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Abstract

Analytical solutions to the fractional Riccati equation are considered in this paper. Solutions to
fractional differential equations are expressed in the form of fractional power series in the Caputo
algebra. It is demonstrated that solutions to higher-order Riccati fractional equations inherit
some solutions from lower-order Riccati equations under special initial conditions. Such nested
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and fractal-like structure of solutions is investigated by means of analytical fractional differen-
tiation operator techniques and computational experiments.

Keywords: Fractional Differential Equation; Operator Calculus; Analytical Solution.

1. INTRODUCTION

Though the concept of fractional-order derivatives
dates back to the 17th century, fractional-order cal-
culus has become more prominently used for the
modeling of real-world phenomena only in recent
years.'luZI Extensive applications of such models can
be encountered in the fields of physics? engineer-
ing¥ biomediciné®? and image processing® A short
review of typical examples concerning the use of
fractional calculus in mathematical modeling is
given below.

A novel fractional differential and variational
model capable of realizing the image fusion, super-
resolution, and the edge information enhancement
simultaneously has been introduced in Ref. [7. A
new framework of nonlocal deformation in non-
rigid image registration is developed using frac-
tional Euler-Lagrange equations in Ref.[8. A spatial
fractional telegraph equation is used to construct an
algorithm for image structure preserving denoising
in Ref. Q.

The use of matrix fractional differential equa-
tions in economic and quantum physics has been
discussed in Ref. It is shown in Ref. [11] that
fractional-order models are better suited than their
integer counterparts in modeling the properties of
electrical energy storage devices. A moderate epi-
demiological model is used for the description of
computer viruses with a fractional-order deriva-
tive having non-singular kernel in Ref. 12l It was
demonstrated in Ref. [I3]that fractional convection—
diffusion equations can capture the gas break-
through curves including their apparent positive
skewness.

A spatial fractional-order thermal transport
equation with the Caputo fractional derivative is
proposed in Ref. [I4l to describe convective heat
transfer of nanofluids within disordered porous
media in boundary layer flow. Viscoelastic constitu-
tive laws for arterial wall mechanics are investigated
using fractional-order partial differential equations
(PDEs) in Ref. A novel variable order frac-
tional differential-based texture enhancement algo-
rithm with applications used in medical imaging is

developed in Ref. High-order fractional PDEs
are applied to the surface generation of proteins in
Ref. [17.

Operator-based approach for the construction of
analytic solutions to fractional differential equa-
tions is reported in Ref. [18. This technique is based
on Caputo algebra of fractional power series and
fractional differentiation and integration operators
defined on the basis of this algebra. The main objec-
tive of this paper is to investigate the fractal struc-
ture of such analytic solutions to FDEs.

2. PRELIMINARIES

Main concepts and definitions concerning Caputo
fractional power series and operators are presented
in this section. The fractional power series pre-
sented here are a generalization of Ref.[I8 Note that
Caputo fractional differentiation and integration
are defined differently than in the classical sense
(via integral transformations), but through series
basis functions. However, these two approaches
yield equivalent results.

2.1. Caputo Fractional Power Series
and Operators

Let %, n € N denote the order of the considered frac-
tional derivative. Consider the following sequence of
functions:
J
wW = 01, (1)
! (L +1)

If the derivative order reads 7, m < n, where m,n
are coprime natural numbers, then the basis is still
defined as in ().

The following fractional power series are consid-
ered in this paper:

+oo
f= chwg-n), c; € C. (2)
j=0
Series defined by () are called Caputo fractional

power series. The set of all such series is denoted
as “F,. Addition and multiplication of series in
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this set is performed using conventional operations.
k+1

Note that wl(n)w,(gn) =(z )w,(gjr)j. Given two frac-

+ (n)

j=0 G

Zj:og bngn), the product is defined in the Cauchy

sense:

n
n

tional power series f = and ¢ =

+o0 J % (n)
S 31D >) K EO PR
j=0 \ r=0 | _
n

where
(A) B P(A+1) . (@)
p)  T(u+ 1IN —p+1)
denotes the generalized binomial coefficient for
ApeRA> .

As proven in Ref. [I8], the set “F,, with addition,
multiplication and product by a scalar operations
forms an algebra ©F,, over the field C.

For any function f € “F,, Caputo integration
and differentiation operators are defined by the fol-
lowing equalities:

cI(l/n)w§n) _ w§’}317 j=0,1,...; (5)
0, J=0;
J w™ =12
=1 7 yhy e

Fractional derivatives and integrals of order 7" are

represented by powers of the respective operators:
( C’I(l/n))m’ ( C’D(l/n))m‘

3. SOLUTION OF THE
FRACTIONAL RICCATI
EQUATION

As mentioned in Sec. [Il the main objective of this
paper is to explore the fractal structure of analytic
solutions expressible in the form of Caputo frac-
tional power series. Without loss of generality, the
following fractional Riccati equation is considered:

(“DY™y,, = agy? + ary, + ao, (7)
where a; € C and y,, = yn(x;sén),sgn), .. .,s;@l) S
CF,. The parameters s(()"), e ,sgL"_)l correspond to

initial conditions formulated at x = 0:
(CD(l/”))kyn|x:0 = sl(gn); k=0,...,n—1.
(8)

As noted in the previous section, if non-integers
powers of the series y,, are considered, the operator

The Fractal Structure of Analytical Solutions

(DA s not identical to di because the for-

mer operator is applied to the Cgputo power series
comprised of basis elements wén),fwgn), ..., while
the latter acts on power series containing only inte-
ger powers of .

In the remainder of this section, the solution to
([@) is derived by computing first the series coeffi-
cients of the solution y,,. Once the recursive relation
that defines the series coefficients is known, a gen-
erating function for these coefficients can be defined
via an ordinary differential equation. The solution
to this equation is a transformation of the solution

to ().

3.1. Derivation of Recurrence
Relations for the Coefficients
of the Solution to the
Fractional Riccati Equation

Since y,, € ¢F,, it has the power series form:
+o0o
Yn = Z cjw](-n); c; € C. 9)
j=0

The definition of operators “D®/™ and conven-
tional algebraic operations with power series yields
the following identities:

+00
(CDO)y = 3 g (10)

7=0
. J

+00 J E )

=2 (2|, |eo—r v
r
7j=0 |\ r=0 \ _
n

Inserting ([@)—(I) into (@) and collecting like
terms will result in

+o0o
D ey
j=0
- f <a <i cr Cj_T >
- 2 r j—r
= ST (L+1) (L +1)

T (% + 1> +aje; + 5ja0> wi™, (12)

where ¢; = 1 if j = 0 and zero otherwise.
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Equation (I2)) yields a recursive relation for the
coefficients of the solution y,,:

J
‘ _ Cr Cj—r
Cjin = G2 <Z r(% + 1) F(% + 1))

r=0

xT <l + 1> +aic; + 5]'(10, (13)
n

for j = 0,1,.... To simplify (3], the following
transformation is used:
m__ 9 . =01 14
Rearranging ([3) results in
(G +nn,
—TL<(IQZ 7] . +a17()—|—5a0>
j=0,1,....
(15)

Note that the first n coefficients 'y(()n), e ,77(;1_)1
can be chosen arbitrarily. Thus, the series ¥, is
made to conform to initial conditions (). Since
the definition of operator “D/™) yields that ¢, =

sk =0,1,...

n k n
s,§>:r<g+1>%§), k=0,1,...

,n— 1, the following relation holds:

,n—1.

(16)

Thus, for a given set of initial conditions, the first

(n)

n coeflicients of recurrence sequence 7;

puted using sén), e 7(111)1

the formula (IH]).

1S com-

and further iterated via

3.2. Characteristic Function of the
Sequence (*yj(.");j =0,1,...) and
its Generating Equation
(n)

The characteristic function of sequence ('yj ;
j=0,1,...) reads

+0o0o
=> " (17)
§=0
Multiplying both sides of ([I5) by #/ and summing
from j = 0 results in the equality:

—+00

S G+
=0

]:0 r=0
+oo
Tay Z,y]( )t] + agp (18)
=0
Applying ([IT) to (I8) yields
00 )
> = nlaxed () + arga(t) + ao).
(19)

Note that the left-hand side of ([I9]) can be rewrit-
ten as

“+oo
>
j=n

(20)

Inserting (20) into (I9) and simplifying yield an
ordinary differential equation with respect to the
generating function ¢,:

dey e
% =nt l(aggoi(t) + a1on(t) + ap)

+3 e m=2,3,.. (21)

Note that for the non-fractional Riccati equation
(n = 1), Eq. (2I) and the Riccati equation itself
coincide.

3.3. Solution of the Fractional
Riccati Equation via
Generating Function ¢,

The function ¢, (t) can be utilized to express solu-
tions to ([@). First, note that ¢; = F(% + 1)7](.”),]' =
0,1,.... Then y, can be written as

(n) J (n) @’n

n n

yn =Y _cu” = I<—+1>vj —
=0 =0 \" Lt +1)

+o0o
= n (V7). (22)
j=0
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Also, note that

dy, do, 1 1-n
Dn _ &¥n R (23)
dx dt |,_ vz N
which leads to
d n n—21 d n
&en =nx &Y . (24)
dt t— % df]?

Evaluating both sides of 1) at ¢t = {/x yields
n—1 dyn n—1

=naw (azy, + aryn + ao)

n—1
i—1
+3 e (25)
j=1
that can be further simplified into

—1
n-1(d ~ . i=1
nr n» (% - agy?L — @1Yn — ao) = ]E_lﬂ](-n)fﬂj" .
(26)
Equation (26]) yields the following result.

Remark. Let ¢, (z) := qutol fy](.”)x%. Then, the
initial value problem on the Riccati fractional dif-
ferential equation (), (8) is equivalent to the initial
value problem on the following ordinary differential

equation:

d

@(yn - wn) = a2y121 + a1yn + ao; (27>

yn(0) = 55 = A5, (28)

Corollary. Since the expressions for y, and 1, are
known, 2T) and 28) can be rewritten as

“+00

+o0o J
=> <a2 S A+ aw](-”)> +ao.  (29)

7=0 r=0
Note that [29) is equivalent to ([I3).

It can be observed from (26]) that some solutions
to the fractional Riccati equation remain viable for
any value of n. If the initial conditions are set to
sgn) = sgn) == sfln)l = 0, then the right-hand
side of (26]) vanishes and, furthermore 7](") # 0 only
if j = kn for some k € N. In that case, the solution

The Fractal Structure of Analytical Solutions

yn € ©F) and satisfies the ordinary Riccati equa-
tion:
dyn

T asy? + a1y, + ap. (30)

This observation leads to the conclusion that for
any n € N, the fractional Riccati equation (7)) inher-
its the non-fractional solutions of ([B0) for some ini-
tial conditions. Furthermore, to showcase the frac-
tal nature of fractional differential equations, this
argument can be extended: any Eq. (7l) with order
n = km,k,m € N inherits solution from the frac-
tional equation with orders n = k and n = m.

4. COMPUTATIONAL
EXPERIMENTS

In this section, the fractal nature of the analyzed
fractional differential equations will be demon-
strated using numerical experiments. Let us con-
sider the following fractional Riccati equation:

(“DY)ny, =42 4y, — 6. (31)

A comparison of numerical integration results for
the fractional Riccati differential equation (BI) of
different orders (n = 1,2, 3) is presented below.

The non-fractional Riccati equation (BI) with
n = 1 admits only well-known kink solutions %20
depicted in Fig. [l Note that the number of ini-
tial conditions on (BI]) increases as n grows, thus
yielding a larger set of solutions. A comparison of
solutions to the non-fractional and fractional Ric-
cati equations (for n = 1 and n = 2, respectively)
is shown in Fig. Bl

0.5
oN 1
N
\
05K N 1
.
S N\
\, N
1r N \ il
-,
5 N
AN
151 AW 4
\‘ A Y
\‘ A Y
L N, Y 4
2 SO
S~ S
S S
25 \“\.\ 1
~. ~
S~ =S
3 w \ \ \ ! ! TR E S
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1 Kink solutions to the non-fractional Riccati equa-
tion @BI) for n = 1. The solid, dashed and dash-dotted lines
correspond to initial conditions s((Jl) = %70 and —%7 respec-
tively.
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1

0.5

3 . . . .
0 0.2 0.4 0.6 0.8 1

Fig. 2 Solutions to Eq. 1) for n = 1 (solid line) and

n = 2 (dashed line). Initial conditions are set to sél) = 582) =

(2) _1
1 — 2

To compare numerical solutions to (3II) with dif-
ferent values of n, the following difference measure
is introduced:

JANS m(sgn) L _ng) s )

»n—17 »9m—1

N
=3 @b s, s)

Jj=0

_/y\m(jh75gm)7 . 78521_)1))27

where gk(x;sgk),...,sgc_)l) is the numerical solu-
tion to (BI) of order k with initial conditions
sgk), . ,s](fk_)l; h is the constant integrator step-size
(the classical Runge-Kutta fourth-order method
was used in the computations); N is the number of
time-forward steps. Initial conditions s(()n) and s(()m)
are set to be equal.

The plot of A172(s§2)) when s(()l) = 8(()2) = 5 is
shown in Fig. Bl It can be seen that y, coincides
with the kink solution of the non-fractional Riccati
equation when 812 = 0, which verifies the analytical
results presented in the previous section.

An analogous experiment was performed to com-
pare solutions of the non-fractional Riccati equa-
tion and fractional equation of order n = 3. The

initial conditions were set to 8(()1) = 8(()3) = % The
) is given in Fig. @

contour plot for Al,g(sgg),sgg)

It can be observed that the kink solution of the
non-fractional equation satisfies the fractional equa-
tion of order n = 3, but only if initial conditions

(32)

Fig. 3 Plot of ALQ(S?)) for s((Jl) = 5((32) = % Note that
théa fractional and non-fractional solutions coincide when
s/ =0.

o

0.5

Fig. 4 Contour plot of A173(s§3),s§3)) for sél) = 583) =

%. Solid lines indicate contour lines of Ay 3; the black circle
denotes the minimum point 353) = séB) = 0 where Ay 3 = 0;
the dashed line corresponds to a plot of Aq 3(0, 553)) shown
in Fig. B the diamond corresponds to the initial conditions
used to plot comparison of solutions y; and y3 given in Fig.

5§3) = 853) are equal to zero. This result is further

clarified in Fig. Bl where the section of the contour
plot along the line 5§3) = 0 is given. However, it
must be noted that solutions to the non-fractional
and fractional equations only coincide for a single
pair of initial conditions 5§3) = 853) = 0. A plot
of solutions ¥1,y3 for initial conditions not on the
minimum point (0,0) is given in Fig.
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ASE1
K

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(3)
S2

Fig. 5 Plot of Ay 3(0, ség)). Note that the solutions coincide

on Sgg) =0.

From the presented results, it follows that solu-
tions of the fractional Riccati equations of orders

n = 2 and n = 3 coincide for initial conditions
852) = 853) = 85’ = 0. These results also hold

true for higher order of fractional differential equa-
tions, which means that the non-fractional kink
solution satisfies any fractional equation. Further-
more, a similar argument can be used to show that
a fractional Riccati differential equation [1 of order
n admits all solutions (when some initial conditions
are set to zero) of the same equation with order m
if m divides n.

The Fractal Structure of Analytical Solutions

3 . . . .
0 0.2 0.4 0.6 0.8 1

xT

Fig. 6 Plot of solutions y; (solid line) and y3 (dashed line)

for initial conditions sél) = 583) = %, 553) = 553) = %

5. FRACTAL STRUCTURE OF
ANALYTICAL SOLUTIONS TO
FRACTIONAL RICCATI
EQUATION

Computational experiments presented in the previ-
ous section indicate that the solutions to the frac-
tional Riccati equation exhibit a nested, fractal-
like structure in which solutions of lower-order

0 1 2
. /.\ /.\ /.\
0 1/2 2/2 @ 4/2 .
n=2 (] . [ . o 71( )
0 13 o 23 3/3 7 - i[53 6/3
n=3 . o| | Ve . o| | . ° 0,7
0 1/4, 2/4 Vo 13/4 4/4 5/4, 6/4 Vo T7/4 8/4
n=4 . o ° rore . o ° roe [ PRI I )
0 15 1 12/5 3/51 1 4/5 5/5 6/5 1 17/5 i8/51 1 9/5 10/5
n=>5 . e | el e | e ) e | e e | e . A AP
0 1/6 2/6 3/6 4/6 5/6 6/6 7/6 8/6 9/6 10/6] 11/6 | 12/6 " .
n==6 ° ] ° . ° . ° ] ° ° ° . o 71(),...,75()
oo I ! Coa Co I ! b b 1 !
I 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 [ 1
Fig. 7 Fractal-like structure of fractional power series basis. Each row n = k; k = 1,2, ... displays basis elements wj(-k);j =
0,1,... of the fractional power series of order k. Accordingly, fractions % correspond to powers of x for each base element
wgk) ;5 =0,1,..., respectively. Parameters 'ngk); v=1,...,k—1 on the right represent the set of arbitrarily chosen coefficients

of the corresponding ODE (Z21)). Gray-filled columns (or sections of columns) correspond to the same power of  in respective

base elements.
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equations satisfy higher-order equations if some ini-
tial conditions are set to zero.

Let p,q be relatively prime natural num-
bers. Consider Caputo power series algebras
Cfpm, C}"qm, where m € N. The definition of frac-
tional power series yields the following properties:

CFom N Foym = Fum (33)
and

CFom U Fuym C € Fpgm- (34)

The relationship between different orders of frac-
tional power series is illustrated with more details
in Fig. [0 It is clear that the basis elements corre-
sponding to different orders n of fractional differen-
tial equations may intersect. Thus, as demonstrated
via numerical experiments in the previous section,
solutions from a higher-order equation ¢ may inherit
solutions from a lower-order equation p < ¢ under
some initial conditions.

Consider two fractional Riccati equations (7] and
[®) of orders p and ¢. Let g := ged(p,q) and
define s = %,s(q) = g. Note that s®) s e N
and the basis of order p,q intersect at powers of

:c%,k =0,1,... if the following conditions on coef-
ficients fy](p ),’y](-Q) hold true:
W =0, j#sV (35)
YD =0, s (36)

where [ =0,1,....

6. CONCLUSIONS

The fractal structure of solutions to fractional dif-
ferential equations has been investigated in this
paper. It is shown that the fractional Riccati
equation can be solved by considering the recur-
rence relations between the coefficients of fractional
power series. It is proven that the generating func-
tion of the series coefficients satisfies an associ-
ated ordinary differential equation and can be used
to construct the solution to the fractional Riccati
equation.

Furthermore, it appears that solutions to frac-
tional equations exhibit a nested, fractal-like struc-
ture, which is investigated via computational
experiments and theoretical investigation of the
fractional power series basis. This fractality prop-
erty results in the fact that higher-order frac-
tional Riccati equations inherit some solutions from

lower-order equations when a subset of initial con-
ditions is set to zero.

Further investigation of the fractal properties and
construction of analytical solutions of fractional dif-
ferential equations remains a definite objective of
future research.

ORCID

Zenonas Navickas|®| https://orcid.org/0000-0002-8725-3005

Tadas Telksnys| https://orcid.org/0000-0002-4975-8467
https://orcid.org/0000-0002-0224-4725
https://orcid.org/0000-0001-5812-3140

https://orcid.org/0000-0002-3348-9717

Inga Telksniene
Romas Marcinkevicius

Minvydas Ragulskis

REFERENCES

1. X.-J. Yang, F. Gao and J. Yang, General Frac-
tional Derivatives with Applications in Viscoelastic-
ity (Academic Press, Cambridge, 2020).

2. X.-J. Yang, General Fractional Derivatives: Theory,
Methods and Applications (CRC Press, Boca Raton,
2019).

3. H. Richard, Fractional Calculus: An Introduction for
Physicists (World Scientific, Singapore, 2014).

4. D. Xue, Fractional-Order Control Systems: Fun-
damentals and Numerical Implementations (De
Gruyter, Berlin, 2017).

5. R. L. Magin, Fractional Calculus in Bioengineering
(Begell House Redding, Danbury, 2006).

6. Q. Yang, D. Chen, T. Zhao and Y. Chen, Fractional
calculus in image processing: A review, Fract. Calc.
Appl. Anal. 19 (2016) 1222-1249.

7. H. Li, Z. Yu and C. Mao, Fractional differential
and variational method for image fusion and super-
resolution, Neurocomputing 171 (2016) 138-148.

8. J. Zhang and K. Chen, Variational image registra-
tion by a total fractional-order variation model, J.
Comput. Phys. 293 (2015) 442-461.

9. W. Zhang, J. Li and Y. Yang, Spatial fractional
telegraph equation for image structure preserving
denoising, Signal Process. 107 (2015) 368-377.

10. V. E. Tarasov and V. V. Tarasova, Time-dependent
fractional dynamics with memory in quantum and
economic physics, Ann. Phys. 383 (2017) 579
599.

11. M. E. Fouda, A. S. Elwakil, A. G. Radwan and
A. Allagui, Power and energy analysis of fractional-
order electrical energy storage devices, Energy 111
(2016) 785-792.

12. J. Singh, D. Kumar, Z. Hammouch and A. Atan-
gana, A fractional epidemiological model for com-
puter viruses pertaining to a new fractional deriva-
tive, Appl. Math. Comput. 316 (2018) 504-515.

2340130-8


https://orcid.org/0000-0002-8725-3005
https://orcid.org/0000-0002-4975-8467
https://orcid.org/0000-0002-0224-4725
https://orcid.org/0000-0001-5812-3140
https://orcid.org/0000-0002-3348-9717

Fractals Downloaded from www.worldscientific.com
by 88.222.25.29 on 05/05/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

13.

14.

15.

16.

A. Chang, H. Sun, C. Zheng, B. Lu, C. Lu,
R. Ma and Y. Zhang, A time fractional convection—
diffusion equation to model gas transport through
heterogeneous soil and gas reservoirs, Physica A 502
(2018) 356-369.

M. Pan, L. Zheng, F. Liu, C. Liu and X. Chen,
A spatial-fractional thermal transport model for
nanofluid in porous media, Appl. Math. Model. 53
(2018) 622—-634.

Y. Yu, P. Perdikaris and G. E. Karniadakis, Frac-
tional modeling of viscoelasticity in 3D cerebral
arteries and aneurysms, J. Comput. Phys. 323
(2016) 219-242.

Q. Yu, V. Vegh, F. Liu and I. Turner, A variable
order fractional differential-based texture enhance-
ment algorithm with application in medical imaging,
PLoS One 10 (2015) €0132952.

2340130-9

17.

18.

19.

20.

The Fractal Structure of Analytical Solutions

L. Hu, D. Chen and G.-W. Wei, High-order frac-
tional partial differential equation transform for
molecular surface construction, Mol. Based Math.
Biol. 1 (2013) 1-25.

7. Navickas, T. Telksnys, R. Marcinkevicius and
M. Ragulskis, Operator-based approach for the
construction of analytical soliton solutions to non-
linear fractional-order differential equations, Chaos
Solitons Fractals 104 (2017) 625-634.

N. A. Kudryashov, Simplest equation method to
look for exact solutions of nonlinear differential
equations, Chaos Solitons Fractals 24 (2005) 1217—
1231.

Z. Navickas, L. Bikulciene and M. Ragulskis, Gener-
alization of Exp-function and other standard func-
tion methods, Appl. Math. Comput. 216 (2010)
2380-2393.



	INTRODUCTION
	PRELIMINARIES
	Caputo Fractional Power Series and Operators

	SOLUTION OF THE FRACTIONAL RICCATI EQUATION
	Derivation of Recurrence Relations for the Coefficients of the Solution to the Fractional Riccati Equation
	Characteristic Function of the Sequence ((n)j; j = 0,1,…) and its Generating Equation
	Solution of the Fractional Riccati Equation via Generating Function n

	COMPUTATIONAL EXPERIMENTS
	FRACTAL STRUCTURE OF ANALYTICAL SOLUTIONS TO FRACTIONAL RICCATI EQUATION
	CONCLUSIONS


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


