construction of Solutions to 𝑫 
𝐶

 
(1/𝑛) Type FDEs via Reduction to 

( 𝑫 
𝐶

 
(

1

𝑛
)
)

𝑛

Type FDEs, brought all the previous research together to develop a 
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comprehensive approach for the construction of solutions to an even wider class of 

nonlinear CFDEs.  

This thesis contributes to the fields of Mathematics and Informatics by bridging 

theoretical mathematics with practical computational applications. At the core of this 

research is the application of symbolic computations to handle the extensive 

mathematical expressions that arise during the analysis of CFDEs. Thus, the 

methodologies developed herein are not just theoretical derivations, but they also 

serve as practical executable algorithms enabling the effective use of computer 

algebra systems in solving and analyzing Caputo fractional differential equations.  

In all the publications that make up this thesis, the Matlab numeric computing 

platform was employed for conducting numerical experiments, while Maple and 

Mathematica computer algebra systems were utilized for symbolic computations. 

Co-authors’ contribution to papers 

 A list of contributions from the co-authors of the papers included in this thesis 

is presented below. 

  

1. The Fractal Structure of Analytical Solutions to Fractional Riccati Equation 

by Zenonas Navickas, Tadas Telksnys, Inga Timofejeva (now Telksnienė), 

Romas Marcinkevicius, and Minvydas Ragulskis 

a. Z. Navickas devised the idea for the construction of solutions to 

specific ( 𝐃 
𝐶

 
(

1

𝑛
)
)

𝑛

 type FDEs via their reduction to the characteristic 

ODEs, and formulated the preliminary versions of the necessary 

mathematical derivations.  

b. T. Telksnys expanded upon the concepts formulated by Z. Navickas, 

contributed to the formal analysis of the structure of solutions to the 

analyzed equation, and corresponded with the editorial office of the 

journal.  

c. I. Timofejeva (now Telksnienė) formalized and generalized the ideas 

about the nested structure of solutions to CFDEs, executed most of 

the necessary computer algebra and numerical computations, and 

wrote the manuscript text. 

d. R. Marcinkevičius assisted I. Telksnienė with symbolic 

computations, and contributed to the reviewing and editing of the 

manuscript. 

e. M. Ragulskis supervised the entire research process, organized 

weekly seminars, provided valuable advice on the structure of the 

study, and oversaw the writing of the manuscript. 

2. The Extension of Analytic Solutions to FDEs to the Negative Half-Line by 

Inga Timofejeva (now Telksnienė), Zenonas Navickas, Tadas Telksnys, 

Romas Marcinkevičius, Xiao-Jun Yang, and Minvydas Ragulskis 

a. I. Timofejeva (now Telksnienė) formalized and generalized the ideas 

related to the extension of solutions to CFDEs to the negative half-



11 

 

line, carried out most of the necessary computer algebra and 

numerical computations, and prepared the manuscript text. 

b. Z. Navickas conceived the idea to expand the existing methodology 

to a more general class of equations, and drafted the preliminary 

version of the analytical framework for the extension of solutions to 

such CFDEs to the negative half-line. 

c. T. Telksnys expanded upon the concepts formulated by Z. Navickas, 

contributed to the development of the presented methodology, and 

corresponded with the editorial office of the journal. 

d. R. Marcinkevičius assisted I. Telksnienė with symbolic 

computations, and contributed to the reviewing and editing of the 

manuscript. 

e. X.-J. Yang contributed to the development of the presented 

methodology, and participated in the review and refinement of the 

manuscript. 

f. M. Ragulskis oversaw the entire research process, organized weekly 

seminars, provided valuable advice on the structure of the study, and 

supervised the writing of the manuscript. 

3. An Operator-Based Scheme for the Numerical Integration of FDEs by Inga 

Timofejeva (now Telksnienė), Zenonas Navickas, Tadas Telksnys, Romas 

Marcinkevičius, and Minvydas Ragulskis 

a. I. Timofejeva (now Telksnienė) formalized the preliminary version 

of the operator-based scheme for the numerical integration of FDEs, 

performed most of the symbolic and numerical calculations, and was 

responsible for writing the manuscript text. 

b. Z. Navickas contributed to the formal analysis of the presented 

concepts. 

c. T. Telksnys contributed to the development and refinement of the 

presented techniques. 

d. R. Marcinkevičius performed the preliminary computations 

necessary to showcase the paper’s concept, and contributed to the 

reviewing and editing of the manuscript. 

e. M. Ragulskis suggested the topic of this study, oversaw the whole 

research process, organized weekly seminars, provided valuable 

advice on the structure of the paper, and supervised the writing of the 

manuscript. 

4. The Construction of Solutions to 𝑫 
𝐶

 
(1/𝑛) type FDEs via Reduction to 

( 𝑫 
𝐶

 
(

1

𝑛
)
)

𝑛

Type FDEs by Romas Marcinkevičius, Inga Telksnienė, Tadas 

Telksnys, Zenonas Navickas, and Minvydas Ragulskis 

a. R. Marcinkevičius performed the preliminary symbolic computations 

necessary to illustrate the paper’s ideas, and contributed to the 

reviewing and editing of the manuscript. 
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b. I. Telksnienė formalized and generalized the ideas of Z. Navickas and 

T. Telksnys, assisted R. Marcinkevičius with computer algebra 

computations, prepared all the necessary computational examples, 

drafted and refined the manuscript text, and corresponded with the 

editorial office. 

c. T. Telksnys expanded upon the concepts formulated by Z. Navickas, 

and contributed to the development of the presented methodology. 

d. Z. Navickas conceived the idea to expand the methodologies for the 

construction of fractional power series solutions presented in the 

previous papers to a more general class of equations, and drafted the 

preliminary mathematical derivations. 

e. M. Ragulskis oversaw the entire research process, organized weekly 

seminars, provided valuable insights about the structure of the study, 

and supervised the writing and editing of the manuscript. 

It should be noted that all the co-authors have been informed of and have 

authorized the inclusion of these publications in this thesis. It is also of note that all 

the papers listed above were published as Open Access; thus, it is unnecessary to 

obtain the permission from the publishers to reprint these papers. 
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1. LITERATURE REVIEW 

Differential equations have long been a cornerstone in the field of mathematics, 

by providing a powerful tool for modeling and analyzing various phenomena in 

numerous scientific disciplines including physics, engineering, biology, economics, 

etc. 

In recent years, a new class of differential equations, known as Fractional 

Differential Equations (FDEs), has garnered significant attention in the scientific 

community. Unlike the ‘classical’ differential equations which involve integer-order 

derivatives, FDEs employ fractional-order derivatives, thus extending the concept of 

differentiation to non-integer orders. This extension has proven to be particularly 

useful in describing complex systems with memory or hereditary properties. The 

relevance of fractional differential equations in modern science is underscored by their 

application in various areas ranging from the classical FDEs in viscoelasticity [3], to 

more novel physical and engineering fields [4-6], and beyond to biology [7], medicine 

[8], and economics [9].  

A review of the main concepts and applications of fractional calculus is 

presented in the subsequent sections. 

 

1.1. Introduction to Fractional Derivatives 

 The concept of a fractional derivative and, in turn, fractional calculus originated 

in the 17th century, with initial discussions documented in the correspondence between 

Leibniz and L’Hospital in 1695 [10]. The main idea was to extend the definition of a 

classical integer-order derivative to non-integer orders, by satisfying the criteria 

outlined below. 

Let 𝐃𝑥
(𝑛)

=
d𝑛

d𝑥𝑛 denote a classical differential operator of integer order 𝑛 and 𝑓(𝑥) 

be an arbitrary function. Then, the fractional derivative is an operator 𝐃̂𝑥, such that: 

1. 𝐃̂𝑥
(𝑛)

 𝑓(𝑥) = 𝐃𝑥
(𝑛)

𝑓(𝑥) =
d𝑛𝑓(𝑥)

d𝑥𝑛 , for 𝑛 ∈ ℕ0, i.e., fractional and classical 

integer-order derivatives coincide if the order of differentiation is a 

nonnegative integer. 

2. 𝐃̂𝑥
(𝛼)

𝑓(𝑥) can be computed if 𝛼 is not an integer. 

Naturally, constructing a fractional derivative according to such a broad definition 

can yield multiple non-equivalent operators. Indeed, since the advent of fractional 

derivatives, over twenty distinct types have been formulated, each characterized by 

unique properties and specific fields of application. 

 

1.2. Definitions of Fractional Derivatives 

Three most commonly used definitions of fractional derivatives and their 

properties are outlined in this section. 
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Let 𝑓(⋅) denote an arbitrary function and Γ(⋅) denote a Gamma function. 

 

Riemann-Liouville (≈1850) fractional differentiation operator of order 𝛼 ∈ ℝ 

(𝛼 ≥ 0) is denoted as 𝐃 
𝑅𝐿

𝑥
(𝛼)

 and is defined as follows [11]: 

𝐃 
𝑅𝐿

𝑥
(𝛼)

𝑓(𝑥) =
1

𝛤(𝑛 − 𝛼)

ⅆ𝑛

ⅆ𝑥𝑛
∫

𝑓(𝜏)

(𝑥 − 𝜏)𝛼−𝑛+1
ⅆ𝜏,

𝑥

0

(1.2.1) 

where 𝑛 = ⌈𝛼⌉.  
 

Caputo (1967) fractional differentiation operator of order 𝛼 ∈ ℝ (𝛼 ≥ 0) is 

denoted as 𝐃 
𝐶

𝑥
(𝛼)

 and is defined as follows [12]: 

𝐃 
𝐶

𝑥
(𝛼)

𝑓(𝑥) =
1

𝛤(𝑛 − 𝛼)
∫

𝑓(𝑛)(𝜏)

(𝑥 − 𝜏)𝛼−𝑛+1
ⅆ𝜏,

𝑥

0

(1.2.2) 

where 𝑛 = ⌈𝛼⌉. 
 

We note that integration and 𝑛-th order differentiation operations are reversed 

in Caputo’s definition compared to Riemann-Liouville’s.  

 

Grünwald-Letnikov (1868) fractional differentiation operator of order 𝛼 ∈ ℝ 

(𝛼 ≥ 0) is denoted as 𝐃 
𝐺𝐿

𝑥
(𝛼)

 and is defined as follows [11]: 

𝐃 
𝐺𝐿

𝑥
(𝛼)

𝑓(𝑥) = lim
ℎ→0

1

ℎ𝛼
∑(−1)𝑗 (

𝛼
𝑗 ) 𝑓(𝑥 − 𝑗ℎ)

𝑥∕ℎ

𝑗=0

(1.2.3) 

where (
𝛼
𝑗 ) =

Γ(𝛼+1)

𝑗! Γ(𝛼−𝑗+1)
 denotes binomial coefficient. 

 We note that Grünwald-Letnikov definition is a discretization of the Riemann-

Liouville fractional derivative. Thus, it provides a straightforward way to approximate 

fractional derivatives for numerical computations. 

 

An important property that all three fractional differentiation operators 

presented above have in common is non-locality, which means that the value of the 

fractional derivative at a certain point is influenced by the function’s values at all the 

points in the past. This is in contrast to the classical integer-order derivatives, which 

are local operators, which means that the value of the derivative at a point depends 

only on the function’s values in a very small neighborhood around that point. This 

non-locality property facilitates the modeling of the so-called memory effects in 

various systems, where the current state is significantly influenced by a historical 

series of states, rather than just by the immediate past. 

The Caputo fractional derivative is currently one of the most popular choices in 

terms of modelling due to several convenient properties that it possesses. Fractional 
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Differential Equations (FDEs) involving many other fractional derivatives necessitate 

the specification of fractional order initial conditions, which can complicate the 

modeling process. In contrast, Caputo FDEs (CFDEs) only require classical integer-

order initial conditions, thereby simplifying the application considerably [13]. 

Additionally, contrary to some other fractional derivatives (for example, Riemann-

Liouville’s), the Caputo derivative of a constant is zero, which aligns well with certain 

practical applications, thus offering a more intuitive modeling approach. Due to the 

notable usage of the Caputo fractional derivative in recent research, this study shall 

mainly focus on examining the Caputo fractional derivative, and, subsequently, 

Caputo fractional differential equations. 

 

1.3. Caputo Fractional Differential Equations 

As mentioned above, Caputo Fractional Differential Equations (CFDEs) have 

recently emerged as a powerful tool in the mathematical modeling of various complex 

systems, exhibiting memory or hereditary properties. Successful real-world 

applications of CFDEs can be seen in the fields of physics (e.g., plasma physics [14], 

optics [15]), engineering (e.g., viscoelasticity [16]), biology (e.g., natural systems 

[17], environmental engineering [18]), economics and finance (e.g., competition 

systems [19]), health sciences (e.g., epidemiology [20], neuroscience [21]), etc.  

 

When it comes to the analysis and solution of CFDEs, several mathematical 

methods have been developed which could be separated into three general groups:  

 

1. Analytical methods. These methods provide exact analytical solutions. Most 

common examples include integral transform methods, such as Laplace or 

Fourier transform methods [22; 23]. Notably, I. Podlubny pioneered the 

application of the Laplace transform with Mittag-Leffler functions to address 

a wide array of initial value problems for fractional differential equations [24]. 

Analytical methods are typically tailored to address specific types of 

problems and conditions, while lacking a generalized approach. This means 

that each new kind of CFDE might necessitate the development of a unique 

analytical strategy. Also, naturally, the complexity escalates considerably 

when these methods are applied to non-linear or higher-order problems, often 

to the point when finding exact solutions is intractable. 

2. Semi-analytical methods. Such methods are a hybrid approach which 

employs both analytical and numerical strategies. They seek to find 

approximate solutions but in the form of functional or series representations, 

which can be further analyzed and manipulated analytically. Most commonly 

used methods in this category include Variational Iteration [25] and Adomian 

Decomposition [26] methods and their modifications. 

3. Numerical methods. These methods involve approximating solutions using 

numerical algorithms and provide solutions at discrete points in the domain. 

Popular methods under this category include the Finite Difference Method 
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[27], the Finite Element Method [28], Spectral Methods [29] and their 

modifications. 

The aim of this thesis is to develop a semi-analytical methodology for the analysis 

of CFDEs through algebraic transformations, by utilizing the concepts of Caputo 

algebra of fractional power series, as presented in [1; 2]. The main definitions related 

to this approach are outlined in the following section. 

1.4. Caputo Algebra of Fractional Power Series 

This section outlines the main concepts of Caputo fractional power series which 

shall be utilized in further sections and which are necessary for the understanding of 

the thesis papers. 

Let the order of the Caputo fractional derivative be denoted as 𝛼 =
𝑘

𝑛
, where 

𝑘, 𝑛 ∈ ℕ and gcⅆ(𝑘, 𝑛) = 1. Also, let 𝑥 ≥ 0.  

For the remainder of this thesis, we shall consider functions expressed via 

Caputo fractional power series, i.e., power series that are summed over fractional 

powers: 

𝑓(𝑥) = ∑ 𝑣𝑗𝑤𝑗
(𝑛)

+∞

𝑗=0

, (1.4.1) 

where 𝑣𝑗 ∈ ℂ are coefficients of the series and 𝑤𝑗
(𝑛)

, 𝑛 ∈ ℕ, 𝑗 = 0,1, … are the 

fractional power series basis functions of order 𝑛 defined as:  

𝑤𝑗
(𝑛)

=
𝑥

𝑗
𝑛

Γ (
𝑗
𝑛 + 1)

, 𝑗 = 0,1, … (1.4.2) 

 The set of Caputo fractional power series with respect to parameter 𝑛 is denoted 

as follows: 

𝔽 
𝐶

𝑛
 = {∑ 𝑣𝑗𝑤𝑗

(𝑛)

+∞

𝑗=0

;    𝑣𝑗 ∈ ℂ} . (1.4.3) 

 Let 𝑓1(𝑥) = ∑ 𝑎𝑗𝑤𝑗
(𝑛)+∞

𝑗=0 , 𝑓2(𝑥) = ∑ 𝑏𝑗𝑤𝑗
(𝑛)+∞

𝑗=0 ∈ 𝔽 
𝐶

𝑛
 . Standard operations of 

addition, product by a scalar and multiplication of functions in 𝔽 
𝐶

𝑛
  are defined as: 

𝑓1(𝑥) + 𝑓2(𝑥) =  ∑(𝑎𝑗 + 𝑏𝑗)𝑤𝑗
(𝑛)

+∞

𝑗=0

; (1.4.4) 

𝐴 ⋅ 𝑓1(𝑥) = ∑ 𝐴𝑎𝑗𝑤𝑗
(𝑛)

+∞

𝑗=0

, 𝐴 ∈ ℂ; (1.4.5) 

𝑓1(𝑥) ⋅ 𝑓2(𝑥) = ∑ (∑ (

𝑗

𝑛
𝑘

𝑛

) 𝑎𝑘𝑏𝑗−𝑘

𝑗

𝑘=0

) 𝑤𝑗
(𝑛)

,

+∞

𝑗=0

(1.4.6) 
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where (

𝑗

𝑛
𝑘

𝑛

) =
Γ(

𝑗

𝑛
+1)

Γ(
𝑘

𝑛
+1) Γ(

𝑗

𝑛
−

𝑘

𝑛
+1)

 denotes a binomial coefficient. 

Thus, the set 𝔽 
𝐶

𝑛
  with the standard addition, product by a scalar and 

multiplication operations forms an algebra over ℂ. This algebra is called the Caputo 

algebra and is denoted as follows: 

ℱ 
𝐶

𝑛
 = 〈 𝔽 

𝐶
𝑛
 ; +,⋅ |ℂ〉 (1.4.7) 

The Caputo fractional differentiation operator of order 
1

𝑛
 of the basis functions 

𝑤𝑗
(𝑛)

 is defined as: 

𝐃 
𝐶

𝑥

(
1
𝑛

)
𝑤𝑗

(𝑛)
= {

0, 𝑗 = 0

𝑤𝑗−1
(𝑛)

, 𝑗 = 1,2, …
 (1.4.8) 

Therefore, the Caputo fractional derivative of order 𝛼 =
𝑘

𝑛
 of a function 𝑓(𝑥) =

∑ 𝑣𝑗𝑤𝑗
(𝑛)+∞

𝑗=0 ∈ 𝔽 
𝐶

𝑛
  reads: 

𝐃 
𝐶

𝑥

(
𝑘
𝑛

)
𝑓(𝑥) = ( 𝐃 

𝐶
𝑥

(
1
𝑛

)
)

𝑘

𝑓(𝑥) = ∑ 𝑣𝑗+𝑘𝑤𝑗
(𝑛)

+∞

𝑗=0

∈ 𝔽 
𝐶

𝑛
 . (1.4.9) 

We note that this definition of the Caputo differentiation operator is congruent 

with the original integral-based definition (1.2.2) [2]. 

 

This approach has already been applied for the construction of fractional power 

series solutions to linear fractional differential equations [2], as well as equations of 

the following type [1]: 

𝑥 ( 𝐃 
𝐶

𝑥

(
1
2

)
)

2

𝑦(𝑥) = 𝐵0 + 𝐵1𝑦(𝑥) + 𝐵2𝑦(𝑥)2;   𝐵0, 𝐵1, 𝐵2 ∈ ℝ. (1.4.10) 

The main objective of this thesis is to expand the Caputo algebra-based 

framework for the analysis and construction of solutions to a wider range of fractional 

differential equations.  
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2. REVIEW OF PAPERS 

2.1. Review of The Fractal Structure of Analytical Solutions to Fractional Riccati 

Equation 

2.1.1. Paper details 

Title: The Fractal Structure of Analytical Solutions to Fractional Riccati 

Equation 

Authors: Zenonas Navickas, Tadas Telksnys, Inga Timofejeva (now Inga 

Telksnienė), Romas Marcinkevičius, and Minvydas Ragulskis 

To be cited as: Navickas, Zenonas, et al. The Fractal Structure of Analytical 

Solutions to Fractional Riccati Equation. Fractals, doi: 

10.1142/S0218348X23401308 

 

Input from I.Telksnienė: I. Telksnienė formalized and generalized the ideas 

about the nested structure of solutions to CFDEs, executed most of the necessary 

computer algebra and numerical computations, and wrote the manuscript text. 

 

2.1.2. Summary of the paper 

Objective of the paper 

 This paper aims to:  

1. Introduce a novel methodology for the construction of solutions to the 

fractional Riccati equation of the following form: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦(𝑥) = 𝑎2𝑦(𝑥)2 + 𝑎1𝑦(𝑥) + 𝑎0;   𝑎0, 𝑎1, 𝑎2 ∈ ℂ;  𝑛 ∈ ℕ,  

2. Investigate the structure of the fractional power series solutions to the 

fractional Riccati equation. 

Methodology and results 

 The following initial value problem for the fractional Riccati equation is 

considered: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑎2𝑦𝑛
2 + 𝑎1𝑦𝑛 + 𝑎0;   (2.1.1)  

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑘

𝑦𝑛|

𝑥=0

= 𝑠𝑘
(𝑛)

; 𝑘 = 0, … , 𝑛 − 1, (2.1.2) 

where 𝑎0, 𝑎1, 𝑎2 ∈ ℂ, 𝑛 ∈ ℕ, 𝑦𝑛 = 𝑦𝑛 (𝑥; 𝑠0
(𝑛)

, 𝑠1
(𝑛)

, … , 𝑠𝑛−1
(𝑛)

) ∈ 𝔽 
𝐶

𝑛
 , and the 

parameters 𝑠0
(𝑛)

, 𝑠1
(𝑛)

, … , 𝑠𝑛−1
(𝑛)

 correspond to the initial conditions formulated at  𝑥 =
0. 
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It is important to note that the operator ( 𝐃 
𝐶

𝑥

(
1

𝑛
)
)

𝑛

 is not identical to 
d

d𝑥
 for 𝑛 >

1, since the former operator acts on Caputo fractional power series (1.4.1) consisting 

of non-integer powers of 𝑥, while the operator 
d

d𝑥
 is applied to classical Taylor power 

series, comprised of only integer powers of 𝑥. 

Let: 

 𝑦𝑛 = ∑ 𝑐𝑗𝑤𝑗
(𝑛)

+∞

𝑗=0

= ∑ 𝛾𝑗
(𝑛)

Γ (
𝑗

𝑛
+ 1) 𝑤𝑗

(𝑛)

+∞

𝑗=0

= ∑ 𝛾𝑗
(𝑛)

𝑥
𝑗
𝑛

+∞

𝑗=0

;  𝑐𝑗 ∈ ℂ. (2.1.3) 

Firstly, recurrence relations for the coefficients 𝛾𝑗
(𝑛)

 of the solution to the 

fractional Riccati equation are derived by inserting (2.1.3) into (2.1.1)-(2.1.2) and 

performing various algebraic manipulations on the obtained expressions. The 

resulting relations are as follows:  

𝛾𝑘
(𝑛)

=
𝑠𝑘

(𝑛)

Γ (
𝑘
𝑛 + 1)

; 𝑘 = 0,1, … , 𝑛 − 1; (2.1.4) 

(𝑗 + 𝑛)𝛾𝑗+𝑛
(𝑛)

= 𝑛 (𝑎2 ∑ (𝛾𝑟
(𝑛)

𝛾𝑗−𝑟
(𝑛)

)

𝑗

𝑟=0

+ 𝑎1𝛾𝑗
(𝑛)

+ 𝛿𝑗𝑎0) ; 𝑗 = 0,1, … , (2.1.5) 

where 𝛿𝑗 = 1 if 𝑗 = 0, and 𝛿𝑗 = 0 otherwise.   

Next, the characteristic function of the sequence (𝛾𝑗
(𝑛)

; 𝑗 = 0,1, … ) is defined as: 

𝜑𝑛(𝑡) =  ∑ 𝛾𝑗
(𝑛)

𝑡𝑗.

+∞

𝑗=0

 (2.1.6) 

 The following ordinary differential equation with respect to the generating 

function 𝜑𝑛(𝑡) is then derived from the recurrence relation (2.1.5): 

ⅆ𝜑𝑛

ⅆ𝑡
= 𝑛𝑡𝑛−1(𝑎2𝜑𝑛

2(𝑡) + 𝑎1𝜑𝑛(𝑡) + 𝑎0) + ∑ 𝑗𝛾𝑗
(𝑛)

𝑡𝑗−1

𝑛−1

𝑗=1

. (2.1.7) 

 It is demonstrated that the function 𝜑𝑛(𝑡) can be utilized to express solutions to 
(2.1.1)-(2.1.2), since: 

𝑦𝑛 =  ∑ 𝛾𝑗
(𝑛)

𝑥
𝑗
𝑛

+∞

𝑗=0

= 𝜑𝑛( √𝑥
𝑛

). (2.1.8) 

 Thus, the initial value problem on the Riccati fractional differential equation 

(2.1.1)-(2.1.2) is equivalent to the initial value problem on the following ordinary 

differential equation: 
ⅆ

ⅆ𝑥
(𝑦𝑛 − 𝜓𝑛) = 𝑎2𝑦𝑛

2 + 𝑎1𝑦𝑛 + 𝑎0; (2.1.9) 

𝑦𝑛(0) = 𝑠0
(𝑛)

= 𝛾0
(𝑛)

, (2.1.10) 
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where  𝜓𝑛(𝑥) = ∑ 𝛾𝑗
(𝑛)

𝑥
𝑗

𝑛𝑛−1
𝑗=0 . 

Naturally, the obtained ODE can be analyzed and integrated with any classical 

analytical or numerical techniques, thus providing a way to study this type of FDEs 

without the need for new methods. 

Investigation of the structure of (2.1.9) and (2.1.5) leads to the observation that 

if the initial conditions of (2.1.1)-(2.1.2) are set to 𝑠1
(𝑛)

= 𝑠2
(𝑛)

= ⋯ = 𝑠𝑛−1
(𝑛)

= 0, 

then 𝜓𝑛(𝑥) = 0 and 𝛾𝑗
(𝑛)

≠ 0 only if 𝑗 = 𝑘𝑛, 𝑘 ∈ ℕ, which means that the solution 𝑦𝑛 

belongs to the set 𝔽 
𝐶

1
  and satisfies the classical ordinary Riccati equation: 

ⅆ𝑦𝑛

ⅆ𝑥
= 𝑎2𝑦𝑛

2 + 𝑎1𝑦𝑛 + 𝑎0. (2.1.11) 

Thus, for any 𝑛 ∈ ℕ, the fractional Riccati equation (2.1.1) admits all solutions 

to the ODE (2.1.11) (if the relation 𝑠1
(𝑛)

= 𝑠2
(𝑛)

= ⋯ = 𝑠𝑛−1
(𝑛)

= 0 holds), but has more 

solutions unique to it (if the relation 𝑠1
(𝑛)

= 𝑠2
(𝑛)

= ⋯ = 𝑠𝑛−1
(𝑛)

= 0 does not hold). 

Computational experiments verifying the analytical results presented above are 

provided; they use the following fractional Riccati equation as an example: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑦𝑛
2 + 𝑦𝑛 − 6. (2.1.12) 

The following difference measure is introduced in order to compare numerical 

solutions to (2.1.12) for different values of 𝑛: 

Δ𝑛,𝑚 (𝑠1
(𝑛)

, … , 𝑠𝑛−1
(𝑛)

; 𝑠1
(𝑚)

, … , 𝑠𝑚−1
(𝑚)

) =

∑ (𝑦̂𝑛 (𝑗ℎ; 𝑠1
(𝑛)

, … , 𝑠𝑛−1
(𝑛)

) − 𝑦̂𝑚 (𝑗ℎ; 𝑠1
(𝑚)

, … , 𝑠𝑚−1
(𝑚)

))
2

,

𝑁

𝑗=0

(2.1.13) 

where 𝑦̂𝑘 (𝑥; 𝑠1
(𝑘)

, … , 𝑠𝑘−1
(𝑘)

) is the numerical solution to the fractional Riccati equation 

(2.1.12) of order 𝑘 with the initial conditions 𝑠1
(𝑘)

, … , 𝑠𝑘−1
(𝑘)

; ℎ and 𝑁 are the step-size 

and the number of steps of the Runge-Kutta 4th order numerical integrator, 

respectively. The initial conditions 𝑠0
(𝑛)

 and 𝑠0
(𝑚)

 are set to be equal. Fig. 2.1.1 depicts 

the plot of Δ1,2 (𝑠1
(2)

) when 𝑠0
(1)

= 𝑠0
(2)

= 0.5.  It can be seen that the solution to the 

fractional Riccati equation (2.1.12) of order 2 coincides with the solution of the non-

fractional Riccati equation (𝑛 = 1) when 𝑠1
(2)

= 0. Fig. 2.1.2 shows the plots of 

Δ1,3 (𝑠1
(3)

, 𝑠2
(3)

) and Δ1,3 (0, 𝑠2
(3)

) when 𝑠0
(1)

= 𝑠0
(3)

= 0.5. Analogously, it can be 

observed that the solution to the fractional Riccati equation (2.1.12) of order 3 

coincides with the solution of the non-fractional Riccati equation (𝑛 = 1) when 𝑠1
(3)

=

𝑠2
(3)

= 0. A plot of solutions 𝑦1 (𝑛 = 1) and 𝑦3 (𝑛 = 3) not on the minimum point 

(0,0) is displayed in Fig. 2.1.3. 
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Fig. 2.1.1. Plot of 𝚫𝟏,𝟐 (𝒔𝟏
(𝟐)

) for 𝒔𝟎
(𝟏)

= 𝒔𝟎
(𝟐)

= 𝟎. 𝟓 

(a) 

 

(b) 

 

Fig. 2.1.2. Part (a) depicts the contour plot of 𝚫𝟏,𝟑 (𝒔𝟏
(𝟑)

, 𝒔𝟐
(𝟑)

) for 𝒔𝟎
(𝟏)

= 𝒔𝟎
(𝟐)

=

𝟎. 𝟓. The black circle denotes the minimum point 𝒔𝟏
(𝟑)

= 𝒔𝟐
(𝟑)

= 𝟎, where 𝚫𝟏,𝟑 = 𝟎. 

The dashed line corresponds to the plot of 𝚫𝟏,𝟑 (𝟎, 𝒔𝟐
(𝟑)

) depicted in part (b). The 

diamond corresponds to to the initial conditions used in Fig. 2.1.3 
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Fig. 2.1.3. Plot of solutions 𝒚𝟏 (solid line) and 𝒚𝟑 (dashed line) for 𝒔𝟎
(𝟏)

= 𝒔𝟎
(𝟐)

=

𝒔𝟏
(𝟑)

= 𝒔𝟐
(𝟑)

= 𝟎. 𝟓 

The aforementioned observations about the nested structure of the solutions to 

the fractional Riccati equation can be extended further: any fractional Riccati equation 
(2.1.1) of order 𝑛 = 𝑘𝑚;    𝑘, 𝑚 ∈ ℕ inherits solutions from the fractional Riccati 

equation of orders 𝑛 = 𝑘 and 𝑛 = 𝑚. 

Let 𝑎, 𝑏 be coprime natural numbers and 𝑚 ∈ ℕ. The following properties can 

be derived from the definition of the Caputo fractional power series (see Section 1.4): 

𝔽 
𝐶

𝑎𝑚
 ∩ 𝔽 

𝐶
𝑏𝑚
 = 𝔽 

𝐶
𝑚
 ; (2.1.14) 

𝔽 
𝐶

𝑎𝑚
 ∪ 𝔽 

𝐶
𝑏𝑚
 ⊆ 𝔽 

𝐶
𝑎𝑏𝑚
 . (2.1.15) 

Fig. 2.1.4 illustrates the relationship between different orders of fractional 

power series, thus showing that the basis elements corresponding to different orders 

𝑛 of fractional differential equations may intersect, i.e., solutions from a higher-order 

equation may inherit solutions from a lower-order equation under some initial 

conditions. 

Let us consider two fractional Riccati equations (2.1.1)-(2.1.2) of orders 𝑝 and 

𝑞. Also, let 𝑔 = gcⅆ(𝑝, 𝑞) ; 𝑠(𝑝) =
𝑝

𝑔
; 𝑠(𝑞) =

𝑞

𝑔
∈ ℕ. Then, the solutions of these 

fractional Riccati equations will coincide if the following relations on their initial 

conditions hold true: 

𝑠𝑗
(𝑝)

= 0, 𝑗 ≠ 𝑠(𝑝)𝑙;

𝑠𝑖
(𝑞)

= 0, 𝑖 ≠ 𝑠(𝑞)𝑙,
(2.1.16) 

where 𝑙 = 0,1, … , 𝑛 − 1. 
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Fig. 2.1.4. Nested structure of Caputo fractional power series basis. Each row 𝒏 =
𝒌;  𝒌 = 𝟏, 𝟐, … displays the powers of 𝒙 in the Caputo fractional power series of the 

respective order. Parameters 𝜸𝒗
(𝒌)

; 𝒗 = 𝟏, 𝟐, … , 𝒌 − 𝟏 on the right depict the 

coefficients of the ODE (2.1.9) corresponding to the fractional initial conditions. 

Gray-filled sections correspond to the same power of 𝒙 in respective base elements 

Conclusions 

In this paper, the concept of the Caputo fractional power series is used for the 

analysis of the fractional Riccati equation (2.1.1)-(2.1.2). It has been proven that the 

fractional Riccati equation (2.1.1)-(2.1.2) can be reduced to an integer-order ODE 
(2.1.9)-(2.1.10), which can be further investigated and solved via classical analytical 

or numerical techniques. Furthermore, it has been demonstrated via theoretical 

investigations, as well as computational experiments, that the solutions to fractional 

equations of different orders exhibit a nested structure: higher-order fractional Riccati 

equations inherit some solutions from lower-order equations when a subset of the 

initial conditions is set to zero.  

 

2.2. Review of The Extension of Analytic Solutions to FDEs to the Negative Half-

Line 

2.2.1. Paper details 

Title: The Extension of Analytic Solutions to FDEs to the Negative Half-Line 

Authors: Inga Timofejeva (now Telksnienė), Zenonas Navickas, Tadas 

Telksnys, Romas Marcinkevičius, Xiao-Jun Yang, and Minvydas Ragulskis 

To be cited as: Timofejeva, Inga, et al. The Extension of Analytic Solutions to 

FDEs to the Negative Half-Line. AIMS Mathematics 6.4 (2021): 3257–3271. 

 

Input from I.Telksnienė: I. Telksnienė formalized and generalized the ideas 

related to the extension of solutions to CFDEs to the negative half-line, carried out 
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most of the necessary computer algebra and numerical computations, and prepared 

the manuscript text. 

2.2.2. Summary of the paper 

Objective of the paper 

 This paper aims to:  

1. Expand the methodology for the construction of fractional power series 

solutions, presented in the previous paper, to a more general class of equations 

– CFDEs with polynomial nonlinearity: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦(𝑥) = ∑ 𝑎𝑘𝑦(𝑥)𝑘

𝑚

𝑘=0

;    𝑚 ∈ ℕ, 𝑎𝑚 ≠ 0, 𝑎𝑘 ∈ ℂ. 

2. Develop an analytical framework for the extension of solutions to such 

CFDEs to the negative half-line and investigate the properties of such an 

extension. 

Methodology and results 

The concepts of the Riemann extension algorithm for the Caputo functions and 

the generalized differential operator technique used in this paper are summarized 

before the introduction of main results to facilitate better understanding. 

Preliminaries: Riemann extension algorithm for Caputo functions 

The well-known idea that analytic functions can be extended beyond their radius 

of convergence [30] can be adapted for the Caputo fractional power series (1.4.1) as 

follows.  

Let 

𝑓(𝑥) = ∑ 𝑣𝑗𝑤𝑗
(𝑛)

+∞

𝑗=0

= ∑ 𝛾𝑗  ( √𝑥
𝑛

)
𝑗

+∞

𝑗=0

;   𝑣𝑗, 𝛾𝑗 ∈ ℂ (2.2.1) 

have the convergence radius 𝑇0 ∈ ℝ with respect to √𝑥
𝑛

. 

 Also, we choose 𝑥0, such that 0 < 𝑥0 < 𝑇0
𝑛. Then (2.2.1) can be rearranged to: 

𝑓(𝑥) = ∑ 𝛾𝑗 ( √𝑥
𝑛

− √𝑥0
𝑛 )

𝑗
+∞

𝑗=0

, (2.2.2) 

where coefficients 𝛾𝑗 are defined as: 

𝛾𝑗 = ∑ (
𝑘
𝑗

) 𝛾𝑘  ( √𝑥0
𝑛 )

𝑘−𝑗
+∞

𝑘=𝑗

 (2.2.3) 

and are finite, since 𝑥0 is in the convergence radius of function 𝑓. Let the convergence 

radius for (2.2.2) with respect to √𝑥
𝑛

− √𝑥0
𝑛

 be 𝑇1 ∈ ℝ, 𝑇1 > 0. Moreover, if we 

choose 𝑥1 ≠ 𝑥0, 0 < 𝑥1 < 𝑇0
𝑛 and repeat the procedure, then: 
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∑ 𝛾𝑗 ( √𝑥
𝑛

− √𝑥0
𝑛 )

𝑗
+∞

𝑗=0

= ∑ 𝛾̃𝑗 ( √𝑥
𝑛

− √𝑥1
𝑛 )

𝑗
+∞

𝑗=0

, (2.2.4) 

for such 𝑥 with which both sides converge.  

 Thus, the above technique can be used to extend the convergence area of a 

function expressible as the Caputo fractional power series by rewriting it in a different 

basis  ( √𝑥
𝑛

− √𝑥𝑘
𝑛 )

𝑗
, 𝑘 = 0,1, … 

 We note that the Caputo differentiation operator (1.4.9) is defined only for the 

basis ( √𝑥
𝑛

)
𝑗
 in the neighborhood of 𝑥 = 0; therefore, all the computations will be first 

executed in this neighborhood, and then extended to the entire function domain by 

using the technique presented above. 

Preliminaries: Generalized differential operator technique 

 A brief description of the generalized differential operator technique [31; 32], 

used in this paper for the construction of the series solutions to ODEs, is given 

below. 

 Consider the following ODE: 
ⅆ𝑧

ⅆ𝑡
= 𝑃(𝑡, 𝑧);   𝑧(𝑐) = 𝑠;   𝑐, 𝑠 ∈ ℝ, (2.2.5) 

where 𝑃 is an arbitrary analytic function. The generalized differential operator can be 

defined for (2.2.5) as follows [33]: 

𝐃𝑐𝑠 = 𝐃𝑐 + 𝑃(𝑐, 𝑠)𝐃𝑠, (2.2.6) 

where 𝐃𝜆 is the partial differentiation operator with respect to 𝜆. 

 Then, solution to (2.2.5) can be written in the series form as follows [31]: 

𝑧(𝑡, 𝑐, 𝑠) = ∑
(𝑡 − 𝑐)𝑗

𝑗!
𝑝𝑗(𝑐, 𝑠)

+∞

𝑗=0

= ∑
(𝑡 − 𝑐)𝑗

𝑗!
𝐃𝑐𝑠

𝑗
𝑠

+∞

𝑗=0

. (2.2.7) 

Novel methodology and results 

The following Caputo fractional differential equation is considered:  

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑄𝑚(𝑦𝑛), (2.2.8) 

where 𝑦𝑛 = 𝑦𝑛(𝑥) =  ∑ 𝑣𝑗𝑤𝑗
(𝑛)+∞

𝑗=0 ∈ 𝔽 
𝐶

𝑛
 , and 𝑄𝑚 is an arbitrary 𝑚-th order 

polynomial: 

𝑄𝑚(𝑦𝑛) = ∑ 𝑎𝑘𝑦𝑛
𝑘

𝑚

𝑘=0

;   𝑚 ∈ ℕ, 𝑎𝑚 ≠ 0, 𝑎𝑘 ∈ ℂ. (2.2.9)  

Firstly, by using the techniques similar to the ones presented in the previous 

paper, it is shown that (2.2.8) can be reduced to the following ODE: 

ⅆ𝑦̂𝑛

ⅆ𝑡
= 𝑛 (𝑡𝑛−1𝑄𝑚(𝑦̂𝑛) + ∑

𝑣𝑗

Γ (
𝑗
𝑛 + 1)

𝑡𝑗−1

𝑛−1

𝑗=1

) , (2.2.10) 
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where 𝑦𝑛(𝑥) = 𝑦̂𝑛( √𝑥
𝑛

). 

 The application of the generalized differential operator technique, described 

above, as well as the relation 𝑦𝑛(𝑥) = 𝑦̂𝑛( √𝑥
𝑛

) yields the following theorem: 

 

Theorem 2.2.1. Consider the following Cauchy initial value problem: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑄𝑚(𝑦𝑛), (2.2.11) 

𝑦𝑛(𝑥0) = 𝑢0;   𝑥0 ∈ ℝ, 𝑥0 ≥ 0, (2.2.12) 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑘

𝑦𝑛|

𝑥=0

= 𝑣𝑘;   𝑘 = 1, … 𝑛 − 1. (2.2.13) 

 

CFDE (2.2.11)-(2.2.13) has the following fractional power series solution: 

𝑦𝑛(𝑥; 𝑥0, 𝑢0, 𝑣1, … 𝑣𝑛−1) = ∑
 ( √𝑥

𝑛
− √𝑥0

𝑛 )
𝑗

𝑗!
𝑝𝑗( √𝑥0

𝑛 , 𝑢0)

+∞

𝑗=0

, (2.2.14), 

where 

𝑝𝑗(𝑐, 𝑠) = 𝐃𝑐𝑠
𝑗

𝑠 = (𝐃𝑐 + 𝑛 (𝑐𝑛−1𝑄𝑚(𝑠) + ∑
𝑣𝑗

Γ (
𝑗
𝑛 + 1)

𝑐𝑗−1

𝑛−1

𝑗=1

) 𝐃𝑠)

𝑗

𝑠, (2.2.15) 

if 𝑥 satisfies | √𝑥
𝑛

− √𝑥0
𝑛 | < 𝑇𝑥0

, where 𝑇𝑥0
> 0 is the convergence radius of (2.2.14).  

 

End of theorem 

 

We note that the obtained solution (2.2.14) can be extended by using the 

Riemann extension algorithm for Caputo functions, discussed above, by following 

these steps: 

1. Choose a sequence 𝑥1, 𝑥2, …, such that 0 < 𝑥0 < 𝑥1 < 𝑥2 < ⋯. 

2. Compute 𝑢1, 𝑢2, … as: 

𝑢𝑟+1 = 𝑦𝑛(𝑥𝑟+1; 𝑥𝑟 , 𝑢𝑟, 𝑣1, … 𝑣𝑛−1), 𝑟 = 0,1, … 

3. Solution to (2.2.11)-(2.2.13) can be written as follows for any 𝑟: 

𝑦𝑛(𝑥; 𝑥0, 𝑢0, 𝑣1, … 𝑣𝑛−1) = 𝑦𝑛(𝑥; 𝑥𝑟 , 𝑢𝑟, 𝑣1, … 𝑣𝑛−1), 

 for | √𝑥
𝑛

− √𝑥𝑟
𝑛 | < 𝑇𝑥𝑟

, 𝑇𝑥𝑟
> 0. 

 

We also note that the aforementioned results can be extended to analytic 

functions by taking 𝑄𝑚(𝑦𝑛) = ∑ 𝑎𝑘𝑥𝑘+∞
𝑘=0 . 

In order to enhance the understanding and application of the CFDEs, the 

feasibility of the extension of the solutions to CFDE (2.2.11)-(2.2.13) to the negative 

values of argument 𝑥 was further explored. We note that such a possibility has not 

been reported previously since such extension is not possible when considering the 

original integral-based definition of the Caputo fractional derivative (1.2.2), as the 
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integral is defined only for the non-negative values of 𝑥. If, however, the Caputo 

fractional differentiation operator is defined via the concept of a fractional power 

series (see Section 1.4), then the extension of solutions to the negative half-line is 

possible. It results in complex-valued fractional power series which shall be defined 

below.  

Let us consider the following extension of the fractional power series basis 

functions (1.4.2) (see Section 1.4): 

(𝑤𝑗
(𝑛)

)
𝑘

=
( √|𝑥|𝑛

)
𝑗

Γ (
𝑗
𝑛

+ 1)
exp (𝑖𝑗

𝑎𝑟𝑔(𝑥) + 2𝜋𝑘

𝑛
) , (2.2.16) 

where 𝑥 ∈ ℝ;  𝑘 = 0,1, … 𝑛 − 1; 𝑗 = 0,1, …; √|𝑥|𝑛
 is the real root and 𝑖 is the complex 

unit. We note that the basis obtained with 𝑘 = 0 coincides with the basis defined in 

Section 1.4 (for 𝑥 ≥ 0), while (𝑤𝑗
(𝑛)

)
𝑘

 for 𝑘 = 1,2, … , 𝑛 − 1 are complex-valued 

functions. Then, the Caputo fractional power series (1.4.1) can be extended into 𝑛 

complex-valued series as follows: 

𝑓𝑘(𝑥) = ∑ 𝑣𝑗 (𝑤𝑗
(𝑛)

)
𝑘

;

+∞

𝑗=0

 𝑘 = 0, … 𝑛 − 1. (2.2.17) 

 When using (2.2.16) and (2.2.17), solution (2.2.14) to CFDE (2.2.11)-

(2.2.13) can be extended into a complex plane as follows: 

(𝑦𝑛(𝑥; 𝑥0, 𝑢0, 𝑣1, … 𝑣𝑛−1))
𝑘

= 

= ∑
 ( √|𝑥|𝑛

− √|𝑥0|𝑛
)

𝑗

𝑗!
(𝜆𝑗

(𝑘)
(|𝑥0|, 𝛼, 𝑢0

(0)
) + 𝑖𝜇𝑗

(𝑘)
(|𝑥0|, 𝛼, 𝑢0

(0)
)) ,

+∞

𝑗=0

(2.2.18) 

where 

𝜆𝑗
(𝑘)

(|𝑥0|, 𝛼, 𝑢0
(0)

) = Re ((𝛽𝑛
(𝑘)(𝛼))

𝑗

𝑝𝑗 ( √|𝑥0|𝑛
𝛽𝑛

(𝑘)(𝛼), 𝑢0)) ; (2.2.19) 

𝜇𝑗
(𝑘)

(|𝑥0|, 𝛼, 𝑢0
(0)

) = Im ((𝛽𝑛
(𝑘)(𝛼))

𝑗

𝑝𝑗 ( √|𝑥0|𝑛
𝛽𝑛

(𝑘)(𝛼), 𝑢0)) ; (2.2.20) 

𝛼 = arg(𝑥0) ; 𝛽𝑛
(𝑘)

(𝛼) = exp (𝑖
𝛼 + 2𝜋𝑘

𝑛
) . (2.2.21) 

Expression (2.2.18) allows to consider solutions to (2.2.11)-(2.2.13) for 𝑥 <
 0, which are complex and multi-valued (𝑛 solutions corresponding to the number of 

unique roots to √𝑥
𝑛

). 

In order to extend a particular solution from (2.2.18), corresponding to 𝑘th 

branch of root √𝑥
𝑛

, to the whole real line, the procedure described earlier (based on 

the Riemann extension algorithm for Caputo functions) is modified as follows:  

1. Choose two sequences … < 𝑥−𝑟 < ⋯ < 𝑥−1 < 0 and 0 < 𝑥1 < 𝑥2 < ⋯  

2. Compute two sequences 𝑢−𝑟
(𝑘)

 and  𝑢𝑟
(𝑘)

  as: 
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𝑢𝑟+1
(𝑘)

= (𝑦𝑛 (𝑥𝑟+1; 𝑥𝑟, 𝑢𝑟
(𝑘)

, 𝑣1, … 𝑣𝑛−1))
𝑘

, 𝑟 = 0,1, … 

𝑢−𝑟−1
(𝑘)

= (𝑦𝑛 (𝑥−𝑟−1; 𝑥−𝑟, 𝑢−𝑟
(𝑘)

, 𝑣1, … 𝑣𝑛−1))
𝑘

, 𝑟 = 0,1, … 

3. The solution to (2.2.11)-(2.2.13) corresponding to 𝑘th branch of root √𝑥
𝑛

 

reads as follows: 

(𝑦𝑛(𝑥))
𝑘

= (𝑦𝑛 (𝑥; 𝑥𝑟, 𝑢𝑟
(𝑘)

, 𝑣1, … 𝑣𝑛−1))
𝑘

, 𝑟 = 0, ±1, ±2, … 

We note that the sequences … < 𝑥−𝑟 < ⋯ < 𝑥−1 < 0 and 0 < 𝑥1 < 𝑥2 < ⋯ 

have to be chosen in such a way that the resulting series would be convergent in ℝ 

and ℂ. We also note that the functions (𝑦𝑛(𝑥))
𝑘

 are non-differentiable at 𝑥 = 0, since 

it is a branching point for the solution.  

Computational experiments illustrating the proposed techniques are provided by 

using the following fractional Riccati equation as an example: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦 = 2𝑦2 − 5𝑦 − 3. (2.2.22) 

Let 𝑛 = 2, 𝑥0 = 0 and  

𝑦(0) = 𝑢0;  𝐃 
𝐶

𝑥

(
1
2

)
𝑦|

𝑥=0

= 𝑣1;   𝑢0, 𝑣1 ∈ ℝ. (2.2.23) 

 The solutions to the resulting initial value problem are constructed via the 

technique outlined above and depicted in Fig. 2.2.1. We note that two solutions exist, 

since √𝑥 has two branches. The solutions corresponding to two different values of 𝑣1 

are presented in Fig. 2.2.2. It can be seen that, as 𝑣1 approaches zero, the solutions to 
(2.2.22) at 𝑛 = 2 approach the solution to (2.2.22) at 𝑛 = 1, i.e., the solution to the 

fractional CFDE approaches the solution to the ODE (the classical Riccati equation), 

which coincides with the results presented in the earlier paper.  

 

  
(a) (b) 

Fig. 2.2.1. Solutions to (2.2.22)-(2.2.23) for 𝒏 = 𝟐, 𝒖𝟎 =
𝟐

𝟓
, 𝒗𝟏 = 𝟓. Real and 

imaginary parts of the solutions are depicted in parts (a) and (b), respectively. Solid 

green and dashed blue lines denote solutions corresponding to different branches of 

√𝒙 
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(a) (b) 

Fig. 2.2.2. Solutions to (2.2.22)-(2.2.23) for 𝒏 = 𝟐, 𝒖𝟎 =
𝟐

𝟓
. Parts (a) and (b) 

correspond to initial conditions 𝒗𝟏 = 𝟓 and 𝒗𝟏 = 𝟏, respectively. Solid green and 

dashed blue lines denote solutions corresponding to different branches of √𝒙. Black 

line depicts the solution to (2.2.22) at 𝒏 = 𝟏, i.e., the solution to the classical 

Riccati ODE  

Let 𝑛 = 3, 𝑥0 = 0 and  

𝑦(0) = 𝑢0;  𝐃 
𝐶

𝑥

(
1
3

)
𝑦|

𝑥=0

= 𝑣1;  ( 𝐃 
𝐶

𝑥

(
1
3

)
)

2

𝑦|

𝑥=0

= 𝑣2;    𝑢0, 𝑣1, 𝑣2 ∈ ℝ. (2.2.24) 

 The solutions to the resulting initial value problem are displayed in Fig. 2.2.3. 

In this case, there are three solutions: one real-valued, and two complex-valued. The 

solutions, corresponding to different values of 𝑣1 and 𝑣2, are depicted in Fig. 2.2.4. 

 

  
(a) (b) 

Fig. 2.2.3. Solutions to (2.2.22)-(2.2.23) for 𝒏 = 𝟑, 𝒖𝟎 =
𝟐

𝟓
, 𝒗𝟏 = −𝟏, 𝒗𝟐 =

𝟏

𝟏𝟎
. 

The real and imaginary parts of the solutions are depicted in parts (a) and (b), 

respectively. Dashed blue and solid green and red lines denote solutions 

corresponding to different branches of √𝒙𝟑
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(a) (b) 

Fig. 2.2.4. Solutions to (2.2.22)-(2.2.23) for 𝒏 = 𝟑, 𝒖𝟎 =
𝟐

𝟓
. Parts (a) and (b) 

correspond to initial conditions 𝒗𝟏 = −𝟏, 𝒗𝟐 =
𝟏

𝟏𝟎
 and 𝒗𝟏 = −

𝟏

𝟐
, 𝒗𝟐 =

𝟏

𝟐
, 

respectively. Dashed blue and solid green and red lines denote solutions 

corresponding to different branches of √𝒙
𝟑

. Black line depicts the solution to 
(2.2.22) at 𝒏 = 𝟏, i.e., the solution to the classical Riccati ODE  

 

Conclusions 

In this paper, the concept of the Caputo fractional power series is used for the 

analysis of Caputo fractional differential equations with polynomial nonlinearity 

(2.2.8). It has been proven that such CFDE can be reduced to an integer-order ODE 
(2.2.10). The derived ODE can then be used to obtain the solution to the original 

CFDE in the form of fractional power series (2.2.14). The resulting solution can be 

extended by using Riemann extension techniques adapted to fractional power series 

to facilitate the analysis of the solution at a neighborhood different than the origin 

𝑥 =  0.  

Moreover, an extension of the concept of fractional power series to the negative 

half-line has been presented. Such an extension can be applied to extend the solution 

of the CFDE to the entire real line, including the negative values of 𝑥. This possibility 

has not been reported previously. As demonstrated by the theoretical derivations as 

well as computational experiments, such a solution to CFDE is complex and multi-

valued (𝑛 solutions, where 𝑛 is is the denominator of the fractional differentiation 

order) for negative values of 𝑥. 
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2.3. Review of An Operator-Based Scheme for the Numerical Integration of FDEs 

2.3.1. Paper details 

Title: An Operator-Based Scheme for the Numerical Integration of FDEs 

Authors: Inga Timofejeva (now Telksnienė), Zenonas Navickas, Tadas 

Telksnys, Romas Marcinkevičius, and Minvydas Ragulskis 

To be cited as: Timofejeva, Inga, et al. An Operator-Based Scheme for the 

Numerical Integration of FDEs. Mathematics 9.12 (2021): 1372. 

 

Input from I.Telksnienė: I. Telksnienė formalized the preliminary version of the 

operator-based scheme for the numerical integration of FDEs, performed most of the 

symbolic and numerical calculations, and was responsible for writing the manuscript 

text. 

 

2.3.2. Summary of the paper 

Objective of the paper 

 This paper aims to utilize the techniques established in the previous paper to 

develop a semi-analytical scheme for the construction of approximate solutions to 

CFDEs. 

Methodology and results 

The techniques, presented in the previous paper, are combined to create a 

preliminary framework of the semi-analytical scheme for the construction of 

approximate solutions to CFDEs of the following type: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦 = 𝑄𝑚(𝑦), (2.3.1) 

𝑦(𝑥0) = 𝑢0;   𝑥0 ∈ ℝ, 𝑥0 ≥ 0, (2.3.2) 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑘

𝑦|

𝑥=0

= 𝑣𝑘;   𝑘 = 1, … 𝑛 − 1, (2.3.3) 

where 𝑄𝑚(𝑦) = ∑ 𝑎𝑘𝑥𝑘+∞
𝑘=0  is an arbitrary analytic function. 

 The steps of the semi-analytical integration scheme are as follows: 

1. Select values of the following parameters: the order of the approximation 𝑁, 

the upper bound of the independent variable 𝐿. 

2. Transform CFDE (2.3.1)-(2.3.3) into the characteristic ODE by using the 

procedure outlined in the previous paper: 
ⅆ𝑦̂

ⅆ𝑥
= 𝑃(𝑦̂, 𝑣1, … , 𝑣𝑛−1); (2.3.4) 

𝑦̂(𝑐0) = 𝑠0, (2.3.5) 

where 𝑐0 = √𝑥0
𝑛 , 𝑠0 = 𝑢0. 



32 

 

3. Compute the analytic expressions of coefficients 𝑝𝑗(𝑐, 𝑠) (𝑗 = 0, … 𝑁) in the 

approximate truncated series solution (the exact solution is obtained if the 

series goes to +∞) 

𝑦̂𝑁(𝑥, 𝑐, 𝑠) = ∑
(𝑥 − 𝑐)𝑗

𝑗!
𝑝𝑗(𝑐, 𝑠)

𝑁

𝑗=0

 (2.3.6) 

to ODE (2.3.4)-(2.3.5) as follows: 

𝑝𝑗(𝑐, 𝑠) = 𝐃𝑐𝑠
𝑗

𝑠 =

= (𝐃𝑐 + 𝑛 (𝑐𝑛−1𝑄𝑚(𝑠) + ∑
𝑣𝑗

Γ (
𝑗
𝑛 + 1)

𝑐𝑗−1

𝑛−1

𝑗=1

) 𝐃𝑠)

𝑗

𝑠.
(2.3.7) 

4. Repeat the following steps until the upper bound 𝐿 is reached (𝑘 = 0,1, …): 

• Evaluate coefficients 𝑝𝑗(𝑐𝑘 , 𝑠𝑘), 𝑗 = 0,1, … , 𝑁. 

• Find the lowest value of 𝑥 at which a pre-selected error tolerance 

criteria is violated. 

• Compute the new initial values: 

𝑐𝑘+1 = 𝑥 − 𝜀;  𝑠𝑘+1 = 𝑦̂𝑁(𝑐𝑘+1, 𝑐𝑘 , 𝑠𝑘), (2.3.8) 

where 𝜀 is an arbitrary small number. 

5. Merge the obtained segments of the numerical solution to the ODE (2.3.4)-

(2.3.5) to form the piecewise-polynomial approximation 𝑦̂𝑁(𝑥): 

𝑦̂𝑁(𝑥) = 𝑦̂𝑁(𝑥, 𝑐𝑘 , 𝑠𝑘),   𝑐𝑘 ≤ 𝑥 < 𝑐𝑘+1,    𝑘 = 0,1, … (2.3.9) 

6. Construct the semi-analytical approximation of the solution to the CFDE 

(2.3.1)-(2.3.3) by applying 𝑦𝑁(𝑥) = 𝑦̂𝑁( √𝑥
𝑛

). 

Naturally, in order to apply the scheme described above, it is necessary to devise 

a step-size ℎ𝑘 = 𝑐𝑘 − 𝑐𝑘−1 selection strategy which would ensure a desired level of 

computational errors between the exact and the estimated solutions. For that purpose, 

the following numerical investigation is performed: 

a) CFDE with a known analytic closed-form solution is selected: 

𝑥 ( 𝐃 
𝐶

𝑥

(
1
2

)
)

2

𝑦 = 1 − 2𝑦 + 𝑦2; (2.3.10) 

𝑦(1) = 1;  𝐃 
𝐶

𝑥

(
1
2

)
𝑦|

𝑥=0

= −1. (2.3.11) 

It can be shown (by using the technique presented in the previous paper) that 
(2.3.10)-(2.3.11) can be reduced to ODE: 

ⅆ𝑦̂

ⅆ𝑥
=

2(1 − 2𝑦̂ + 𝑦̂2)

𝑥
−

2

√𝜋
; (2.3.12) 

𝑦̂(1) = 1; 𝑦̂ = 𝑦̂(𝑥); 𝑦̂(√𝑥) = 𝑦(𝑥), (2.3.13) 

which has the following analytic closed-form solution [1]: 
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𝑦̂(𝑥) =
𝛾1(𝑌1(𝛾1)𝐽1(𝛾2) − 𝐽1(𝛾1)𝑌1(𝛾2))

4(𝑌0(𝛾1)𝐽1(𝛾2) − 𝐽0(𝛾1)𝑌1(𝛾2))
+ 1, (2.3.14) 

where 𝛾1 = 4√−
𝑥

√𝜋
, 𝛾2 = 4√−

1

√𝜋
; 𝐽𝛽(𝑥) and 𝑌𝛽(𝑥) are Bessel functions of 

the first and second kind, respectively. Despite the fact that 𝛾1, 𝛾2 are complex, 

the solution 𝑦̂(𝑥) is real. 

b) Parameters values 𝑁 = 6 and 𝛿 = 10−5 are selected for the numerical 

investigation, performed below, where 𝑁 is the order of the approximation, 

and 𝛿 is the maximal allowed level of computational errors. 

c) Piecewise-polynomial approximation 𝑦̂𝑁(𝑥) of (2.3.12)-(2.3.13) is 

computed by using the scheme presented above. The step-size of 𝑥 in the 

fourth step of the procedure is selected in such a way that the absolute errors 

between the approximate solution and the exact solution (2.3.14) would not 

exceed 𝛿. The final piecewise-polynomial approximation 𝑦̂𝑁(𝑥)  (2.3.12)-

(2.3.13) is depicted in Fig. 2.3.1. 

 

Fig. 2.3.1. Grey and black solid lines correspond to the exact solution (2.3.14) and 

the piecewise-polynomial approximation to (2.3.12)-(2.3.13), respectively (𝑵 = 𝟔, 

𝜹 = 𝟏𝟎−𝟓). The parts of the approximate solution obtained at different steps are 

separated by black dashed lines. Circled digits denote the step number 

 

d) The relation between the step-size ℎ𝑘 and the change in the approximate 

solution 𝑦̂𝑁(𝑥) at each step is approximated via the following linear 

regression equation: 

Δ𝑦̂𝑁 = 𝜅0
(𝑁)

+ 𝜅1
(𝑁)

ℎ. (2.3.15) 
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For this instance (𝑁 = 6), the equation reads: Δ𝑦̂𝑁 = 0.26572 −
 0.29293ℎ. 

The empirical results obtained in the course of this numerical investigation can 

be incorporated into the semi-analytical integration scheme, presented earlier for the 

adaptive selection of the step-size. For example, the step “Find the lowest value of 𝑥 

at which the pre-selected error tolerance criterion is violated” could be reformulated 

as:  

“Find the lowest value of 𝑥 at which at least one of the following conditions is 

violated: 

ℎ𝑘(𝑥) = 𝑥 − 𝑐𝑘 ≤ ℎ(𝑈); (2.3.16) 

Δ𝑦̂𝑁
(𝑘)(𝑥) = max

𝑐𝑘≤𝑥̃≤𝑥
𝑦̂𝑁 (𝑥̃, 𝑐𝑘 , 𝑠𝑘) − max

𝑐𝑘≤𝑥̃≤𝑥
𝑦̂𝑁 (𝑥̃, 𝑐𝑘 , 𝑠𝑘) ≤ Δ𝑦̂𝑁

(𝑈)
; (2.3.17) 

Δ𝑦̂𝑁
(𝑘)(𝑥) ≤ κ0

(𝑁)
+ κ1

(𝑁)
ℎ𝑘(𝑥), (2.3.18) 

where ℎ(𝑈) and Δ𝑦̂𝑁
(𝑈)

 are the upper bounds for the step-size and the change in the 

numerical solution, which can be derived from the previous numerical investigation 

as the highest values of ℎ and Δ𝑦̂𝑁 on the regression line.” 

The semi-analytical scheme for the construction of approximate solutions to 

CFDEs together with the technique for the adaptive selection of the step-size, as 

presented earlier, are then applied to the following CFDE: 

𝑥 ( 𝐃 
𝐶

𝑥

(
1
2

)
)

2

𝑦 = 1 − 2𝑦 + 𝑦2 − 𝑦3; (2.3.19) 

𝑦(1) = 1;  𝐃 
𝐶

𝑥

(
1
2

)
𝑦|

𝑥=0

= −1. (2.3.20) 

We note that the exact solution to (2.3.19)-(2.3.20) cannot be expressed in a 

closed form. The results of the applied techniques are displayed in Fig. 2.3.2.   

It is important to note that the technique for the selection of the step-size, as 

outlined above, serves as an example and would need considerable refinement for the 

application in the general case since the parameters ℎ(𝑈), Δ𝑦̂𝑁
(𝑈)

, 𝜅0
(𝑁)

, 𝜅1
(𝑁)

 are based 

on only one empirical experiment with respect to a specific CFDE (2.3.10)-(2.3.11). 

A development of a more efficient and robust step-size selection strategy as well as a 

comparison of the proposed framework with the already established semi-analytical 

and numerical techniques for the integration of CFDEs remains a definite objective of 

future research.  
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Fig. 2.3.2. Application of the semi-analytical FDE integration scheme to (2.3.19)-

(2.3.20). Part (a) depicts the numerical solution to the characteristic ODE (𝑵 =
 𝟔, 𝑳 = 𝟑, 𝜹 =  𝟏𝟎−𝟓). Parts of the approximate solution obtained at different steps 

are separated by black dashed lines. Circled digits denote the step number. Part (b) 

displays the piecewise-polynomial approximation to the initial FDE (2.3.19)-
(2.3.20) 

Conclusions 

 In this paper, the concepts and techniques developed in the previous study have 

been utilized in order to develop a preliminary framework of the semi-analytical 

scheme for the construction of piecewise-polynomial approximate solutions to CFDEs 

of the type (2.3.1)-(2.3.3). A numerical investigation using a CFDE with a known 

analytic closed-form solution is performed to analyze the relation between the order 

of approximation, its accuracy, the change in the approximate solution, and the step-

size of the algorithm. Further theoretical and empirical findings from the investigation 

of these relations could potentially be used to develop a robust and efficient technique 

for the adaptive selection of the step-size, which could be incorporated into the 

presented integration scheme. Other directions in future studies could also explore a 

modification of the scheme so that to allow the use of any numerical integration 

method during the solution of the characteristic ODE. Although this alteration would 

transform the scheme into a purely numerical one and pose challenges in adjusting the 

timescale (since the approximation would no longer be a polynomial function), it 

could open up new possibilities in applying the already available results. 
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2.4. Review of The Construction of Solutions to 𝑫 
𝑪

 
(𝟏/𝒏) Type FDEs via Reduction 

to ( 𝑫 
𝑪

 
(

𝟏

𝒏
)
)

𝒏

Type FDEs 

2.4.1. Paper details 

Title: The Construction of Solutions to 𝐃 
𝐶

 
(1/𝑛) Type FDEs via Reduction to 

( 𝐃 
𝐶

 
(

1

𝑛
)
)

𝑛

Type FDEs  

Authors: Romas Marcinkevičius, Inga Telksnienė, Tadas Telksnys, Zenonas 

Navickas, and Minvydas Ragulskis 

To be cited as: Marcinkevicius, Romas, et al. The Construction of Solutions to 

𝐃 
𝐶

 
(1/𝑛) Type FDEs via Reduction to ( 𝐃 

𝐶
 
(

1

𝑛
)
)

𝑛

Type FDEs. AIMS Mathematics 7.9 

(2022): 16536–16554, doi: 10.3934/math.2022905. 

 

Input from I.Telksnienė: I. Telksnienė formalized and generalized the ideas of 

Z. Navickas and T. Telksnys, assisted R. Marcinkevičius with computer algebra 

computations, prepared all the necessary computational examples, drafted and refined 

the manuscript text, and corresponded with the editorial office. 

2.4.2. Summary of the paper 

Objective of the paper 

 This paper aims to expand the methodologies for the construction of fractional 

power series solutions, presented in the previous papers, to a more general class of 

equations, specifically, 𝐃 
𝐶

𝑥

(
1

𝑛
)
 type CFDEs: 

𝐃 
𝐶

𝑥

(
1
𝑛

)
𝑦(𝑥) = 𝐺(𝑥, 𝑦), 

where 𝐺(𝑥, 𝑦) is an analytic function. 

Methodology and results  

 In the previous studies, the focus has been on the analysis of the ( 𝐃𝑥 
𝐶

 

(
1

𝑛
)
)

𝑛

type 

CFDEs: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦(𝑥) = 𝐹(𝑥, 𝑦), (2.4.1) 

where 𝐹(𝑥, 𝑦) is an analytic function. While these investigations have yielded 

substantial theoretical insights, their applicability in practical scenarios is quite 

limited. This study seeks to bridge this gap by illustrating that the methodologies 
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previously developed for the ( 𝐃𝑥 
𝐶

 

(
1

𝑛
)
)

𝑛

type CFDEs can be utilized for the 

construction of solutions to the more general and applicable 𝐃 
𝐶

𝑥

(
1

𝑛
)
 type CFDEs: 

𝐃 
𝐶

𝑥

(
1
𝑛

)
𝑦(𝑥) = 𝐺(𝑥, 𝑦), (2.4.2), 

where 𝐺(𝑥, 𝑦) is an analytic function. 

 It has been demonstrated in this paper that (2.4.2) can be transformed into 

(2.4.1) if specific conditions hold true, which can then be solved by applying the 

previously developed techniques.  

 Without the loss of generality and for the sake of simplicity, the order of the 

Caputo derivative is set to 𝛼 =
1

2
 for the remainder of this paper. Nevertheless, the 

findings outlined here can be readily generalized to any order 𝛼 =
1

𝑛
, 𝑛 ∈ ℕ.  

For the clarity of presentation, this paper focuses on applying the described 

scheme to Riccati-type FDEs. Nonetheless, similar analytical and numerical 

computations can be performed for a general CFDE of type (2.4.2).  

The following theorem is outlined and proven in this paper. 

 Theorem 2.4.1. Consider the following two Cauchy problems: 

First CFDE: 

𝐃 
𝐶

𝑥

(
1
2

)
𝑦1 = 𝑎2𝑦1

2 + 𝑎1𝑦1 + 𝑎0 + 𝛷(𝑥);

𝑦1(0) = 𝛾0,
 (2.4.3) 

where 𝑎2, 𝑎1, 𝑎0, 𝛾0 ∈ ℝ, and 𝛷(𝑥) is an arbitrary fractional power series: 

𝛷(𝑥) = ∑ 𝜙𝑗𝑤𝑗
(2)

+∞

𝑗=1

∈ 𝔽 
𝐶

2
 , 𝜙𝑗 ∈ ℝ. (2.4.4) 

Second CFDE: 

( 𝐃𝑥 
𝐶

 

(
1
2

)
)

2

𝑦2 = 𝑏3𝑦2
3 + 𝑏2𝑦2

2 + 𝑏1𝑦2 + 𝛹(𝑥);

𝑦2(0) = 𝜆0;    𝐃 
𝐶

𝑥

(
1
2

)
𝑦2|

𝑥=0

= 𝜆1,

(2.4.5) 

where 𝑏3, 𝑏2, 𝑏1, 𝜆0, 𝜆1 ∈ ℝ, and  𝛹(𝑥) is an arbitrary fractional power series: 

𝛹(𝑥) = ∑ 𝜓𝑗𝑤𝑗
(2)

+∞

𝑗=0

∈ 𝔽 
𝐶

2
 , 𝜓𝑗 ∈ ℝ. (2.4.6) 

Cauchy problems (2.4.3) and (2.4.5) have the same solution 𝑦1 = 𝑦2 = 𝑦 =

∑ 𝛾𝑗𝑤𝑗
(2)+∞

𝑗=0  if the following relations hold true: 

𝛹(𝑥) = 𝐃 
𝐶

𝑥

(
1
2

)
𝛷(𝑥) + 𝑎2𝛩𝑦1

(𝑥) + 2𝑎2𝑦1𝛷(𝑥) + 𝑎1(𝑎0 + 𝛷(𝑥)); (2.4.7) 

𝑏3 = 2𝑎2
2;

𝑏2 = 3𝑎1𝑎2;

𝑏1 = 𝑎1
2 + 2𝑎0𝑎2;

(2.4.8) 
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𝜆0 = 𝛾0;    𝜆1 = 𝑎2𝛾0
2 + 𝑎1𝛾0 + 𝑎0, (2.4.9) 

where 

𝛩𝑦1
(𝑥) = ∑ 𝜃𝑗𝑤𝑗

(2)

+∞

𝑗=0

;   𝜃0 = 0, 

𝜃𝑗 = ∑
1

Γ (
𝑘
2 + 1)

𝑗

𝑘=1

(
Γ (

𝑗 + 3
2 )

Γ (
𝑗 − 𝑘 + 3

2 )
− 2

Γ (
𝑗
2 + 1)

Γ (
𝑗 − 𝑘

2 + 1)
) 𝛾𝑘𝛾𝑗−𝑘+1,  𝑗 = 1,2, …. 

End of theorem 

 

Theorem 2.4.1 allows to use techniques already developed in previous papers to 

solve (2.4.2) type CFDEs via the scheme displayed in Fig. 2.4.1. 

 

 

Fig. 2.4.1. Schematic diagram of the algorithm for transforming 𝐃 
𝑪

𝒙

(
𝟏

𝒏
)
 type CFDEs 

into ( 𝐃𝒙 
𝑪

 

(
𝟏

𝒏
)
)

𝒏

type CFDEs 
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The presented scheme (Fig. 2.4.1) is then applied to the following Cauchy 

problem for Riccati CFDE: 

𝐃 
𝐶

𝑥

(
1
2

)
𝑦 =

1

4
𝑦2 +

1

2
𝑦 −

1

3
;

𝑦(0) =
1

10
.

 (2.4.10) 

By using Theorem 2.4.1, (2.4.10) can be transformed into the following Cauchy 

problem:  

( 𝐃𝑥 
𝐶

 

(
1
2

)
)

2

𝑦 =
1

8
𝑦3 +

3

8
𝑦2 +

1

12
𝑦 + 𝛹(𝑥);

𝑦(0) =
1

10
;   𝐃 

𝐶
𝑥

(
1
2

)
𝑦|

𝑥=0

= −
337

1200
,

(2.4.11) 

where the coefficients of 𝛹(𝑥) = ∑ 𝜓𝑗𝑤𝑗
(2)+∞

𝑗=0  are obtained via (2.4.7). 

Next, by using the techniques, presented in the previous papers, (2.4.11) can be 

converted into the following ODE: 

ⅆ𝑦̂

ⅆ𝑡
= 2𝑡 (

1

8
𝑦̂3 +

3

8
𝑦̂2 +

1

12
𝑦̂ + 𝛹(𝑡2)) −

337

1200Γ (
3
2)

;  𝑦̂(0) =
1

10
, (2.4.12) 

where 𝑡 = √𝑥 and 𝑦̂ = 𝑦̂(𝑡) = 𝑦(𝑥). We note that the function 𝛹(𝑡2) is represented 

by an infinite power series with no known closed form. Thus, ODE (2.4.12) cannot 

be solved directly –  𝛹(𝑡2) should first be approximated, for example, by taking the 

first 𝑁 + 1 terms: 

ⅆ𝑦̃

ⅆ𝑡
= 2𝑡 (

1

8
𝑦̃3 +

3

8
𝑦̃2 +

1

12
𝑦̃ + ∑ 𝜓𝑗

𝑡2𝑗

Γ (1 +
𝑗
𝑛

)

𝑁

𝑗=0

) −
337

1200Γ (
3
2

)
;

𝑦̃(0) =
1

10
,

  (2.4.13) 

where 𝑦̃ tends to 𝑦̂ as 𝑁 tends to infinity. 

The approximate solution to (2.4.10) (semi-analytical or numerical, depending 

on the method) can now be obtained by solving (2.4.13) and applying 𝑦(𝑥) ≈ 𝑦̃(√𝑥). 

Fig. 2.4.2 displays the solutions to (2.4.13) and (2.4.10), respectively, for different 

values of 𝑁. These solutions are compared with a numerical solution to (2.4.10) 

computed via the direct Garrappa’s method [34]. It can be observed that that the 
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approximate solution obtained via the method presented in this paper approaches the 

Garrappa’s solution as 𝑁 increases. 

 

Fig. 2.4.2. Part (a) displays approximate solutions to ODE (𝟐. 𝟒. 𝟏𝟑) for different 

values of 𝑵. Part (b) depicts approximate solutions to CFDE (𝟐. 𝟒. 𝟏𝟎) for different 

values of 𝑵 as well as a numerical solution to (𝟐. 𝟒. 𝟏𝟎) computed via Garrappa’s 

method [34] (black solid line)  

Conclusions 

 In this paper, the concept of the Caputo fractional power series is used for the 

analysis and solution of 𝐃 
𝐶

𝑥

(
1

𝑛
)
 Caputo fractional differential equations (2.4.2). It has 

been shown that (2.4.2) type CFDEs can be transformed into ( 𝐃 
𝐶

 
(

1

𝑛
)
)

𝑛

 if specific 

conditions hold true, which can then be solved by applying the techniques developed 

in the previous papers. A computational example has been provided to demonstrate 

the application of the proposed technique. 
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3. CONCLUSIONS 

A completely novel approach for the analysis of Caputo fractional differential 

equations (CFDE) has been developed in the Thesis. This approach is based on the 

concept of the Caputo fractional power series and the algebraic realization of the 

Caputo fractional differentiation operator. Essentially, the presented methodology is 

a generalization of operator calculus from ordinary to fractional differential equations, 

thereby providing a completely fresh perspective on the construction of both 

numerical and analytical solutions to CFDEs. The application of the proposed 

approach to various types of CFDEs has yielded the following conclusions: 

 

1. Solutions to CFDEs of different orders exhibit a nested structure: higher-order 

Caputo fractional equations inherit some solutions from lower-order equations 

when a subset of initial conditions is set to zero. 

2. The Caputo fractional differential equation with polynomial nonlinearity (2.2.8) 

can be reduced to an integer-order ODE (2.2.10) by using the developed 

methodology.  

3. Solutions to the CFDEs can be extended to the negative half-line via the 

methodology presented in Section 2.2.2. Such solutions are complex and multi-

valued for negative values of 𝑥. 

4. The developed approach, based on the concept of the Caputo fractional power 

series, can be utilized for the construction of approximate solutions to the CFDEs, 

which results in a novel straightforward adaptive semi-analytical scheme. 

5. Type 𝐃 
𝐶

𝑥

(
1

𝑛
)
 CFDEs can be transformed into type ( 𝐃 

𝐶
 
(

1

𝑛
)
)

𝑛

 CFDEs if specific 

conditions (listed in Theorem 2.4.1) hold true, which can then be solved via the 

techniques presented in the Thesis.  
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4. SANTRAUKA 

4.1. Įvadas 

Diferencialinės lygtys – viena pamatinių matematikos šakų, pritaikoma 

daugelyje mokslo sričių (fizikoje, inžinerijoje, biologijoje, ekonomikoje ir kt.) 

modeliuojant bei analizuojant įvairius reiškinius.  

Pastaraisiais metais vis didesnis dėmesys skiriamas specifinei diferencialinių 

lygčių klasei – trupmeninės eilės diferencialinėms lygtims (TDL). Skirtingai nuo 

klasikinių diferencialinių lygčių, kuriose naudojamos sveikosios eilės išvestinės, TDL 

yra naudojamos trupmeninės eilės išvestinės, praplečiančios klasikinių 

diferencijavimo bei integravimo operatorių eilę iki realiųjų arba kompleksinių skaičių. 

Nuo trupmeninės išvestinės sąvokos atsiradimo XVII a. [10] iki šių dienų buvo 

suformuluota daugiau kaip dvidešimt apibrėžimų, realizuojančių trupmenines 

išvestines, kurių kiekvienas pasižymi unikaliomis savybėmis ir specifinėmis taikymo 

sritimis. Didžiausiu pritaikomumu modeliavimo srityje pasižymintiems trupmeninės 

išvestinės apibrėžimams būdinga nelokalumo savybė, t. y. priešingai nei klasikinės 

išvestinės, trupmeninės išvestinės reikšmė taške priklauso ne tik nuo funkcijos 

reikšmių to taško aplinkoje, bet ir nuo visų praėjusių funkcijos reikšmių. Ši savybė 

suteikia galimybę modeliuoti sistemas, pasižyminčias atminties arba paveldimumo 

efektais, kai dabartinė sistemos būsena priklauso nuo visų praeities būsenų. 

Šiame darbe nagrinėjamos trupmeninės eilės diferencialinės lygtys, 

formuluojamos naudojant vieną populiariausių trupmeninės eilės išvestinių – italų 

mokslininko M. Caputo pasiūlytą apibrėžimą [12]. Caputo trupmeninės eilės 

diferencialinės lygtys (CTDL) itin palankios modeliavimui ir sėkmingai taikomos 

fizikos (pvz., plazmos fizikos [12], optikos [13]), inžinerijos (pvz., viskoelastingumo 

[14]), biologijos (pvz., gamtos sistemų [15], aplinkos inžinerijos [16]), ekonomikos ir 

finansų (pvz., konkurencijos modelių [17]), sveikatos mokslų (pvz., epidemiologijos 

[18], neurobiologijos [19]) ir kt. srityse.  

Dėl plataus Caputo diferencialinių lygčių taikymo spektro šių lygčių tyrimas 

įvairiais metodais, tiek analitiniais, tiek skaitiniais, itin aktualus uždavinys. Taigi, 

pagrindinis šios disertacijos tikslas – sukurti naują pusiau analitinę schemą, skirtą 

Caputo trupmeninių diferencialinių lygčių sprendiniams konstruoti bei analizuoti, 

panaudojant Caputo trupmeninių laipsninių eilučių algebros koncepciją, pateiktą [1; 

2]. 

Šiam tikslui įgyvendinti buvo iškelti penki uždaviniai: 

1. Naujos metodologijos, skirtos ( D 
𝐶

 
(

1

𝑛
)
)

𝑛

  tipo Rikati CTDL sprendiniams 

konstruoti, sukūrimas bei sprendinių, išreikštų trupmeninėmis laipsninėmis 

eilutėmis, struktūros tyrimas. 

2. Metodologijos, skirtos CDTL sprendiniams konstruoti, išplėtimas, 

taikytinas platesnei klasei lygčių – ( D 
𝐶

 
(

1

𝑛
)
)

𝑛

 tipo CTDL su daugianario tipo 

netiesiškumu. 
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3. Analitinės metodologijos, leidžiančios išplėsti CTDL sprendinius į 

neigiamąją realiąją pusašę, sukūrimas ir šio plėtinio savybių tyrimas. 

4. Pusiau analitinės schemos, skirtos apytiksliams CTDL sprendiniams 

konstruoti, sukūrimas. 

5. Metodologijos, skirtos CDTL sprendiniams konstruoti, išplėtimas, 

taikytinas dar platesnės klasės netiesinėms lygtims – D 
𝐶

𝑥

(
1

𝑛
)
 tipo CDTL. 

 

Ši daktaro disertacija yra parengta mokslinių straipsnių rinkinio pagrindu, kur 

kiekvienas straipsnis atitinka vieno ar kelių aukščiau aprašytų uždavinių sprendimą. 

Pirmasis straipsnis „The fractal structure of analytical solutions to fractional Riccati 

equation“ atvėrė duris šiam tyrimui, kadangi jame buvo sukurta nauja metodologija, 

skirta specifinės Rikati tipo CTDL sprendiniams konstruoti. Pristatyti rezultatai buvo 

reikšmingai išplėtoti darbe „The extension of analytic solutions to FDEs to the 

negative half-line“, parodant, kad patobulinta metodologija gali būti panaudota ne tik 

Rikati tipo CTDL, bet ir platesnei klasei lygčių, pavyzdžiui, CTDL su daugianario 

tipo netiesiškumu. Kitas žingsnis, kurio rezultatai paskelbti straipsnyje „An operator-

based scheme for the numerical integration of FDEs“, buvo skirtas sukurtos 

metodikos pritaikymui kuriant pusiau analitinę schemą, skirtą apytiksliams CTDL 

sprendiniams konstruoti. Paskutiniame disertaciją sudarančiame straipsnyje „The 

construction of solutions to 𝐃 
𝐶

 
(1/𝑛) type FDEs via reduction to ( 𝐃 

𝐶
 
(

1

𝑛
)
)

𝑛

type FDEs“, 

sujungus visus ankstesnių tyrimų rezultatus, buvo sukurtas naujas metodas, skirtas dar 

platesnės klasės netiesinių CTDL sprendiniams konstruoti. 

4.2. Įvadas į Caputo trupmeninių laipsninių eilučių algebrą 

Kadangi disertacijoje yra naudojama Caputo trupmeninių laipsninių eilučių 

algebros koncepcija [1; 2], šiame skyriuje pateikiamos pagrindinės sąvokos, 

suteikiančios kontekstą disertaciją sudarančioms publikacijoms. 

Pažymėkime Caputo trupmeninės išvestinės eilę 𝛼 =
𝑘

𝑛
, čia 𝑘, 𝑛 ∈ ℕ ir 

gcⅆ(𝑘, 𝑛) = 1. Taip pat tarkime, kad 𝑥 ≥ 0.  

Toliau šiame darbe nagrinėsime funkcijas, išreikštas Caputo trupmeninėmis 

laipsninėmis eilutėmis, t. y. laipsninėmis eilutėmis, kurių elementai turi trupmeninius 

laipsnius: 

𝑓(𝑥) = ∑ 𝑣𝑗𝑤𝑗
(𝑛)

+∞

𝑗=0

, (4.2.1) 

čia 𝑣𝑗 ∈ ℝ yra eilutės koeficientai, o 𝑤𝑗
(𝑛)

, 𝑛 ∈ ℕ, 𝑗 = 0,1, … yra trupmeninės 

laipsninės eilutės 𝑛-tosios eilės bazinės funkcijos, apibrėžiamos tokiu būdu: 

𝑤𝑗
(𝑛)

=
𝑥

𝑗
𝑛

Γ (
𝑗
𝑛 + 1)

, 𝑗 = 0,1, … (4.2.2) 

 Caputo trupmeninių laipsninių eilučių aibė, atitinkanti parametrą 𝑛, žymima: 
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𝔽𝐶
𝑛
 = {∑ 𝑣𝑗𝑤𝑗

(𝑛)

+∞

𝑗=0

;    𝑐𝑗 ∈ ℂ} . (4.2.3) 

 Aibė 𝔽 
𝐶

𝑛
  su standartinėmis sudėties, daugybos iš skaliaro ir sandaugos 

operacijomis sudaro algebrą virš ℂ. Ši algebra vadinama Caputo algebra ir žymima: 

ℱ𝐶
𝑛
 = 〈 𝔽 

𝐶
𝑛
 ; +,⋅ |ℂ〉 (4.2.4) 

Caputo 
1

𝑛
-osios eilės trupmeninis diferencijavimo operatorius bazinėms 

funkcijoms 𝑤𝑗
(𝑛)

 yra apibrėžiamas tokiu būdu: 

𝐃𝐶
𝑥

(
1
𝑛

)
𝑤𝑗

(𝑛)
= {

0, 𝑗 = 0

𝑤𝑗−1
(𝑛)

, 𝑗 = 1,2, …
 (4.2.5) 

Tuomet funkcijos 𝑓(𝑥) = ∑ 𝑣𝑗𝑤𝑗
(𝑛)+∞

𝑗=0 ∈ 𝔽 
𝐶

𝑛
  Caputo 𝛼 =

𝑘

𝑛
-osios eilės 

trupmeninė išvestinė: 

𝐃𝐶
𝑥

(
𝑘
𝑛

)
𝑓(𝑥) = ( 𝐃 

𝐶
𝑥

(
1
𝑛

)
)

𝑘

𝑓(𝑥) = ∑ 𝑣𝑗+𝑘𝑤𝑗
(𝑛)

+∞

𝑗=0

∈ 𝔽 
𝐶

𝑛
 . (4.2.6) 

Svarbu pastebėti, kad šis Caputo trupmeninio diferencijavimo operatoriaus 

apibrėžimas sutampa su originaliu integraliniu apibrėžimu [2]. 

 

4.3. Svarbiausi darbo rezultatai 

Kadangi ši disertacija yra ginama mokslinių straipsnių rinkinio pagrindu, 

tolimesniuose poskyriuose pateikiamos disertaciją sudarančių publikacijų santraukos. 

4.3.1. Straipsnio „The fractal structure of analytical solutions to fractional 

Riccati equation“ rezultatų santrauka  

Straipsnio tikslas 

 Šiame straipsnyje:  

1. pristatyta nauja metodologija, skirta žemiau pateiktos Rikati tipo Caputo 

trupmeninės diferencialinės lygties sprendiniams konstruoti: 

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦(𝑥) = 𝑎2𝑦(𝑥)2 + 𝑎1𝑦(𝑥) + 𝑎0;   𝑎0, 𝑎1, 𝑎2 ∈ ℂ;  𝑛 ∈ ℕ,  

2. ištirta Rikati tipo CTDL sprendinių, išreikštų trupmeninėmis laipsninėmis 

eilutėmis, struktūra. 

Metodika ir rezultatai 

 Straipsnyje nagrinėjamas šis Rikati tipo CTDL Koši uždavinys: 

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑎2𝑦𝑛
2 + 𝑎1𝑦𝑛 + 𝑎0;   (4.3.1)  
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( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑘

𝑦𝑛|

𝑥=0

= 𝑠𝑘
(𝑛)

; 𝑘 = 0, … 𝑛 − 1, (4.3.2) 

čia 𝑎0, 𝑎1, 𝑎2 ∈ ℂ, 𝑛 ∈ ℕ, 𝑦𝑛 = 𝑦𝑛 (𝑥; 𝑠0
(𝑛)

, 𝑠1
(𝑛)

, … , 𝑠𝑛−1
(𝑛)

) ∈ 𝔽 
𝐶

𝑛
 , o parametrai 

𝑠0
(𝑛)

, 𝑠1
(𝑛)

, … , 𝑠𝑛−1
(𝑛)

 žymi pradines sąlygas, atitinkančias 𝑥 = 0. 

Svarbu pastebėti, kad kai 𝑛 > 1, operatorius ( 𝐃 
𝐶

𝑥

(
1

𝑛
)
)

𝑛

 nėra tapatus 
d

d𝑥
, kadangi 

pirmasis operatorius veikia Caputo trupmeninę laipsninę eilutę (4.2.1), sudarytą iš 

trupmeninių 𝑥 laipsnių, o operatorius 
d

d𝑥
 taikomas klasikinėms Teiloro laipsninėms 

eilutėms, sudarytoms tik iš sveikųjų 𝑥 laipsnių. 

Pažymėkime: 

𝑦𝑛 = ∑ 𝑐𝑗𝑤𝑗
(𝑛)

+∞

𝑗=0

= ∑ 𝛾𝑗
(𝑛)

Γ (
𝑗

𝑛
+ 1) 𝑤𝑗

(𝑛)

+∞

𝑗=0

= ∑ 𝛾𝑗
(𝑛)

𝑥
𝑗
𝑛

+∞

𝑗=0

;  𝑐𝑗 ∈ ℂ. (4.3.3) 

Pirmiausia išvedami nagrinėjamos lygties sprendinio koeficientų rekurentiniai 

sąryšiai. Tai įvykdoma įterpiant (4.3.3) į (4.3.1)-(4.3.2) ir atliekant algebrinius 

pertvarkymus su gautomis išraiškomis. Gaunami šie sąryšiai:  

𝛾𝑘
(𝑛)

=
𝑠𝑘

(𝑛)

Γ (
𝑘
𝑛

+ 1)
; 𝑘 = 0,1, … , 𝑛 − 1; (4.3.4) 

(𝑗 + 𝑛)𝛾𝑗+𝑛
(𝑛)

= 𝑛 (𝑎2 ∑ (𝛾𝑟
(𝑛)

𝛾𝑗−𝑟
(𝑛)

)

𝑗

𝑟=0

+ 𝑎1𝛾𝑗
(𝑛)

+ 𝛿𝑗𝑎0) ; 𝑗 = 0,1, … , (4.3.5) 

čia 𝛿𝑗 = 1 jei 𝑗 = 0 ir 𝛿𝑗 = 0 priešingu atveju.   

Toliau apibrėžiama sekos (𝛾𝑗
(𝑛)

; 𝑗 = 0,1, … ) charakteringoji funkcija: 

𝜑𝑛(𝑡) =  ∑ 𝛾𝑗
(𝑛)

𝑡𝑗.

+∞

𝑗=0

 (4.3.6) 

Rekurentinį sąryšį (4.3.5) galima pertvarkyti į šią paprastąją diferencialinę lygtį 

(charakteringosios funkcijos 𝜑𝑛(𝑡) atžvilgiu): 

ⅆ𝜑𝑛

ⅆ𝑡
= 𝑛𝑡𝑛−1(𝑎2𝜑𝑛

2(𝑡) + 𝑎1𝜑𝑛(𝑡) + 𝑎0) + ∑ 𝑗𝛾𝑗
(𝑛)

𝑡𝑗−1

𝑛−1

𝑗=1

. (4.3.7) 

Funkcija 𝜑𝑛(𝑡) gali būti naudojama nagrinėjamos lygties (4.3.1)–(4.3.2) 

sprendiniams išreikšti, kadangi:  

𝑦𝑛 =  ∑ 𝛾𝑗
(𝑛)

𝑥
𝑗
𝑛

+∞

𝑗=0

= 𝜑𝑛( √𝑥
𝑛

). (4.3.8) 

Taigi, Rikati trupmeninės diferencialinės lygties Koši uždavinys (4.3.1)–
(4.3.2) yra ekvivalentus šiam paprastosios diferencialinės lygties (PDL) Koši 

uždaviniui: 
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ⅆ

ⅆ𝑥
(𝑦𝑛 − 𝜓𝑛) = 𝑎2𝑦𝑛

2 + 𝑎1𝑦𝑛 + 𝑎0; (4.3.9) 

𝑦𝑛(0) = 𝑠0
(𝑛)

= 𝛾0
(𝑛)

, (4.3.10) 

čia  𝜓𝑛(𝑥) = ∑ 𝛾𝑗
(𝑛)

𝑥
𝑗

𝑛𝑛−1
𝑗=0 . 

Žinoma, gautą PDL galima analizuoti ir integruoti bet kuriais klasikiniais 

analitiniais ar skaitiniais metodais, taigi tai suteikia galimybę tirti šio tipo CTDL 

nekuriant naujų metodų. 

Ištyrus sąryšių (4.3.5) ir (4.3.9) struktūrą galima pastebėti, kad jei lygties 

(4.3.1)–(4.3.2) pradinės sąlygos tenkina  𝑠1
(𝑛)

= 𝑠2
(𝑛)

= ⋯ = 𝑠𝑛−1
(𝑛)

= 0, tuomet 

𝜓𝑛(𝑥) = 0 ir 𝛾𝑗
(𝑛)

≠ 0 tik tada, jei 𝑗 = 𝑘𝑛, 𝑘 ∈ ℕ, o tai reiškia, kad tokiu atveju 

sprendinys 𝑦𝑛 priklauso aibei 𝔽 
𝐶

1
  ir tenkina klasikinę paprastąją Rikati lygtį:  

ⅆ𝑦𝑛

ⅆ𝑥
= 𝑎2𝑦𝑛

2 + 𝑎1𝑦𝑛 + 𝑎0. (4.3.11) 

Taigi, bet kokios eilės 𝑛 ∈ ℕ trupmeninei Rikati lygčiai (4.3.1) tinka visi PDL 

(4.3.11) sprendiniai (jei sąryšis 𝑠1
(𝑛)

= 𝑠2
(𝑛)

= ⋯ = 𝑠𝑛−1
(𝑛)

= 0 galioja), bet ji turi ir 

daugiau unikalių sprendinių. Straipsnyje taip pat pateikiami skaitiniai eksperimentai, 

patvirtinantys aukščiau pateiktus analitinius rezultatus.  

Minėtus pastebėjimus apie trupmeninės Rikati lygties sprendinių paveldimumą 

galima išplėsti: bet kuri 𝑛 = 𝑘𝑚;    𝑘, 𝑚 ∈ ℕ eilės trupmeninė Rikati lygtis (4.3.1) 

paveldi sprendinius iš Rikati lygčių, kurių eilės 𝑛 = 𝑘 ir 𝑛 = 𝑚. 

4.3.1 pav. pavaizduotas ryšys tarp skirtingų trupmeninių laipsninių eilučių eilių, 

kuriame matome, kad baziniai elementai, atitinkantys skirtingos eilės trupmeninių 

diferencialinių lygčių sprendinius, gali susikirsti, t. y., esant tam tikroms pradinėms 

sąlygoms, aukštesnės eilės lygties sprendiniai gali paveldėti žemesnės eilės lygties 

sprendinius. 

Panagrinėkime dvi trupmenines Rikati lygtis (4.3.1)-(4.3.2), kurių eilės 𝑝 ir 𝑞. 

Pažymėkime 𝑔 = gcⅆ(𝑝, 𝑞) ; 𝑠(𝑝) =
𝑝

𝑔
; 𝑠(𝑞) =

𝑞

𝑔
∈ ℕ. Tuomet šių trupmeninių Rikati 

lygčių sprendiniai sutampa, jei galioja šie pradinių sąlygų sąryšiai:  

𝑠𝑗
(𝑝)

= 0, 𝑗 ≠ 𝑠(𝑝)𝑙;

𝑠𝑖
(𝑞)

= 0, 𝑖 ≠ 𝑠(𝑞)𝑙,
(4.3.12) 

čia 𝑙 = 0,1, … , 𝑛 − 1. 
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4.3.1 pav. Caputo trupmeninių laipsninių eilučių bazių struktūra. Kiekvienoje 

eilutėje 𝒏 = 𝒌;  𝒌 = 𝟏, 𝟐, … surašyti atitinkamos eilės Caputo trupmeninės laipsninės 

eilutės 𝒙 laipsniai. Parametrai 𝜸𝒗
(𝒌)

; 𝒗 = 𝟏, 𝟐, … , 𝒌 − 𝟏 dešinėje žymi PDL (4.3.9) 

koeficientus, atitinkančius trupmenines pradines sąlygas. Pilkai nuspalvintos dalys 

atitinka tuos pačius 𝒙 laipsnius skirtingų eilių baziniuose elementuose 

Išvados 

Šiame straipsnyje Caputo trupmeninių laipsninių eilučių koncepcija panaudota 

trupmeninės Rikati lygties (4.3.1)–(4.3.2) analizei. Įrodyta, kad trupmeninė Rikati 

lygtis (4.3.1)–(4.3.2) gali būti redukuota į sveikosios eilės paprastąją diferencialinę 

lygtį (4.3.9)–(4.3.10), kurią galima toliau tirti ir spręsti klasikiniais analitiniais arba 

skaitiniais metodais. Be to, teorinių bei skaitinių tyrimų metu pademonstruota, kad 

skirtingų eilių trupmeninių lygčių sprendiniai pasižymi paveldimumu: aukštesnės 

eilės trupmeninės Rikati lygtys paveldi tam tikrus sprendinius iš žemesnės eilės 

lygčių, kai pradinių sąlygų poaibis yra lygus nuliui.   

 

4.3.2. Straipsnio „The extension of analytic solutions to FDEs to the negative half-

line“ rezultatų santrauka  

Straipsnio tikslas 

Šiame straipsnyje:  

1. išplėsta ankstesnėje publikacijoje pateikta metodologija, skirta trupmeninių 

diferencialinių lygčių sprendiniams konstruoti. Patobulinta metodologija gali 

būti taikoma platesnei klasei lygčių – CTDL su daugianario tipo 

netiesiškumu:  

( 𝐃 
𝐶

𝑥

(
1
𝑛

)
)

𝑛

𝑦(𝑥) = ∑ 𝑎𝑘𝑦(𝑥)𝑘

𝑚

𝑘=0

;    𝑚 ∈ ℕ, 𝑎𝑚 ≠ 0, 𝑎𝑘 ∈ ℂ. 

2. sukurta analitinė metodologija, leidžianti išplėsti šių CTDL sprendinius į 

neigiamąją realiąją pusašę ir ištirtos tokio plėtinio savybės. 
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Metodika ir rezultatai 

Straipsnyje nagrinėjama tokio tipo Caputo trupmeninė diferencialinė lygtis:  

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑄𝑚(𝑦𝑛), (4.3.13) 

čia 𝑦𝑛 = 𝑦𝑛(𝑥) =  ∑ 𝑣𝑗𝑤𝑗
(𝑛)+∞

𝑗=0 ∈ 𝔽 
𝐶

𝑛
  ir 𝑄𝑚 bet koks 𝑚-tosios eilės daugianaris: 

𝑄𝑚(𝑦𝑛) = ∑ 𝑎𝑘𝑦𝑛
𝑘

𝑚

𝑘=0

;   𝑚 ∈ ℕ, 𝑎𝑚 ≠ 0, 𝑎𝑘 ∈ ℂ. (4.3.14)  

Pirmiausia, taikant pertvarkymus, analogiškus pateiktiems ankstesniame 

straipsnyje, įrodoma, kad (4.3.13) galima redukuoti į tokią paprastąją diferencialinę 

lygtį: 

ⅆ𝑦̂𝑛

ⅆ𝑡
= 𝑛 (𝑡𝑛−1𝑄𝑚(𝑦̂𝑛) + ∑

𝑣𝑗

Γ (
𝑗
𝑛 + 1)

𝑡𝑗−1

𝑛−1

𝑗=1

) , (4.3.15) 

čia 𝑦𝑛(𝑥) = 𝑦̂𝑛( √𝑥
𝑛

). 

 Tuomet, pritaikius apibendrinto diferencialinio operatoriaus metodą, aprašytą 

[33], bei sąryšį 𝑦𝑛(𝑥) = 𝑦̂𝑛( √𝑥
𝑛

), įrodoma ši teorema: 

 

Teorema 4.3.1. Nagrinėkime tokį Koši uždavinį: 

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑛

𝑦𝑛 = 𝑄𝑚(𝑦𝑛), (4.3.16) 

𝑦𝑛(𝑥0) = 𝑢0;   𝑥0 ∈ ℝ, 𝑥0 ≥ 0, (4.3.17) 

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑘

𝑦𝑛|

𝑥=0

= 𝑣𝑘;   𝑘 = 1, … 𝑛 − 1. (4.3.18) 

 

CTDL (4.3.16)–(4.3.18) turi šį trupmeninės laipsninės eilutės formos sprendinį: 

𝑦𝑛(𝑥; 𝑥0, 𝑢0, 𝑣1, … 𝑣𝑛−1) = ∑
 ( √𝑥

𝑛
− √𝑥0

𝑛 )
𝑗

𝑗!
𝑝𝑗( √𝑥0

𝑛 , 𝑢0)

+∞

𝑗=0

, (4.3.19) 

čia 

𝑝𝑗(𝑐, 𝑠) = 𝐃𝑐𝑠
𝑗

𝑠 = (𝐃𝑐 + 𝑛 (𝑐𝑛−1𝑄𝑚(𝑠) + ∑
𝑣𝑗

Γ (
𝑗
𝑛 + 1)

𝑐𝑗−1

𝑛−1

𝑗=1

) 𝐃𝑠)

𝑗

𝑠, (4.3.20) 

jei 𝑥 tenkina | √𝑥
𝑛

− √𝑥0
𝑛 | < 𝑇𝑥0

, kur 𝑇𝑥0
> 0 yra (4.3.19) konvergavimo spindulys. 

 

Teoremos pabaiga 

 

Pastebėsime, kad gautą sprendinį (4.3.20) galima išplėsti adaptavus Rymano 

išplėtimo algoritmą Caputo trupmeninėms laipsninėms eilutėms. Taip pat 
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pastebėsime, kad anksčiau pateiktus rezultatus galima išplėsti iki analizinių funkcijų 

𝑄𝑚(𝑦𝑛) = ∑ 𝑎𝑘𝑥𝑘+∞
𝑘=0 . 

Toliau pateikiama analitinė metodologija, leidžianti išplėsti CTDL (4.3.16)–
(4.3.18) sprendinius neigiamoms argumento 𝑥 reikšmėms. Svarbu pastebėti, kad toks 

išplėtimas negalimas nagrinėjant originalų integralinį Caputo trupmeninės išvestinės 

apibrėžimą [12], kadangi integralas apibrėžtas tik neneigiamoms reikšmėms 𝑥. Tačiau 

jei Caputo trupmeninis diferencijavimo operatorius apibrėžiamas naudojant 

trupmeninių laipsninių eilučių sąvoką (žr. 4.2 skyrių), tuomet sprendinių išplėtimas į 

neigiamąją realiąją pusašę yra įmanomas. Tokiu atveju gaunamos kompleksinės 

trupmeninės laipsninės eilutės, apibrėžtos žemiau.  

Panagrinėkime tokį trupmeninių laipsninių eilučių bazinių funkcijų (4.2.2) 

plėtinį (žr. 4.2 skyrių): 

(𝑤𝑗
(𝑛)

)
𝑘

=
( √|𝑥|𝑛

)
𝑗

Γ (
𝑗
𝑛 + 1)

exp (𝑖𝑗
arg(𝑥) + 2𝜋𝑘

𝑛
) , (4.3.21) 

čia 𝑥 ∈ ℝ;  𝑘 = 0,1, … 𝑛 − 1; 𝑗 = 0,1, …; √|𝑥|𝑛
 yra realioji šaknis, o 𝑖 žymi menamąjį 

vienetą. Atkreipsime dėmesį, kad baziniai elementai, gauti esant 𝑘 = 0 sutampa su 

4.2 skyriuje apibrėžtais baziniais elementais (kai 𝑥 ≥ 0), o (𝑤𝑗
(𝑛)

)
𝑘
, 𝑘 = 1,2, … , 𝑛 −

1 yra kompleksinės funkcijos. Tuomet Caputo trupmeninę laipsninę eilutę (4.2.1) 

galima praplėsti iki 𝑛 kompleksinių eilučių tokiu būdu: 

𝑓𝑘(𝑥) = ∑ 𝑣𝑗 (𝑤𝑗
(𝑛)

)
𝑘

;

+∞

𝑗=0

 𝑘 = 0, … 𝑛 − 1. (4.3.22) 

 Panaudojus (4.3.21) ir (4.3.22), CTDL (4.3.16)–(4.3.18) sprendinį, galima 

išplėsti į kompleksinę plokštumą: 

(𝑦𝑛(𝑥; 𝑥0, 𝑢0, 𝑣1, … 𝑣𝑛−1))
𝑘

= 

= ∑
 ( √|𝑥|𝑛

− √|𝑥0|𝑛
)

𝑗

𝑗!
(𝜆𝑗

(𝑘)
(|𝑥0|, 𝛼, 𝑢0

(0)
) + 𝑖𝜇𝑗

(𝑘)
(|𝑥0|, 𝛼, 𝑢0

(0)
)) ,

+∞

𝑗=0

(4.3.23) 

kur 

𝜆𝑗
(𝑘)

(|𝑥0|, 𝛼, 𝑢0
(0)

) = Re ((𝛽𝑛
(𝑘)

(𝛼))
𝑗

𝑝𝑗 ( √|𝑥0|
𝑛

𝛽𝑛
(𝑘)

(𝛼), 𝑢0)) ; (4.3.24) 

𝜇𝑗
(𝑘)

(|𝑥0|, 𝛼, 𝑢0
(0)

) = Im ((𝛽𝑛
(𝑘)(𝛼))

𝑗

𝑝𝑗 ( √|𝑥0|𝑛
𝛽𝑛

(𝑘)(𝛼), 𝑢0)) ; (4.3.25) 

𝛼 = arg(𝑥0) ; 𝛽𝑛
(𝑘)(𝛼) = exp (𝑖

𝛼 + 2𝜋𝑘

𝑛
) . (4.3.26) 

Išraiška (4.3.23) leidžia nagrinėti CTDL (4.3.16)–(4.3.18) sprendinius, kai 

𝑥 <  0. Tokiu atveju gaunami sprendiniai yra daugiareikšmiai ir kompleksiniai (𝑛 

sprendinių, atitinkančių unikalias skaičiaus √𝑥
𝑛

 šaknis). 



50 

 

Pastebėsime, kad gautą sprendinį (4.3.23), atitinkantį 𝑘-tąją šaknies √𝑥
𝑛

 šaką, 

galima išplėsti į visą realiąją ašį, adaptavus Rymano išplėtimo algoritmą Caputo 

praplėstoms trupmeninėms laipsninėms eilutėms su neigiamomis argumento 

reikšmėmis.  

Išvados 

Šiame straipsnyje Caputo trupmeninių laipsninių eilučių koncepcija buvo 

panaudota trupmeninių diferencialinių lygčių su polinominiu netiesiškumu (4.3.13) 

analizei. Įrodyta, kad tokią CTDL galima redukuoti į sveikosios eilės PDL (4.3.15). 

Tuomet gautoji PDL gali būti panaudota norint sukonstruoti pradinės CTDL sprendinį 

trupmeninės laipsninės eilutės (4.3.23) pavidalu. Gautas sprendinys gali būti išplėstas 

naudojant Rymano išplėtimo metodus, adaptuotus trupmeninėms laipsninėms 

eilutėms, kad būtų įmanoma analizuoti sprendinį kitoje negu 𝑥 =  0 aplinkoje.  

Taip pat pateiktas trupmeninių laipsninių eilučių sąvokos išplėtimas iki 

neigiamos realiosios pusašės. Toks išplėtimas gali būti taikomas CTDL sprendiniui 

išplėsti iki visos realiosios ašies, įskaitant neigiamas 𝑥 reikšmes. Teoriniai bei 

skaitiniai eksperimentai rodo, kad tokiu atveju gaunami CTDL sprendiniai, 

atitinkantys neigiamas 𝑥 reikšmes, yra daugiareikšmiai ir kompleksiniai (𝑛 

sprendinių, kur 𝑛 yra trupmeninės diferencijavimo eilės vardiklis). 

4.3.3. Straipsnio „An operator-based scheme for the numerical integration of 

FDEs“ rezultatų santrauka  

Straipsnio tikslas 

Šiame straipsnyje anksčiau pristatytos metodologijos pritaikomos kuriant 

pusiau analitinę schemą, skirtą apytikslių CTDL sprendinių konstravimui. 

Metodika ir rezultatai 

Nagrinėkime tokio tipo CTDL: 

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑛

𝑦 = 𝑄𝑚(𝑦), (4.3.27) 

𝑦(𝑥0) = 𝑢0;   𝑥0 ∈ ℝ, 𝑥0 ≥ 0, (4.3.28) 

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑘

𝑦|

𝑥=0

= 𝑣𝑘;   𝑘 = 1, … 𝑛 − 1, (4.3.29) 

čia 𝑄𝑚(𝑦) = ∑ 𝑎𝑘𝑥𝑘+∞
𝑘=0  yra bet kokia analizinė funkcija. 

 

 Siūlomos pusiau analitinės integravimo schemos etapai yra pateikiami žemiau: 

1. Pasirenkame šių parametrų vertes: aproksimacijos eilė 𝑁, nepriklausomojo 

kintamojo viršutinis rėžis 𝐿. 

2. Pertvarkome CTDL (4.3.27)-(4.3.29) į charakteringąją PDL, naudodami 

ankstesniame straipsnyje aprašytą procedūrą: 
ⅆ𝑦̂

ⅆ𝑥
= 𝑃(𝑦̂, 𝑣1, … , 𝑣𝑛−1); (4.3.30) 
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𝑦̂(𝑐0) = 𝑠0, (4.3.31) 

čia 𝑐0 = √𝑥0
𝑛 , 𝑠0 = 𝑢0. 

3. Apskaičiuojame TDL (4.3.30)-(4.3.31) apytikslio eilutės formos sprendinio 

(tikslus sprendinys gaunamas, jei eilutė tęsiasi iki +∞) 

𝑦̂𝑁(𝑥, 𝑐, 𝑠) = ∑
(𝑥 − 𝑐)𝑗

𝑗!
𝑝𝑗(𝑐, 𝑠)

𝑁

𝑗=0

 (4.3.32) 

koeficientų 𝑝𝑗(𝑐, 𝑠) (𝑗 = 0, … 𝑁) analitines išraiškas: 

𝑝𝑗(𝑐, 𝑠) = 𝐃𝑐𝑠
𝑗

𝑠 =

= (𝐃𝑐 + 𝑛 (𝑐𝑛−1𝑄𝑚(𝑠) + ∑
𝑣𝑗

Γ (
𝑗
𝑛

+ 1)
𝑐𝑗−1

𝑛−1

𝑗=1

) 𝐃𝑠)

𝑗

𝑠.
(4.3.33) 

4. Kartojame šiuos veiksmus, kol bus pasiektas viršutinis rėžis 𝐿 (𝑘 = 0,1, …): 

• Įvertiname koeficientus 𝑝𝑗(𝑐𝑘 , 𝑠𝑘), 𝑗 = 0,1, … , 𝑁. 

• Randame mažiausią 𝑥 vertę, kuriai esant pažeidžiamas iš anksto 

pasirinktas leistinas paklaidos lygmuo. 

• Apskaičiuojame naujas pradines vertes: 

𝑐𝑘+1 = 𝑥 − 𝜀;  𝑠𝑘+1 = 𝑦̂𝑁(𝑐𝑘+1, 𝑐𝑘 , 𝑠𝑘), (4.3.34) 

kur 𝜀 yra bet koks mažas skaičius. 

5. Sujungiame gautus apytikslio TDL (4.3.30)–(4.3.31) sprendinio segmentus 

ir suformuojame dalimis-polinominę aproksimaciją 𝑦̂𝑁(𝑥): 

𝑦̂𝑁(𝑥) = 𝑦̂𝑁(𝑥, 𝑐𝑘 , 𝑠𝑘),   𝑐𝑘 ≤ 𝑥 < 𝑐𝑘+1,    𝑘 = 0,1, … (4.3.35) 

6. Sudarome pradinės CTDL (4.3.27)–(4.3.29) sprendinio pusiau analitinę 

aproksimaciją taikydami 𝑦(𝑥) = 𝑦̂𝑁( √𝑥
𝑛

). 

Norint taikyti aukščiau aprašytą schemą, būtina sukurti žingsnio ℎ𝑘 = 𝑐𝑘 −
𝑐𝑘−1 dydžio parinkimo strategiją, kuri užtikrintų pageidaujamą skirtumo tarp tikslių 

ir apytikslių sprendinių lygį. Šiuo tikslu buvo atlikti keli skaitiniai tyrimai, kurių metu 

buvo analizuojama  CTDL su žinomu analitiniu uždarosios formos sprendiniu. Šio 

skaitinio tyrimo metu gauti empiriniai rezultatai gali būti įtraukti į anksčiau pateiktą 

pusiau analitinę integravimo schemą adaptyviam žingsnio dydžio parinkimui.  

Anksčiau pateikta pusiau analitinė CTDL apytikslių sprendinių sudarymo 

schema ir adaptyvaus žingsnio dydžio parinkimo metodas pritaikomi žemiau pateiktai 

CTDL: 

𝑥 ( 𝐃 
𝐶

𝑥

(
1
2

)
)

2

𝑦 = 1 − 2𝑦 + 𝑦2 − 𝑦3; (4.3.36) 

𝑦(1) = 1;  𝐃𝐶
𝑥

(
1
2

)
𝑦|

𝑥=0

= −1. (4.3.37) 

Aukščiau pristatytus metodus pritaikius šiai lygčiai, gauti rezultatai pateikti 

4.3.2 pav. 
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4.3.2 pav. Pusiau analitinės integravimo schemos taikymas CTDL (4.3.36)–

(4.3.37). Dalyje (a) pavaizduotas apytikslis charakteringosios PDL sprendinys 

(𝑵 =  𝟔, 𝑳 = 𝟑, 𝜹 =  𝟏𝟎−𝟓). Apytikslio sprendinio dalys, gautos skirtingų žingsnių 

metu, atskirtos juodomis punktyrinėmis linijomis. Apskritimuose esantys 

skaitmenys žymi žingsnio numerį. (b) dalyje pavaizduota pradinės CTDL (4.3.36)–
(4.3.37) sprendinio dalimis-polinominė aproksimacija 

Išvados 

Šiame straipsnyje anksčiau pristatytos metodologijos pritaikytos kuriant 

preliminarią pusiau analitinę schemą, skirtą dalimis-polinominių apytikslių CTDL 

(4.3.27)–(4.3.29) sprendinių konstravimui. Siekiant išanalizuoti ryšius tarp 

aproksimacijos eilės, jos tikslumo, apytikslio sprendinio pokyčio bei algoritmo 

žingsnio dydžio, atliktas skaitinis tyrimas naudojant CTDL su žinomu analitiniu 

uždarosios formos sprendiniu. Tolesni teoriniai ir empiriniai šių ryšių tyrimo 

rezultatai galėtų būti panaudoti kuriant patikimą ir efektyvų adaptyvaus žingsnio 

dydžio parinkimo metodą, kuris galėtų būti įtrauktas į pristatytą integravimo schemą.  

4.3.4. Straipsnio „The construction of solutions to 𝐃 
𝑪

 
(𝟏/𝒏) type FDEs via 

reduction to ( 𝐃 
𝑪

 
(

𝟏

𝒏
)
)

𝒏

type FDEs“ rezultatų santrauka  

Straipsnio tikslas 

Šiame straipsnyje, sujungus visus ankstesnių tyrimų rezultatus, sukurtas naujas 

CTDL sprendinių konstravimo metodas, taikytinas dar platesnės klasės netiesinėms 

CTDL:  

𝐃 
𝐶

𝑥

(
1
𝑛

)
𝑦(𝑥) = 𝐺(𝑥, 𝑦), 

čia 𝐺(𝑥, 𝑦) yra analizinė funkcija. 
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Metodika ir rezultatai  

Ankstesnėse publikacijose tirtos ( 𝐃𝑥 
𝐶

 

(
1

𝑛
)
)

𝑛

tipo CTDL: 

( 𝐃𝐶
𝑥

(
1
𝑛

)
)

𝑛

𝑦(𝑥) = 𝐹(𝑥, 𝑦), (4.3.38) 

čia 𝐹(𝑥, 𝑦) – analizinė funkcija. Nors šių tyrimų metu gautos svarbios teorinės 

įžvalgos, jų praktinis pritaikomumas yra gana ribotas. Šiuo tyrimu siekiama užpildyti 

šią spragą, pademonstruojant, kad anksčiau sukurtos metodikos, skirtos 

( 𝐃𝑥 
𝐶

 

(
1

𝑛
)
)

𝑛

tipo CTDL, gali būti panaudotos didesniu praktiniu pritaikomumu 

pasižyminčioms 𝐃 
𝐶

𝑥

(
1

𝑛
)
 tipo CDTL lygtims spręsti: 

𝐃𝐶
𝑥

(
1
𝑛

)
𝑦(𝑥) = 𝐺(𝑥, 𝑦), (4.3.39) 

čia 𝐺(𝑥, 𝑦) yra analizinė funkcija. 

Šiame straipsnyje įrodyta, kad, esant tam tikroms sąlygoms, CTDL (4.3.39) gali 

būti transformuota į (4.3.38), kuri savo ruožtu gali būti sprendžiama taikant anksčiau 

pristatytas metodologijas.  

 Nemažinant bendrumo ir vardan aiškumo skaitytojui, tolimesniems išvedimams 

pasirenkama Rikati tipo CTDL, kurios eilė 𝛼 =
1

2
. Nepaisant to, analogiški analitiniai 

bei skaitiniai pertvarkymai gali būti pritaikyti bet kokios eilės 𝛼 =
1

𝑛
, 𝑛 ∈ ℕ CTDL 

(4.3.39). 

Straipsnyje pateikiamas šios teoremos įrodymas. 

 Teorema 4.3.2. Nagrinėkime šiuos du Koši uždavinius: 

Pirmoji CTDL: 

𝐃𝐶
𝑥

(
1
2

)
𝑦1 = 𝑎2𝑦1

2 + 𝑎1𝑦1 + 𝑎0 + 𝛷(𝑥);

𝑦1(0) = 𝛾0,
 (4.3.40) 

čia 𝑎2, 𝑎1, 𝑎0, 𝛾0 ∈ ℝ ir 𝛷(𝑥) yra bet kokia trupmeninė laipsninė eilutė: 

𝛷(𝑥) = ∑ 𝜙𝑗𝑤𝑗
(2)

+∞

𝑗=1

∈ 𝔽 
𝐶

2
 , 𝜙𝑗 ∈ ℝ. (4.3.41) 

Antroji CTDL: 

( 𝐃𝐶
 
(

1
2

)
)

2

𝑦2 = 𝑏3𝑦2
3 + 𝑏2𝑦2

2 + 𝑏1𝑦2 + 𝛹(𝑥);

𝑦2(0) = 𝜆0;    𝐃𝐶
𝑥

(
1
2

)
𝑦2|

𝑥=0

= 𝜆1,

(4.3.42) 

čia 𝑏3, 𝑏2, 𝑏1, 𝜆0, 𝜆1 ∈ ℝ ir  𝛹(𝑥) yra bet kokia trupmeninė laipsninė eilutė: 

𝛹(𝑥) = ∑ 𝜓𝑗𝑤𝑗
(2)

+∞

𝑗=0

∈ 𝔽 
𝐶

2
 , 𝜓𝑗 ∈ ℝ. (4.3.43) 
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Koši uždaviniai (4.3.40) ir (4.3.42) turi tą patį sprendinį 𝑦1 = 𝑦2 = 𝑦 =

∑ 𝛾𝑗𝑤𝑗
(2)+∞

𝑗=0 , kai galioja šie sąryšiai: 

𝛹(𝑥) = 𝐃 
𝐶

𝑥

(
1
2

)
𝛷(𝑥) + 𝑎2𝛩𝑦1

(𝑥) + 2𝑎2𝑦1𝛷(𝑥) + 𝑎1(𝑎0 + 𝛷(𝑥)); (4.3.44) 

𝑏3 = 2𝑎2
2;

𝑏2 = 3𝑎1𝑎2;

𝑏1 = 𝑎1
2 + 2𝑎0𝑎2;

(4.3.45) 

𝜆0 = 𝛾0;    𝜆1 = 𝑎2𝛾0
2 + 𝑎1𝛾0 + 𝑎0, (4.3.46) 

čia 

𝛩𝑦1
(𝑥) = ∑ 𝜃𝑗𝑤𝑗

(2)

+∞

𝑗=0

;   𝜃0 = 0, 

𝜃𝑗 = ∑
1

Γ (
𝑘
2 + 1)

𝑗

𝑘=1

(
Γ (

𝑗 + 3
2

)

Γ (
𝑗 − 𝑘 + 3

2 )
− 2

Γ (
𝑗
2

+ 1)

Γ (
𝑗 − 𝑘

2 + 1)
) 𝛾𝑘𝛾𝑗−𝑘+1,  𝑗 = 1,2, …. 

Teoremos pabaiga 

Teorema 4.3.2 leidžia CTDL (4.3.39) sprendimui naudoti ankstesniuose 

straipsniuose išvystytas metodologijas. Tuomet CTDL (4.3.39) sprendinių 

konstravimas gali būti vykdomas pagal schemą, pateiktą 4.3.3 pav. 
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4.3.3 pav. 𝐃 
𝑪

𝒙

(
𝟏

𝒏
)
 tipo Caputo trupmeninės diferencialinės lygties sprendimo schema  

Išvados 

 Šiame straipsnyje Caputo trupmeninių laipsninių eilučių sąvoka buvo panaudota 

𝐃 
𝐶

𝑥

(
1

𝑛
)
 tipo Caputo trupmeninių diferencialinių lygčių analizei bei sprendimui. Įrodyta, 

kad, esant tam tikroms sąlygoms, CTDL (4.3.39) gali būti transformuota į 

( 𝐃 
𝐶

 
(

1

𝑛
)
)

𝑛

tipo CTDL (4.3.38), kuri savo ruožtu gali būti sprendžiama taikant anksčiau 

pristatytas metodologijas. Siūlomo metodo veikimui pademonstruoti pateiktas 

skaitinis pavyzdys. 
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4.4. Išvados 

Disertacijoje sukurta visiškai nauja Caputo trupmeninių diferencialinių lygčių 

(CTDL) analizės metodologija. Pristatytos technikos, grindžiamos Caputo 

trupmeninių laipsninių eilučių koncepcija bei Caputo trupmeninio diferencijavimo 

operatoriaus algebrine realizacija. Iš esmės pateikta metodika yra operatorinio 

skaičiavimo apibendrinimas nuo paprastųjų iki trupmeninių diferencialinių lygčių, 

suteikiantis visiškai naują požiūrį į CTDL skaitinių bei analitinių sprendinių 

konstravimą. Taikant pasiūlytą metodologiją įvairių tipų CTDL, padarytos šios 

išvados: 

 

1. Skirtingų eilių Caputo trupmeninių diferencialinių lygčių (CTDL) sprendiniai 

pasižymi paveldimumu: aukštesnės eilės Caputo trupmeninės lygtys paveldi tam 

tikrus sprendinius iš žemesnės eilės lygčių, kai dalis pradinių sąlygų yra lygios 

nuliui.   

2. Caputo trupmeninę diferencialinę lygtį su polinominiu netiesiškumu (4.3.13) 

galima redukuoti į sveikosios eilės paprastąją diferencialinę lygtį (4.3.15), 

panaudojant Caputo trupmeninių laipsninių eilučių teoriją. 

3. CTDL sprendiniai gali būti išplėsti iki neigiamos realiosios pusašės, panaudojant 

metodologiją, aprašytą 4.3.2 skyriuje. Tokiu atveju gaunami daugiareikšmiai ir 

kompleksiniai CTDL sprendiniai, atitinkantys neigiamas 𝑥 reikšmes. 

4. Sukurta metodologija, pagrįsta Caputo trupmeninių laipsninių eilučių koncepcija, 

gali būti panaudota apytiksliams CTDL sprendiniams sudaryti, taikant pasiūlytą 

naują adaptyvią pusiau analitinę schemą.   

5. 𝐃 
𝐶

𝑥

(
1

𝑛
)
 tipo CTDL, esant tam tikroms sąlygoms (išvardintoms 4.3.2 teoremoje), 

gali būti transformuotos į ( 𝐃 
𝐶

 
(

1

𝑛
)
)

𝑛

 tipo CTDL, kurios savo ruožtu gali būti 

sprendžiamos taikant disertacijoje pristatytas metodologijas. 
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