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1. 35$7$50  

 
GeometriQLR� REMHNWR� VNDLG\PDV� ³� WULNDPSLXV� \UD�YDGLQDPDV� WULDQJXOLDFLMD��7ULDQJXOLDFLMRV�

UH]XOWDWDV� \UD� WULNDPSLÐ� HOHPHQWÐ� WLQNODV�� NXULV� \UD� ODEDL� SODþLDL� QDXGRMDPDV� ³YDLULRVH� VULW\VH��
.RPSLXWHULQ¡MH� JUDILNRMH� DWOLNXV� WRN³� �'� REMHNWR� GLVNUHWL]DYLP��� å\PLDL� VXPDå¡ja informacijos, 

UHLNDOLQJRV�DSUDã\WL�REMHNW��NLHNLV�LU�VXSDSUDVWLQDPL�EÌVLPLHML�VNDLþLDYLPDL��*HRJUDILMRMH�WULNDPSLÐ�
WLQNODV� NRPSDNWLãNDL� LU� WLNVOLDL� DWYDL]GXRMD� SDYLUãLÐ�� %DLJWLQLÐ� HOHPHQWÐ� PHWRGH� QDJULQ¡MDPDV�
REMHNWDV�WDLS�SDW�\UD�VXVNDLGRPDV�³�PDåHVQLXV�SDSUDVWRV�IRUPRV��GDåQLDXVLDL�WULNDPSLXV��HOHPHQWXV� 

'¡O� ODEDL�SODþLRV� WULDQJXOLDYLPR�SULWDLN\PR�LU�QDXGRMLPR�VULWLHV�� ODEDL�VYDUEX�NXUWL�QDXMXV�
EHL�WREXOLQWL�VHQXV�DOJRULWPXV��âLDPH�GDUEH�DSUDã\WD�'HODXQD\�WULDQJXOLDFLMD��³YDLUXV�MRV�JHQHUDYLPR�
algoritmDL�� EHL� WDLN\PR� EÌGDL�� 6XNXUWL� LU� RSWLPL]XRWL� JRGDXV� ³WHUSLPR� 'HODXQD\� LU� 'DWD'HS�
DOJRULWPDL��DWOLNWDV�MÐ�W\ULPDV�SDWHLNWL�UH]XOWDWDL�LU�LãYDGRV� 
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2. ²9$'$6 

2.1. Geometrinio tinklo tipai 

 
<UD�LãVNLULDPL�WU\V�SDJULQGLQLDL�JHRPHWULQLR�WLQNOR�WLSDL��VWUXNWÌUL]XRWDV��QHVWUXNWÌUL]XRWDV�LU�

KLEULGLQLV��VWUXNWÌUL]XRWDV�EORNDLV��>�@� 

 
��SDY��6WUXNWÌUL]XRWDV�WLQNODV 

6WUXNWÌUL]XRWDV� WLQNODV� �1 paveikslas�� \UD� WRNV� WLQNODV�� NXULR� YLVL� HOHPHQWDL� \UD� SDQDãÌV�
topologiškai. 

 
��SDY��1HWUXNWÌUL]uotas tinklas 

1HVWUXNWÌUL]XRWR� WLQNOR� �2 paveikslas) elementai gali vienas nuo kito skirtis. Atskiras 

QHVWUXNWÌUL]XRWR�WLQNOR�DWYHMLV�\UD�DQLVRWURSLQLV�WLQNODV� 
Hibridinis tinklas (3 paveikslas��\UD� IRUPXRMDPDV� Lã�PDåHVQLÐ�VWUXNWÌUL]XRWÐ�GDOLÐ��NXULRV�

yra VXMXQJLDPRV�³�EHQGU��WLQNO��SDJDO�VWUXNWÌURV�QHWXULQW³�ãDEORQ�� 
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3 pav. Hibridinis tinklas 

6WUXNWÌUL]XRWL� WLQNODL� \UD� V�O\JLQDL� SDSUDVWL� LU� HIHNW\YÌV�� -LHPV� DSUDã\WL� UHLNLD� PDåLDX�
DWPLQWLHV�� OHQJYD� LHãNRWL�NDLP\QLQLÐ� HOHPHQWÐ�–�XåWHQND�GLGLQWL�DUED�PDåLQWL�PDV\YR��DSUDãDQþLR�
WLQNO��� HOHPHQWXV��7DþLDX�VXNXUWL� VWUXNWÌUL]XRW�� WLQNO�� VXG¡WLQJRV�JHRPHWULQ¡V�IRUPRV�VULWLPV�JDOL�
EÌWL�ODEDL�VXG¡WLQJD��R�NDUWDLV�QHW�LU�QH³PDQRPD��6WUXNWÌUL]XRWL�HOHPHQWDL�QHJDOL�NHLVWL�G\GåLR�WDLS�
greitai kaip reik¡WÐ�� WRG¡O� NDUWDLV� JHQHUXRMDQW� WLQNO�� JDOL� SULUHLNWL� GDXJ� GDXJLDX� VWUXNWÌUL]XRWÐ�
HOHPHQWÐ�O\JLQDQW�VX�QHVWUXNWÌUL]XRWDLV��QHV�QHVWUXNWÌUL]XRWR�WLQNOR�HOHPHQWDL�WRNLR�WUÌNXPR�QHWXUL��
+LEULGLQLDL�WLQNODL�WXUL�WLHN�VWUXNWÌUL]XRWÐ��WLHN�QHVWUXNWÌUL]XRWÐ�WLQNOÐ�SUDQDãXPÐ��WDþLDX�MXRV�ODEDL�
VXG¡WLQJD�JHQHUXRWL� 

6WUXNWÌUL]XRWXV� WLQNOXV� SDSUDVWDL� VXGDUR� NHWXUNDPSLDL�� R� QHVWUXNWÌUL]XRWXV� WULNDPSLDL�
elementai. 

'¡O�VDYR�XQLYHUVDOXPR�LU�ODQNVWXPR�QHVWUXNWÌUL]XRWL�WLQNODL�\UD�GDXJ�SODþLDX�QDXGRMDPL�QHL�
VWUXNWÌUL]XRWL�DU�KLEULGLQLDL�WLQNODL��WRG¡O�LU�EXYR�SDVLULQNWD�WRNLD�GDUER�WHPD� 

âLDPH�GDUEH�EXV�DSWDULDPL� LU�QDJULQ¡MDPL�DOJRULWPDL� LU�PHWRGDL��NXULH�QDXGRMDPL�VXGDU\WL�
QHVWUXNWÌUL]XRWDP�WLQNOXL�Lã�WULNDPSLÐ�HOHPHQWÐ��GDU�YDGLQDPDP�WULDQJXOLDFLMD� 
 

2.2. Trianguliavimo algoritmai 

 
7ULDQJXOLDYLPR�DOJRULWPDL�\UD�VNLUVWRPL�³�NHWXULDV�SDJULQGLQHV�JUXSHV�>�@� 
• 7ULDQJXOLDFLMD�SDVLUHQNDQW�YLUãÌQHV� 
• ,QNUHPHQWLQ¡�WULDQJXOLDFLMD� 
• Tinklo generavimas trianguliuojant pabaigoje, 

• Tinklo generavimas retrianguliuojant. 

Metodai priklausantys pirmDMDL� JUXSHL� SDUHQND� YLUãÌQHV� LU�� QH³WHUSGDPL� QDXMÐ� YLUãÌQLÐ�� MDV�
WULDQJXOLXRMD� LU� SDVLULQNWLQDL� SDNRUHJXRMD� YLUãÌQLÐ� SR]LFLMDV�� QDXGRMDQW� NXUL�� QRUV� GDLOLQLPR�
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SULHPRQ
� �4 paveikslas�� >���� ��@�� 7RNLR� PHWRGR� WUÌNXPDV� \UD� WRNV�� NDG� QHWLQNDPDL� SDVLULQNXV�
pradiQHV�YLUãÌQHV�JDXQDPRV�SUDVWRV�NRN\E¡V�WLQNODV� 

 

 

 

��SDY��7ULDQJXOLDFLMRV�SDVLUHQNDQW�YLUãÌQHV�VWUXNWÌUD 

,QNUHPHQWLQ¡V� WULDQJXOLDFLMRV� PHWRGDL� �5 paveikslas�� ³WHUSLD� QDXM�� YLUãÌQ
� LU� DWQDXMLQD�
WULDQJXOLDFLM�� >��� ���� ��@�� 3URJUHVXRMDQþLR� SULHNLR� �DGYDQFing front) metodas yra tokio 

WULDQJXOLDYLPR� SDY\]G\V� >��� ��@�� 1HWROL� QXR� VULWLHV� ULERV� \UD� JHQHUXRMDPL� DXNãWRV� NRN\E¡V�
WULNDPSLDL��WDþLDX�WRVH�YLHWRVH��NXU�IURQWDL�VXVLNHUWD��HOHPHQWDL�JDOL�EÌWL�GHIRUPXRMDPL��3R�WR�DWOLNWDV�
GDLOLQLPDV�JDOL�LãVSU
VWL�ãL��SUREOHP�� 

 

 

 

 

 

��SDY��,QNUHPHQWLQ¡V�WULDQJXOLDFLMRV�VWUXNWÌUD 

Tinklo generavimo trianguliuojant pabaigoje metodas (6 paveikslas��³WHUSLD�LãPHWD�YLUãÌQ
�LU�
DWOLHND�GDLOLQLP��YLHQX�PHWX��7DL�OHLGåLD�NHLVWL�WLQNOR�HOHPHQWÐ�NLHN³��NXRPHW�YLUãÌQLÐ�NLHNis yra per 

GLGHOLV� DUED� SHU� PDåDV�� 6KLPDGD� LU� *RVVDUG� VXNÌU¡� DOJRULWP��� NXULV� SDUHQND� SUDGLQHV� YLUãÌQHV��
³WHUSLD�³ãPHWD�YLUãÌQHV�LU�GDLOLQD��R�SDEDLJRMH�DWOLHND�'HODXQD\�WULDQJXOLDFLM��>��@� 
 

 

 

 

 

6 pav. Tinklo generavimo trianguliuojant pabaigoje metodo�VWUXNWÌUD 

Retrianguliavimo metodas (7 paveikslas�� ³WHUSLD�LãPHWD� YLUãÌQ
�� GDLOLQD� LU� WULDQJXOLXRMD�
YLHQX�PHWX��:HOFK� VXNÌU¡� DOJRULWP��� NXULV� QDXGRMD�/DSODVR�GDLOLQLP�� LU�'HODXQD\� WULDQJXOLDFLM��
[29]. 

 

 

 

 

 

��SDY��5HWULDQJXOLDYLPR�PHWRGR�VWUXNWÌUD 

PasiULQNWL�YLUãÌQHV Trianguliuoti Dailinti 

Trianguliuoti 

²WHUSWL�YLUãÌQ
 

Dailinti 

3DVLULQNWL�YLUãÌQHV Dailinti Trianguliuoti 

²WHUSWL�LãPHVWL�YLUãÌQ
 

Dailinti Trianguliuoti 

²WHUSWL�LãPHVWL�YLUãÌQ
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DarEH� GDXJLDXVLD� G¡PHVLR� VNLUWD� 'HODXQD\� WULDQJXOLDFLMDL�� �� VN\ULXMH� DSUDã\WL� 'HODXQD\�
WULDQJXOLDFLMRV� JHQHUDYLPR� DOJRULWPDL�� MRV� WDLN\PDV� DQLVRWURSLQLR� WLQNOR� NÌULPXL�� �� VN\ULXMH�
RSWLPL]XRWL� LU� LãQDJULQ¡WL� JRGDXV� ³WHUSLPR� 'HODXQD\� LU� JRGDXV� ³WHUSLPR� 'DWD'HS� algoritmai. 5 

skyriuje pateikti rezultatai, o darbas baigiamas išvadomis. 
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3. DELAUNAY TRIANGULIACIJA    

 

   
8-��SDY��3ORNãWXPRV�WDãNÐ�'HODXQD\�WULDQJXOLDFLMD 

 

'HODXQD\�WULDQJXOLDFLMD�YDGLQDPD�WRNV�SORNãWXPRV�WDãNÐ�0i�WUHMHWÐ�VXMXQJLPDV�WULNDPSLDLV�
(8-��SDYHLNVODL���NDG�QXEU¡åWDPH�SHU�EHW�NXULR�WULNDPSLR�YLUãÌQHV�DSVNULWLPR�YLGXMH�Q¡UD�QHL�YLHQR�
taško Mi.  

DelaunD\� WULDQJXOLDFLMD� SDGDOLQD� SORNãWXPRV� VULW³� ³� WULNDPSLXV�� 'HODXQD\� WULDQJXOLDFLMRV�
V�YRN��JDOLPD�DSLEHQGULQWL� LU�GDXJLDPDþLX�DWYHMX��3DY\]GåLXL�� WULPDþLDL�0i� WDãNDL�\UD� WDOSLQDPL� ³�
WRNLÐ�WHWUDHGUÐ�YLUãÌQHV��NDG�QXEU¡åWRV�SHU�EHW�NXULR�WHDWUDHGUR�YLUãÌQHV�VIHURV�YLGXMH�Q¡UD�QHL�YLHQR�
taško Mi.  

   
10-���SDY��1HYLHQDUHLNãP¡�'HODXQD\�WULDQJXOLDFLMD 

 

Jei tarp Mi� WDãNÐ� DWVLUDV� NHWXUL� LU� GDXJLDX� WDãNÐ�� SHU� NXULXRV� JDOLPD� QXEU¡åWL� DSVNULWLP���
NXULR� YLGXMH� Q¡UD� NLWÐ� WDãNÐ�� WDL� WRNLÐ� WDãNÐ� DLEHL� 'HODXQD\� WULDQJXOLDFLM�� JDOLPD� DWOLNWL�
nevienareikšmiškai.� 3DSUDVþLDXVL�� QHYLHQDUHLNãP¡V� 'HODXQD\� WULDQJXOLDFLMRV� DWYHM³�� NDL� GXRWL�
WULDQJXOLDFLMDL� NHWXUL� WDãNDL� \UD� SORNãWXPRV� VWDþLDNDPSLR� YLUãÌQ¡V�� LOLXVWUXRMD� �10-11 paveikslai). 

1HYLHQDUHLNãP¡� 'HODXQD\� WULDQJXOLDFLMD� JDOLPD� WLN� WRNLX� �LãVLJLPXVLÐ�� GXRPHQÐ� DWYHMX� LU� WRG¡O�
SUDNWLãNDL� ML� SDVLWDLNR� UHWDL�� �,ãVLJLPXVLÐ�� GXRPHQÐ� DWYHMX� JDOLPD�QHå\PLDL� SDNHLVWL� GDXJLDX�QHL�
WULMÐ�YLHQDP�DSVNULWLPXL�SULNODXVDQþLÐ�WDãNÐ�NRRUGLQDWHV�WDLS��NDG�PRGLILNXRWLHPV�GXRPHQLPV�EÌWÐ�
JDXWD�YLHQDUHLNãP¡�'HODXQD\�WULDQJXOLDFLMD�� 
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Delaunay trianguliacija (DT) yra taikoma:  

• .DUWRJUDILMRMH��PLHVWÐ�SODQDYLPH� 
• 3ODQXRMDQW�PRELOLÐMÐ�WHOHIRQÐ�UHWUDQVOLDFLMRV�VWRþLÐ�LãG¡VW\P�� 
• (IHNW\YLDL�DUWLPLDXVLRMR�NDLP\QR�SDLHãNDL��DWSDåLQLPDV��NRPSLXWHULQ¡�UHJD�� 
• $SURNVLPXRMDQW�SDYLUãLXV��NRPSLXWHULQ¡�JHRPHWULMD��DWSDåLQLPDV�� 
• )RUPXRMDQW�JDUGHOHV��EDLJWLQLÐ�HOHPHQWÐ�PHWRGH��GLIHUHQFLDOLQ¡V�O\JW\V�� 
• 9L]XDOL]DFLMRMH��NRPSLXWHULQ¡�UHJD��JHRPHWULMD�� 
• 'DXJLDPDþLÐ�GXRPHQÐ�VWUXNWÌURVH��NRPSLXWHULMD�� 
 

3.1. Algoritmai 

 
%HW� NRNLRV� SORNãWXPRV� WDãNÐ� DLEHL� JDOLPD� DWOLNWL� 'HODXQD\� WULDQJXOLDFLM��� *DOLPDV� WRNV�

tiesioginis M0, M1, ..., MN-1�WDãNÐ�'HODXQD\�WULDQJXOLDFLMRV�DOJRULWPDV�� 
 

    for (int i=0; i<N-2; i++)  

 for (int j=i+1; j<N-1; j++)  

    for (int k=j+1; k<N; k++){ 

  ���5DVWL�DSVNULWLP��NHUWDQW³�WDãNXV�0i, Mj, Mk 

  for (int l=0; l<N; l++){ 

  // Tikrinti ar Ml�WDãNDV�Q¡UD�DSVNULWLPR�YLGXMH 

  // Jei visi Ml�WDãNDL�Q¡UD�DSVNULWLPR�YLGXMH 

  ���SDSLOG\WL�WULDQJXOLDFLM���0i,Mj,Mk) trikampiu 

  } 

    } 

âLR� WLHVLRJLQLR� '7� DOJRULWPR� VXG¡WLQJXPDV� \UD� 2�14��� 7UXPSDL� DSLEÌGLQVLPH� NHOHW��
HIHNW\YHVQLÐ�'7�DOJRULWPÐ�� 

• Keitimo algoritmas [28] pradedamas nuo bet kokios trianguliacijos, kuri yra nuosekliai 

NRQYHUWXRMDPD�³�'HODXQD\�WULDQJXOLDFLM��� 
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���SDY��.HWXUNDPSLR�LVWULåDLQ¡V�VXNHLWLPDV 

 

Keturkampio [Mi,Mj,Mk,Ml@��VXGDU\WR�Lã�GYLHMÐ�JUHWLPÐ�WULDQJXOLDFLMRV�WULNDPSLÐ�>0i,Mj,Ml] 

ir [Mj,Mk,Ml@�� ³VWULåDLQ¡� >0j,Ml@� NHLþLDPD� ³� >0i,Mk@�� MHL� YLUãÌQ¡� 0k yra apskritimo, 

NHUWDQþLR� Wrikampio [Mi,Mj,Ml@� YLUãÌQHV�� YLGXMH� �12 paveikslas���7RNLX�EÌGX� �>0i,Mj,Ml], 

[Mj,Mk,Ml@��WULNDPSLÐ�SRUD�NHLþLDPD�³��>0i,Mj,Mk],[Mk,Ml,Mi@��SRU��� 
• $WVLWLNWLQLR� ³WHUSLPR� DOJRULWPDV� >��@� WULDQJXOLDFLM�� SUDGHGD� QXR� WULMÐ� DSMXQJWÐ� WULNDPSLX�

WDãNÐ� SDVLUHQNDQW� DWVLWLNWLQDL� VHNDQW³� WDãN��� NXULV� SULMXQJLDPDV� SULH� WULDQJXOLDFLMRV�� âL�
SURFHGÌUD�NDUWRMDPD�NRO�QHOLHND�WDãNÐ��7ULDQJXOLDFLMRV�SDSLOG\PDV�DWOLHNDPDV�SDQDXGRMDQW�
NHWYLUWDLQ³, DãWXQWDLQ³ arba Delaunay�PHG³�� 

• Nuoseklaus trianguliacijos papildymo algoritmas papLOGR� GDOLQ
� WULDQJXOLDFLM�� QDXMX�
WULNDPSLX��'HODXQD\�WULNDPSLÐ�VSDUWL�SDLHãND�DWOLHNDPD�SDQDXGRMDQW�UHJXOLDUL��JDUGHO
�>��@�
LU�LãUHWLQW��PDWULF��>��@�� 

• �6NDOG\N�LU�YDOG\N��DOJRULWPDV�>�@�UHNXUV\YLDL�DWOLHND�³�GYL�GDOLV�GDOLQDPDV�WDãNÐ�'HODXQD\�
trianguliaciMDV��<UD�VXJDOYRWL�HIHNW\YÌV�WULDQJXOLXRWÐ�GDOLÐ�DSMXQJLPR�DOJRULWPDL�� 

• �âOXRMDQþLRV�WLHV¡V���DQJO��sweepline��\UD�YLHQDV�åLQRPLDXVLÐ�LU�HIHNW\YLDXVLÐ�'7�DOJRULWPÐ�
>��@�� $OJRULWPR� SUDGåLRMH� SORNãWXPRV� WDãNDL� \UD� VXQXPHUXRMDPL� WDãNÐ� DEVFLVLÐ� GLG¡MLPR�
tvarka��7ULDQJXOLDFLMD� DWOLHNDPD�QXRVHNOLDL� SDSLOGDQW� WDãNDLV� VX�GLG¡MDQþLRPLV�DEVFLV¡PLV��
9L]XDOLDL� WRN³� WULDQJXOLDFLMRV� WDãNÐ�SDSLOG\P�� JDOLPD�YDL]GXRWL� Lã�NDLU¡V� ³�GHãLQ
� MXGDQþLD�
YHUWLNDOLD�WLHVH��Lã�NXU�LU�NLOR�PHWRGR�SDYDGLQLPDV��$OJRULWPR�VXG¡WLQJXPDV�\UD O(Nlog(N)). 

ýLD�1�-�WULDQJXOLXRMDPÐ�SORNãWXPRV�WDãNÐ�VNDLþLXV�� 
• "Projekcinis algoritmas" remiasi tokia geometrijos teorema.  

Teorema��3ORNãWXPRV�WDãNÐ�'HODXQD\�WULDQJXOLDFLMD�\UD�SURMHNFLMD�³�[-\�SORNãWXP��DSDWLQ¡V�LãNLORV�
WULPDW¡V�VULWLHV��JDXQDPRV�VXUDQGDQW�HUGY¡V�WDãNÐ��[i,yi,(xi)

2)+(yi)
2��LãNLO��DSYDONDO��� 

7LHVLRJLQ¡� ãLR� DOJRULWPR� UHDOL]DFLMD� \UD� 2�14�� VXG¡WLQJXPR�� 7LHVLRJLQLR� DOJRULWPR� VFKHPD� EÌWÐ�
tokia.  
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for ( i=0; i<N; i++) zi = (xi)
2 + (yi)

2; 

for ( i=0; i<N-2; i++){ 

    for ( j=0; j<N-1; j++){ 

 for ( k=0; k<N; k++){ 

             $SVNDLþLXRWL�WULNDPSLR�QRUPDO
 

             Surandame apatinius trikampius 

             for ( m=0; m<N; m++){ 

��������������������MHL�WDãNDV�P�\UD�YLUã�WULNDPSLR�DSLEU¡åLDPR�LQGHNVDLV��L�M�N�� 
                         tai trikampis lieka Delaunay trianguliacijos kandidato 

��������������������SULHãLQJX�DWYHMX�EDLJWL�WLNULQLP���QHV��L�M�N��LQGHNVDLV 
   DSLEU¡åLDPDV�WULNDPSLV�QHSULNODXVR�'HODXQD\�WULDQJXOLDFLMDL� 
                } 

 } 

    } 

} 
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3.2. Delaunay trianguliacijos taikymas anisotropinio tinklo generavimui plokštumoje 

 
1RULQW� VXNXUWL� DQLVRWURSLQ³� �QHYLHQRG�� YLVRPLV� NU\SWLPLV�� WLQNO�� QDXGRMDPDV� �[��

LãPDWDYLPÐ� WHQ]RULXV� 0�[��� NXULV� QXVWDWR� WLQNOR� HOHPHQWR� G\G³� QDXGRGDPDV� HOHPHQWR� SR]LFLMRV�
IXQNFLM��>�@��(OHPHQWR�G\GLV�SULNlauso nuo vietos, kurioje jis yra. 

 
���SDY��$QLVRWURSLM��DSUDãDQWL�HOLSV¡ 

Anisotropijai aprašyti yra reikalingi trys parametrai: spinduliai r1, r2� LU� NDPSDV� �� �13 

paveikslas). Šiuos parametrus atitinkantis tenzorius yra: 

 







−















 −
=

θθ
θθ

θθ
θθ

cossin

sincos

/10

0/1

cossin

sincos
2

2

2
1

r

r
M  

1DXGRMDQW�ã³�WHQ]RULÐ�DWVWXPDV�WDUS�WDãNÐ�[�LU�\�\UD�VNDLþLXRMDPDV�SDJDO�IRUPXO
� 
d(x,y) = )()( yxMyx avg

T −−  kur Mavg=(M(x)+M(y))/2 

7LQNOH��NXULV� VXNXUWDV� UHPLDQWLV� WRNLRPLV� WDLV\NO¡PLV��YLUãÌQ¡V� i� NDLP\QDL�\UD�DUWL� HOLSV¡V�
d(pi, y) = 1 

NormDOL]XRWDV�WULNDPSLR��DSLEU¡åWR�WDãNDLV�[��\��]��SORWDV�\UD�VNDLþLXRMDPDV�SDJDO�IRUPXO
� 
)(*)()det(

2

1
),,( xzxyMzyxA avg −−=  kur Mavg=(M(x)+M(y)+M(z))/3 

 
���SDY��%ULDXQRV�VXNHLWLPDV�Y\NGDQW�DQLVRWURSLQ
�'HODXQD\�WULDQJXOLDFLM� 

Modifikuojame Delaunay NULWHULMÐ�� NDG� MLV� DWLWLNWÐ� DQLVRWURSLMRV� UHLNDODYLPXV��7ULNDPSLDL�
xyz ir zwx yra greta vienas kito (14 paveikslas���'HODXQD\�WULDQJXOLDFLMD�VXNHLþLD�EHQGU��WULNDPSLÐ�
EULDXQ�� VLHNLDQW� PDNVLPL]XRWL� PLQLPDOÐ� NDPS��� $WOLHNDQW� DQLVRWURSLQ
� 'HODXQD\� WULDQJXOLDFLM���
WDLV\NO
��NXRPHW�UHLNLD�SDNHLVWL�EULDXQ��[]�EULDXQD�\Z��JDOLPD�XåUDã\WL� 
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 [ ] [ ] 0)(*)()()()()()(*)( <−−−−+−−−− wzwxyxMyzwzMwxyxyz avg

T

avg

T  

âL� WDLV\NO¡� \UD� HNYLYDOHQWLãND� VWDQGDUWLQLDP� DSVNULWLPR� WHVWXL� >�@�� ²WHUSLDQW� YLUãÌQ
�
Mavg=(M(w)+m(x)+M(y)+M(z))/4 kur w, x, y, z yra tikrinamo keturkampLR�YLUãÌQ¡V��R�naikinant i 

YLUãÌQ
�0avg=M(pi). 

.XRPHW� WHQ]RULXV�QHNLQWD��Y\NGDQW�EULDXQÐ�VXNHLWLP�� UDQGDPDV�JOREDOXV�RSWLPXPDV�>��@��
.XRPHW�WHQ]RULXV�NLQWD��DWVLUDQGD�JDOLP\E¡��NDG�EULDXQÐ�VXNHLWLPDV�QLHNDGD�QHEXV�EDLJLDPDV��7R�
JDOLPD�LãYHQJWL�QDXGRMDQW�W��SDW³�WHQ]RULÐ�YLVLHPV�EULDXQÐ�VXNHLWLPR�WHVWDPV� 
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�����'LUEWLQ¡�'HODXQD\�WULDQJXOLDFLMD 

 
%H� ³SUDVWRV� 'HODXQD\� WULDQJXOLDFLMRV� GDU� \UD� QDXGRMDPD� GLUEWLQ¡� �SULYHUVWLQ¡�� 'HODXQD\�

WULDQJXOLDFLMD�� 7RNLD� WULDQJXOLDFLMD� SDSUDVWDL� QDXGRMDPD� NXRPHW� \UD� QDJULQ¡MDPRV� VXG¡WLQJRV�
JHRPHWULQ¡V�IRUPRV�VULW\V�>�@� 

Taškas p yra taško q matymo lauke, jei linija pq�\UD�VULW\MH�:�LU�QHNHUWD�MRV�ULEÐ��'LUEWLQ¡�
'HODXQD\� WULDQJXOLDFLMD� EXV� WRNV� VULWLHV� :� VXVNLUVW\PDV� ³� WULNDPSLXV�� NDG� QHL� YLHQDV� WULNDPSLV�
nekerta W ribos ir, atliNXV� DSVNULWLPR� WHVW��� Q¡UD� QHL� YLHQRV� YLUãÌQ¡V� HVDQþLRV� DSVNULWLPR� ODXNH��
Pateiktas pavyzdys (15 paveikslas��� NXULDPH� YLUãÌQ¡� v� Q¡UD� QHL� YLHQR� WULNDPSLR� DEF� YLUãÌQ¡V�
PDW\PR�ODXNH��QRUV�LU�DWLWLQND�VWDQGDUWLQ³�'HODXQD\�NULWHULMÐ��DSVNULWLPR�WHVW��� 

 
15 pav. Dirbtinei Delaunay trianguliacijai netinkamas taškas  

5XSSHUW� >��@�� UHPGDPDVLV� &KHZ� DWOLNWDLV� GDUEDLV� >�@�� SDVLÌO¡� GLUEWLQ¡V� 'HODXQD\�
WULDQJXOLDFLMRV� DOJRULWP��� âLV� DOJRULWPDV� VXJHQHUXRMD� SUDGLQ
� WULDQJXOLDFLM�� LU� Y¡OLDX� M�� SDSLOGR�
naujRPLV�YLUãÌQ¡PLV��NXULRV�SDJHULQD�WULDQJXOLDFLMRV�NRN\E
��16 paveikslas). 

 
16 pav. Tinklas sugeneruotas Ruppert algoritmu 
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$OJRULWPR�åLQJVQLDL� 
• 6XUDVWL�YLVDV�YLUãÌQHV��NXULÐ�NDPSDV�\UD�PDåHVQLV�Xå���Û� 
• 1DXGRMDQW� VXUDVWDV� YLUãÌQHV�� VXNXUWL� O\JLDãRQLXV� WULNDPSLXV�� NXULÐ� SDJULQGDV� \UD� SULHãDLV�

UDVW��YLUãÌQ
��R�ãRQDL�O\JXV�SXVHL�DWVWXPR�QXR�YLUãÌQ¡V�LNL�DUWLPLDXVLRV�NDLP\Q¡V�HVDQþLRV�
YLUãÌQ¡V�ODXNH� 

• 3DNHLVWDL�VULþLDL�VXJHQHUXRWL�GLUEWLQ
�'HODXQD\�WULDQJXOLDFLM�� 
• 3DSLOG\WL�HVDP��WULDQJXOLDFLM��YLUãÌQ¡PLV�Y\NGDQW�FLNO�� 

while yra toks trikampis t�NXULR�NDPSDV�\UD�PDåHVQLV�Xå���Û�GR 

DSVNDLþLXRMDPDV�WULNDPSLR�t apskritimo centras c 

if c�\UD�DSVNULWLPR��NXULR�GLDPHWUDV�O\JXV�LãRULQ¡V�EULDXQRV�H�LOJLXL��R�FHQWUDV�
yra briaunos e viduryje, viduje then 

 ³WHUSWL�QDXM��YLUãÌQ
�³�EULDXQRV�e�YLGXU³ 
HOVH�³WHUSWL�QDXM��YLUãÌQ
�WDãNH�c 

SHUVNDLþLXRWL�WULDQJXOLDFLM� 

  end 

âLV� DOJRULWPDV� JDUDQWXRMD�� NDG� WULDQJXOLDFLMRMH� QHEXV� WULNDPSLÐ� VX� PDåHVQLDLV� QHL� ��Û�
NDPSDLV��âL� WDLV\NO¡�QHJDOLRMD� WLN� WLHPV� WULNDPSLDPV��NXULH�EXYR�VXJHQHUXRWL� Lã�YLUãÌQLÐ��DWULQNWÐ�
SLUPDPH�DOJRULWPR�åLQJVQ\MH� 
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4. GODUS ALGORITMAI PAVIRŠIAUS TRIANGULIAVIMUI 

 
'DUER� WLNVODV� \UD� VXNXUWL� HIHNW\YLXV� REMHNWR� DSURNVLPDYLPR� ³� WLQNO�� DOJRULWPXV�� DWOLHNDQW�

SDYLUãLDXV�VXVNLUVW\P��³�WULNDPSLXV��âLH�DOJRULWPDL�PLQLPL]XRMD�DSURNVLPDYLPR�SDNODLG��LU�EHQGU��
DSURNVLPDFLMRV� WULNDPSLÐ�VNDLþLÐ��,ãQDJULQ¡WL� WULDQJXOLDYLPR�PHWRGDL�SULNODXVR�ÄJRGDXV� ³WHUSLPR³�
DOJRULWPÐ�ãHLPDL�� 

7REXOLQLPR� DOJRULWPDV�� NXULV� ³WHUSLD� EHQW� SR� YLHQ�� YLUãÌQ
� NLHNYLHQRV� LWHUDFLMRV� PHWX��
vadinaPDV�JRGåLX��(J]LVWXRMD�GDXJ\E¡�JRGDXV�DOJRULWPR�PRGLILNDFLMÐ�>���������������������@� 

1DJULQ¡MDPX�DWYHMX�SDYLUãLXV�\UD�DSUDãRPDV�GYLHMÐ�NLQWDPÐMÐ�IXQNFLMD�+�[�\���'XRPHQ\V�
\UD� SDWHLNLDPL�� NDLS� WDãNÐ� SORNãWXPRMH� LU� SDSLOGRPÐ� GXRPHQÐ�� VXVLHWÐ� VX� ãLDLV� WDãNDLs rinkinys. 

'DUER�WLNVODV�\UD�UDVWL�+�[�\��DSURNVLPDFLM��6�[�\���NXUL�DSURNVLPXRMD�+�NDLS�³PDQRPD�WLNVOLDX�LU�
QDXGRMD�NDLS�JDOLPD�PDåLDX�WDãNÐ��R�VNDLþLDYLPDL�DWOLHNDPL�NDLS�JDOLPD�JUHLþLDX��'XRPHQÐ�WDãNÐ�
VNDLþLÐ�SDå\PLPDV�Q��R�DSURNVLPDFLMRV�YLUãÌQLÐ�VNDLþLÐ�SDå\PLPDV�P� 

.ODLGD� DSVNDLþLXRMDPD� Lã� SUDGLQ¡V� WDãNR� UHLNãP¡V� DWLPDQW� DSURNVLPXRWR� WDãNR� UHLNãP
�
H(x,y)-S(x,y). 

 

4.1. Paprastas algoritmas 

 
3DSUDVWDV�DOJRULWPDV�\UD�QXRVHNOXV�JRGDXV�³WHUSLPR�DOJRULWPDV�>���������@��-LV�\UD�SDSUDVWDV�

ir neoptimizuotas. 3UDGLQ¡� GYLHMÐ� WULNDPSLÐ� WULDQJXOLDFLMD� \UD� VXNXULDPD� QDXGRMDQW� NUDãWLQLXV� +�
WDãNXV��Y¡OLDX��DWOLHNDPD�WDãNR�VX�GLGåLDXVLD�NODLGD�SDLHãND�LU�WDãNDV�\UD�³WHUSLDPDV�³�WULDQJXOLDFLM�� 

 

Mesh Insert(Point p):�³WHUSLD��YLUãÌQ
�S�³�'HODXQD\�WLQNO� 

 

Mesh Locate(Point p):�VXUDQGD�WULNDPS³��NXULDPH�\UD�WDãNDV�S 

 

Insert(Point p): 

9LUãÌQ
�S�SDGDU\WL�QHDNW\YLD 

Mesh Insert(p) 

 

Error(Point p):�DSVNDLþLXRMD�LU�JUDåLQD�NODLGRV�UHLNãP
�WDãNH�S 

 

6NDLþLDYLPDL� \UD� EDLJLDPL�� NDL� SDVLHNLDPDV� QXVWDW\WDV� WLNVODV� �³WHUSWÐ� YLUãÌQLÐ� VNDLþLXV��
WULDQJXOLDFLMRV�PDNVLPDOL�SDNODLGD� LU�SDQ����7LNVOR� LU� VNDLþLDYLPÐ�SDEDLJRV�V�O\JRV�\UD�VDXJRPRV�
funkcijoje Goal Met. 
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Greedy Insert 1(): 

$WOLNWL�SUDGLQ
�GYLHMÐ�WULNDPSLÐ�WULDQJXOLDFLM� 

while not Goal Met() do 

best := nil 

maxerr := 0 

visiems aktyviems taškams p do 

err := Error(p) 

if err > maxerr then 

maxerr := err 

best := p 

Insert(best) 

&LNOR� Y\NG\PR� PHWX� DWOLHNDPL� ãLH� VNDLþLDYLPDL�� WDãNR� VX� GLGåLDXVLD� NODLGD� UDGLPDV��
YLUãÌQ¡V�³WHUSLPDV�³�WLQNO���NODLGÐ�SHUVNDLþLDYLPDV�WLQNOR�WDãNXRVH� 

L�SDå\PLPDV�ODLNDV��NXULR�UHLNLD�QRULQW�VXUDVWL�WDãN��'HODXQD\�WLQNOH�LU�I laikas, kurio reikia 

QRULQW�³WHUSWL�YLUãÌQ
�³�WLQNO���R�i yra vykdomo ciklo numeris. 

7DãNR�VX�GLGåLDXVLD�SDNODLGD�VXUDGLPXL�QDXGRMDPDV� WLNULQLPR�PHWRGDV��NXULV�DWOLHND�O(n) 

palyginimus. AtliekamDV�YLUãÌQ¡V�³WHUSLPDV�³�WLQNO��I��.LHNYLHQDP�WDãNXL��NXULV�GDU�Q¡UD�³WHUSWDV�³�
WULDQJXOLDFLM���UHLNLD�DWOLNWL�SHUVNDLþLDYLP���NXULV�XåWUXQND�O(nL). Blogiausiu atveju taško suradimas 

XåWUXNV�O�Q��� ³WHUSLPDV�O�L��� SHUVNDLþLDYLPDV�O�LQ���%HQGUD�VNDLþLDYLPÐ� WUXNP¡�O(m2n). Tai yra 

ODEDL�GLGHOLV�VNDLþLDYLPÐ�NLHNLV��WRG¡O�DOJRULWP��UHLNLD�WREXOLQWL� 
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�����*UHLþLDX�SHUVNDLþLXRMDQWLV�DOJRULWPDV 
 

7REXOLQDQW� DOJRULWP�� SLUPLDXVLD� DWNUHLSLDPDV� G¡PHV\V� ³� WDL�� NDG� Y\NGDQW� 'HODXQD\�
WULDQJXOLDFLM�� LU� ³WHUSLDQW� YLUãÌQ
�� SRN\þLDL� ³Y\NVWD� WLN� QHGLGHO¡MH� VULW\MH�� 3R� 'HODXQD\� ³WHUSLPR��
EULDXQRV� Lã� ³WHUSWRV� YLUãÌQ¡V� HLV� ³� M³� VXSDQþLR� SROLJRQR� NDPSXV�� âLV� SROLJRQDV� LU� DSLEU¡åLD� VULW³��
NXULRMH� WULDQJXOLDFLMD� EXYR� SDNHLVWD�� â³� SROLJRQ�� JDOLPD� SDYDGLQWL� DWQDXMLQLPR� VULWLPL�� QHV�
pakeitLPDL�EXYR�DWOLNWL�WLN�MDPH��7DL�³JDOLQD�DWOLNWL�SLUP��UHLNãPLQJ��SDWREXOLQLP���QHSHUVNDLþLXRWL�
QHNHLVWÐ�WDãNÐ�NODLGÐ�YHUW¡V�LU�SHUVNDLþLXRWL�NODLGDV�WLN�DWQDXMLQLPR�VULW\MH��0DV\YDV�Cache saugo 

YLVÐ� SUDGLQLÐ� WDãNÐ� NODLGRV� ³YHUþLXV��NXULXRV�DSVNDLþLXRMD�Error. Trianguliacijos papildymo metu 

\UD�SDWLNULQDPL�YLVL�³WHUSW��YLUãÌQ
�VXSDQW\V�WULNDPSLDL�LU�SHUVNDLþLXRMDPD�MÐ�NODLGD� 
Modifikuotas algoritmas: 

Insert(Point p): 

9LUãÌQ
�S�SDGDU\WL�QHDNW\YLD 

Mesh Insert(p) 

WDãNDPV�T�HVDQWLHPV�WULNDPSLÐ��VXSDQþLÐ�YLUãÌQ
�p, viduje do 

Cache[q] := Error(q) 

 

Greedy Insert 2(): 

$WOLNWL�SUDGLQ
�GYLHMÐ�WULNDPSLÐ�WULDQJXOLDFLM� 

aktyviems taškams p do  

Cache[p] := Error(p) 

while not Goal Met() do 

best := nil 

maxerr := 0 

aktyviems taškams p do  

err := Cache[p] 

if err > maxerr then 

maxerr := err 

best := p 

Insert(best) 

âLV� DOJRULWPDV�� NDLS� LU� DQNVWHVQLV� DOJRULWPDV�� DWOLHND� WXRV� SDþLXV� VNDLþLDYLPXV�� WDãNR�
UDGLPDV�� ³WHUSLPDV� LU� SHUVNDLþLDYLPDV�� /DLNDV� VXJDLãWDPDV� WDãNR� VXUDGLPXL� LU� ³WHUSLPXL� OLNR� WRNV�
SDWV��WDþLDX�EHYHLN�YLVDGD�\UD�DWOLHNDPD�PDåLDX�SHUVNDLþLDYLPR�RSHUDFLMÐ� 

7DãNR� UDGLP�� JDOLPD� DWOLNWL� JUHLþLDX� VXULNLXRMDQW� YLVXV� WDãNXV� SDJDO� NODLGRV� G\G³��
.LHNYLHQDV� WULNDPSLV� JDOL� WXU¡WL� WLN�YLHQ�� WDãN��� ODELDXVLDL� WLQNDQW³� ³WHUSLPXL�� WDþLDX� MHL� WULNDPSLR�
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YLGXMH�Q¡UD�WDãNÐ�MLV�YLVDL�QHWXUL�WDãNÐ��NXULH�JDO¡WÐ�EÌWL�³WHUSWL��9LVXV�WDãNXV�LãULNLDYXV�SDJDO�NODLGRV�
G\G³�� QHUHLNLD� LHãNRWL� JHULDXVLR� NDQGLGDWR� ³WHUSLPXL�� QHV� MLV� SDSUDVþLDXVLDL� SDLPDPDV� Lã� ULNLXRWRV�
HLO¡V��heap��SUDGåLRV�>�@� 

.ODLGRV� SHUVNDLþLDYLP�� JDOLPD� SDJUHLWLQWL� Lã� DQNVWR� NLHNYLHQDP� WDãNXL� QXVWDþLXV� LU�
XåILNVDYXV��NXULDP� WULNDPSLXL� MLV�SULNODXVR�DUED�NLHNYLHQDP�WULNDPSLXL�SDVNDLþLDYXV�SORNãWXPRV��
NXULRMH�MLV�\UD��O\JW³� 

$OJRULWPDV� QDXGRMD� ãLDV� SUDGLQHV� GXRPHQÐ� VWUXNWÌUDV�� WDãNÐ� PDV\YDV�� SORNãWXPÐ� DLE¡��
trianguliacija ir surikiXRWD�WDãNÐ�HLO¡� 

7DãNÐ�PDV\YR�VWUXNWÌUD�VXVLGHGD�Lã�VWDþLDNDPSLR�PDV\YR��NXULDPH�NLHNYLHQDV�QDU\V�VDXJR�
DXNãW³�+�[�\��LU�SRå\P³��DU�WDãNDV�MDX�EXYR�QDXGRMDPDV�WULDQJXOLDFLMDL��3ORNãWXPÐ�VWUXNWÌUD�VDXJR�
plokštumos lygties z = ax + by + c koeficientus a, b, c. 
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4.3. Optimizuotas algoritmas 

 
$OJRULWPDV��DWOLNXV�PLQ¡WXV�SDNHLWLPXV� 

Heap Change(Point h, Float key, Triangle T):�SULVNLULD�WDãNXL�K�NODLG��NH\�LU�WULNDPS³�7��SDSLOGR�
WDãNX�K�WDãNÐ�HLO
�KHDS 

if h ��QLO�WKHQ 

if key > 0 then 

Heap Update(h, key) papildo HVDP��WDãN��QDXMDLV�GXRPHQLPLV 
else 

Heap Delete(h)�SDãDOLQD�QHEHUHLNDOLQJ��WDãN� 

return nil 

else 

if key > 0 then 

return Heap Insert(key, T)�³WHUSLD�QDXM��WDãN� 

return h 

 

Scan Triangle(Triangle T): 

plane := Find Triangle Plane(T) 

best := nil 

maxerr := 0 

taškams p esantiems trikampyje T do 

err := Error(p) 

if err > maxerr then 

maxerr := err 

best := p 

T.heapptr := Heap Change(T.heapptr, maxerr, T) 

T.candpos := best 

 

Mesh Insert(Point p, Triangle T):  

 

Insert(Point p, Triangle T): 

mark p as used 

Mesh Insert(p, T) 

trikampiams U kurie gretimi taškui p do 

Scan Triangle(U) 
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Greedy Insert 3(): 

$WOLNWL�SUDGLQ
�GYLHMÐ�WULNDPSLÐ�WULDQJXOLDFLM� 

pradiniams trikampiams T do 

Scan Triangle(T) 

while not Goal Met() do 

T := Heap Delete Max() 

Insert(T.candpos, T) 

 

9\NGDQW� ã³� DOJRULWP�� LHãNRMLPR�PHWX� Y\NGRPL� WU\V� YHLNVPDL�� ³WHUSLPDV� ³� HLO
�� VXUDGLPDV�
HLO¡MH� LU� HLO¡V� GXRPHQÐ� DWQDXMLQLPDV�� (LO¡V� QDULÐ� SDGLG¡MLPDV� NLHNYLHQRV� LWHUDFLMRV� PHWX� \UD� ���
7DþLDX�ãLV�PDV\YDV�QH�YLVDGD�DXJD� WDLS�JUHLWDL��.XRPHW� WULNDPSLDL� WDPSD�QHGLGHOL�DUED�WDLS�JHUDL�
DSURNVLPXRMD� SDYLUãLÐ�� NDG�QHW� QHWXUL� SRWHQFLDOLÐ� ³WHUSLPR� WDãNÐ�� MLH�yra pašalinami iš masyvo ir 

WRG¡O�PDV\YDV�VXPDå¡MD��'DåQLDXVLDL�WULDQJXOLDFLMRV��NXULDV�UHLNLD�SDVLHNWL��\UD�GDXJ�PDåHVQ¡V�QHL�
SUDGLQLDL�GXRPHQ\V��WRG¡O�DOJRULWPDV�EHYHLN�QLHNDGD�QHWXU¡V�QDXGRV�Lã�VXPDå¡MXVLRV�WDãNÐ�HLO¡V��QHV�
³WHUSWÐ�YLUãÌQLÐ�NLHNLV�EHYHLN�YLVDGD�\UD�GDXJ�NDUWÐ�PDåHVQLV�Xå�QH³WHUSWÐ�WDãNÐ�NLHN³��*DOLPD�GDU\WL�
SULHODLG���NDG�PDV\YR�G\GLV�L�LWHUDFLMRV�PHWX�\UD�2�L��LU�DWOLNWL�PDQLSXOLDFLMDV�HLO¡MH�UHLNLD�2�ORJ�L��
laiko. 

²WHUSLPDV� LU� SHUVNDLþLDYLPDV� DWOLHNDPL� JUHLþLDX�� NDGDQJL� QHL� YLHQDV� MÐ� Qeatlieka vietos 

paieškos. 

�����LU���OHQWHO¡VH�\UD�SDWHLNLDPDV�YLVÐ�JRGDXV�DOJRULWPR�PRGLILNDFLMÐ�VXG¡WLQJXPDV� 
��OHQWHO¡ 

'LGåLDXVLDV�VXG¡WLQJXPDV�vykdant i-�M��LWHUDFLM� 

 Suradimas ²WHUSLPDV 3HUVNDLþLDYLPDV 
Greedy insertion 1 O(n) O(i) O(in) 
Greedy insertion 2 O(n) O(i) O(in) 
Greedy insertion 3 O(log i) O(i) O(n) 

 

 

 

��OHQWHO¡ 

9LGXWLQLV�VXG¡WLQJXPDV�Y\NGDQW�L-�M��LWHUDFLM� 

 Suradimas ²WHUSLPDV 3HUVNDLþLDYLPDV 
Greedy insertion 1 O(n) O(¥L� O(n) 
Greedy insertion 2 O(n) O(¥L� O(n/i) 
Greedy insertion 3 O(log i) O(1) O(n/i) 
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��OHQWHO¡ 

%HQGUDV�DOJRULWPÐ�VXG¡WLQJXPDV 
 Blogiausias atvejis Vidutinis atvejis 
Greedy insertion 1 O(m2n) O(mn) 
Greedy insertion 2 O(m2n) O(mn) 
Greedy insertion 3 O(mn) O((m+n)log m) 
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4.4. 7ULDQJXOLDFLMD�DWVLåYHOJLDQW�³�GXRPHQLV 
 

$SWDUWDV� 'HODXQD\� WULDQJXOLDFLMRV� PHWRGDV�� JHQHUXRGDPDV� WLQNO�� QDXGRMD� WLN� JHRPHWULQ
�
LQIRUPDFLM��LU�G¡O�WR�JDOL�QXNHQW¡WL�DSURNVLPDFLMRV�NRN\E¡��7LNVOHVQ
�DSURNVLPDFLM��JDOLPD�VXNXUWL�
QDXGRMDQW�DOJRULWP���NXULV�DWVLåYHOJLD�³�GXRPHQLV��7RNLX�DWYHMX�WULNDPSiai parenkami pagal tai, kaip 

aproksimuotas paviršius atitinka pradinius duomenis. 

1XR�GXRPHQÐ�SULNODXVRPRV�JRGDXV�³WHUSLPR�DOJRULWPDV�\UD�SDQDãXV�³�MDX�DSWDUW��DOJRULWP���
EHW� YLHWRMH� 'HODXQD\� WULDQJXOLDFLMRV� QDXGRMDPD� GXRPHQÐ� SULNODXVRPD� WULDQJXOLDFLMD� >�8, 24]. 

9LUãÌQ¡�� NXUL�� UHLNLD� ³WHUSWL� NLHNYLHQRV� LWHUDFLMRV� PHWX� VXUDQGDPD� LU� SDVLUHQNDPD� WDLS� SDW�� EHW�
trianguliacija atliekama kitaip. 

'HODXQD\�DOJRULWPDV� WHVWXRMD�EULDXQDV�QDXGRGDPDV�JHRPHWULQ³�DSVNULWLPR�WHVW���'XRPHQÐ�
priklausomoje trianguliacijoje viHWRM� EULDXQÐ� WLQNDPXPR� WLNULQLPR� DSVNULWLPR� WHVWX�� \UD� WDLNRPD�
WRNLD�WDLV\NO¡��EULDXQD�\UD�VXNHLþLDPD��MHL�VXNHLWLPDV�VXPDåLQD�DSURNVLPDFLMRV�NODLGRV�G\G³� 
 

 
���SDY��7ULDQJXOLDFLMD�DWVLåYHOJLDQW�³�GXRPHQLV 

 

7DãNDV�$�WXUL�GLGåLDXVL��NODLGRV�G\G³�LU�VHNDQWL�YLUãÌQ¡�EXV�³WHUSWD�³�WULDQJXOLDFLM���,ã�WDãNR�$�
YHGDPRV� EULDXQRV� ³� M³� VXSDQþLR� SROLJRQR� YLUãÌQHV�� .LHNYLHQD� JDXELDQþLR� SROLJRQR� EULDXQD� \UD�
SDWLNULQDPD�� .DL� NXULDLV� DWYHMDLV� QDJULQ¡MDPDV� NHWXUNDPSLV� EXV� ³JDXEWDV� LU� WRG¡O� JDO¡V� EÌWL�
trianguliuojamas tik vLHQX�EÌGX��EHW�GDXJHOLX�DWYHMÐ� MLV� LãJDXEWDV� LU� WRG¡O�YLVRV�EULDXQRV� WXUL�EÌWL�
WLNULQDPRV�� DU�PDåLQD� NODLGRV� G\G³�� -HL�EULDXQD�%'�VXPDåLQD� NODLG�� �17 paveikslas c��� WDL� QDXMÐ�
EULDXQÐ�W\ULPXL�Q¡UD�LU�UHNXUVLMD�\UD�VWDEGRPD�� 

3DSUDVþLDXVLDV� EÌGDV� SDWLNULQWL� EULDXQ�� %'� \UD� DWOLNWL� UHNXUVLQ
� SURFHGÌU��� LãWLUWL� DEX�
NHWXUNDPSLR�$%&'�WULDQJXOLDFLMRV�YDULDQWXV��-HL�EULDXQD�%'�VXPDåLQD�NODLG���WDL�QDXMRV�EULDXQRV�
QHWLULDPRV� LU� UHNXUVLMD�EDLJLDPD��-HL�NHLþLDQW�EULDXQ��%'�EULDXQD�$&�SDGLGLQD�NODLGRV�G\G³�� WDGD�
pakeistL�EULDXQ��$&�LU�WDLN\WL�UHNXUVLM��QDXMRPV�EULDXQRPV�%&��&'��$%�LU�$'� 

.DL� YLVRV�EULDXQRV�\UD�SDWLNULQWRV�� UHLNLD� DWQDXMLQWL� LQIRUPDFLM�� DSLH� WLQNDPLDXVLXV� WDãNXV�
WULNDPSLDPV�� HVDQWLHPV� QDJULQ¡WDPH� SROLJRQH�� 7DP� UHLNLD� SDWLNULQWL� NDLP\QLQLXV� WULNDPSLXV� GX�
kDUWXV��SLUPD�NDUW��WLNULQDQW�EULDXQRV�VXNHLWLP��LU�DQWU��NDUW��LHãNDQW�WDãNÐ� 
*UHLWHVQ¡�DOWHUQDW\YD�\UD�WLNULQWL�YLHQ��NDUW���VNDLþLXRMDQW�NODLG��LU�WDãN��WRV�SDþLRV�LWHUDFLMRV�PHWX� 
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âLV� DOJRULWPDV� QDXGRMD� YLVDV� MDX� DSWDUWDV� GXRPHQÐ� VWUXNWÌUDV� LU� YLHQ�� QDXM�� VWUXNWÌU��
FitPlane��NXUL�VDXJR�DSURNVLPDFLMRV�SORNãWXP��LU�VNDLþLDYLPÐ�PHWX�NDXSLD�LQIRUPDFLM��DSLH�NODLG��
LU� YLUãÌQ
�� NXUL�� QRULPD� ³WHUSWL� ³� WULNDPS³�� DSURNVLPXRMDP�� WRV� SORNãWXPRV�� SORNãWXPRV�
NRHILFLHQWXV��YLUãÌQ¡V�YLHW��candpos�LU�NODLG��canderr, triNDPSLR�NODLG��err�LU�SRå\P³�DU�WULNDPSLV�
jau buvo tikrintas. 

FitPlane� \UD� LQLFLMXRMDPD�SURFHGÌURMH�FitPlane Extract(T). Kuomet yra tikrinamas naujas 

WULNDPSLV�� SURFHGÌUD�FitPlane Init(a, b, c�� LQLFLMXRV� VWUXNWÌU��FitPlane� SORNãWXPDL�� HLQDQþLDL� SHU�
taškus a��E��F�VX�NODLGRV� ³YHUþLDLV��QXVWDW\WDLV��� LU�SRå\PLX�GRQH� �QLO��7ROLDX�NUHLSLDPDVL� ³�Scan 

Triangle Datadep ir FitPlane�NDXSLD�LQIRUPDFLM��DSLH�NODLG��LU�SRWHQFLDOL��YLUãÌQ
��,QIRUPDFLMD�DSLH�
ODELDXVLDL�WLQNDP��YLUãÌQ
�\UD�LãVDXJRPD�LU�Y¡OLDX�SDQDXGRMDPD�SURFHGÌURMH�6HW�&DQGLGDWH�7�ILW�� 

)XQNFLMRV�/HIW�7ULDQJOH�LU�5LJKW�7ULDQJOH�JUDåLQD� WULNDPSLXV��HVDQþLXV�QXURG\WRV�EULDXQRV�
NDLU¡MH�DUED�GHãLQ¡MH�SXV¡MH� 
 

Set Candidate(var Triangle T, FitPlane fit): 

T.heapptr := Heap Change(T.heapptr, _t.canderr, T) 

T.candpos := fit.candpos 

T.err := fit.err 

 

Scan Point(Point x, Fitplane fit): 

err := Error(x, fit.plane)  

fit.err := Error Accum(fit.err, err) 

if err > fit.err then 

fit.canderr := err 

fit.candpos := x 

 

Scan Triangle Datadep( Point p, Point q, Point r, var FitPlane u, var FitPlane v ) Tikrinti 

WULNDPS³�STU��SDNHLVWL�NODLGRV�³YHUW³�LU�WLQNDPLDXVLXV�WDãNXV�SORNãWXPRPV�X�LU�Y 

visiems taškams x esantiems trikampio pqr viduje do 

if u ��QLO�DQG�QRW�X�GRQH�WKHQ 

Scan Point(x, u) 

Scan Point(x, v) 

 

First Better( float q1, float q2, float e1, float e2 )�*U�åLQWL�WUXH��MHL���EULDXQD�WLQND�ODELDX�QHL���
briauna remiantis formos ir tinkamumo kriterijumi 

qratio := Min(q1, q2) / Max(q1, q2) 
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if qratio ��TWKUHVK�WKHQ 

return (q1 ��T���WDLNRPDV�IRUPRV�NULWHULMXV 

else 

return (e1 ��H�� taikomas tinkamumo (klaidos) kriterijus 

 

Check Swap(DirectedEdge e, FitPlane abd )� WLNULQD�EULDXQ�� H� LU� M�� VXNHLþLD�� MHL� WDL� VXPDåLQD�
NODLG���DWQDXMLQD�WULDQJXOLDFLM��LU�HLO
 

if abd = nil then 

FitPlane abd := FitPlane Init(a, b, d) 

if briauna e yra krašte arba keturšonis abcd yrD�³JDXEWDV�WKHQ 

if not abd.done then 

Scan Triangle Datadep(a, b, d, nil, abd) 

Set Candidate(Left Triangle(e), abd) 

else 

FitPlane cdb := FitPlane Extract(Right Triangle(e)) 

FitPlane dac := FitPlane Init(d, a, c) 

FitPlane bca := FitPlane Init(b, c, a) 

Scan Triangle Datadep(p, d, a, abd, dac) 

Scan Triangle Datadep(p, a, b, abd, bca) 

Scan Triangle Datadep(p, b, c, cdb, bca) 

Scan Triangle Datadep(p, c, d, cdb, dac) 

ebd Error Combine(abd.err, cdb.err) 

eac Error Combine(dac.err, bca.err) 

if First Better(Shape Quality(a, b, c, d), Shape Quality(b, c, d, a), ebd, eac) 

then 

Set Candidate(Left Triangle(e), abd) 

if not cdb.done then 

Set Candidate(Right Triangle(e), cdb) 

else 

VXNHLVWL�EULDXQ��H�Lã�EG�³�DF 

dac.done := true 

bca.done := true 

Check Swap(DirectedEdge cd, dac) 

Check Swap(DirectedEdge bc, bca) 
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Insert Datadep(Point a, Triangle T): 

3Då\P¡WL�WDãN��D�NDLS�SDQDXGRW� 

1XYHVWL�EULDXQDV�Lã�WDãNR�D�³�M³�VXSDQþLR�GDXJLDNDPSLR�YLUãÌQHV 

(T and possibly a neighbor of T) 

YLVRPV�VXSDQþLR�SROLJRQR�EULDXQRPV�H�GR 

Check Swap(e, nil) 

 

Greedy Insert Datadep(): 

$WOLNWL�SUDGLQ
�GYLHMÐ�WULNDPSLÐ�WULDQJXOLDFLM� 

e := diagonali briauna 

Check Swap(e, nil) 

while not Goal Met() do 

T := Heap Delete Max() 

Insert Datadep(T.candpos, T) 

âLV�DOJRULWPDV�\UD�O¡WHVQLV�Xå�'HODXQD\�WULDQJXOLDFLMRV�PHWRG���QHV�DWOLHND�GYLJXEDL�GDXJLDX�
SHUVNDLþLDYLPÐ�� $OJRULWPR� VXG¡WLQJXPDV� EORJLDXVLX� DWYHMX� \UD� 2�PQ��� YLGXWLQLV� VXG¡WLQJXPDV�
O((m+n)log m). 
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5. REZULTATAI 

 
PradiniaL� GXRPHQ\V�SDYDL]GXRWL����SDYHLNVOH��7DL�\UD� VWDþLDNDPSLV�GXRPHQÐ� ODXNDV��NXU³�

VXGDUR� ������� WDãNÐ�� 3UDGLQLR� SDYLUãLDXV� DSURNVLPDFLMD� SDQDXGRMDQW� ���%� SUDGLQLÐ� WDãNÐ� �����
YLUãÌQ
�� SDURG\WD� ��� SDYHLNVOH�� $SURNVLPDFLMD� SDQDXGRMDQW� ��� SUDGLQLÐ� WDãNÐ� ������ YLUãÌQHV� 
parodyta 20 paveiksle�� âL� DSURNVLPDFLMD� \UD� GDXJ� WLNVOHVQ¡� LU� LQIRUPDW\YHVQ¡� Xå� SLUP�M��� EHW��
lyginant su pradiniais duomenimis, skirtumas yra aiškiai pastebimas.  

 
���SDY��3UDGLQLDL�GXRPHQ\V���������WDãNÐ� 

 



 29 

 
1��SDY��$SURNVLPDFLMD�SDQDXGRMXV�����YLUãÌQLÐ 

 

21 paveiksle yra pavaizduota aproksimacija naudojant 5�� GXRPHQÐ� ������ YLUãÌQLÐ��� âLV�
PRGHOLV�JHUDL�DWVSLQGL�GLGåL�M��GDO³�RULJLQDOR�EUXRåÐ��3DQDXGRMDQW�QHGLGHO³�NLHN³�SUDGLQLÐ�GXRPHQÐ�
galima sukurti pakankamai aukšto tikslumo aproksimacijas. Visi šie modeliai yra sukurti naudojant 

*UHHG\�,QVHUW��DOJRULWP�� 
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���SDY��$SURNVLPDFLMD�SDQDXGRMXV������YLUãÌQLÐ 

 ���SDY��$SURNVLPDFLMD�SDQDXGRMXV������YLUãÌQLÐ 
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22 pav. Tinklas sugeneruotas Greedy Insert3               23 pav. Tinklas sugeneruotas Greedy DataDep  

22 ir 23 paveiksluose parodytas tinklas, sugeneruotas Greedy Insert3 ir Greedy DataDep 

DOJRULWPÐ�� $EHMDLV� DWYHMDLV� YLUãÌQLÐ� NLHNLV� \UD� ��5. Greedy DataDep algoritmas generuoja daug 

QHWLQNDPRV�JHRPHWULQ¡V�IRUPRV�WULNDPSLÐ�–�VNLHGUÐ��VOLYHU���7DLS�\UD�WRG¡O��NDG��³WHUSGDPDV�QDXMDV�
YLUãÌQHV��ãLV�DOJRULWPDV�QHNUHLSLD�G¡PHVLR�³�WULNDPSLÐ�IRUP�� 

0

5

10

15

20

25

30

35

40

45

50

0 1000 2000 3000 4000 5000 6000
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klaida, m 
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Greedy DataDep

 
���SDY��$OJRULWPÐ�JHQHruojamos klaidos palyginimas 

Vertinant algoritmus aproksimacijos klaidos kriterijumi (24 paveikslas), Greedy Insert3 pralaimi 

*UHHG\�'DWD'HS�DOJRULWPXL��EHW�JHURNDL�OHQNLD�SDVWDU�M³�JUHLþLX��25 paveikslas). 
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���SDY��$OJRULWPÐ�JUHLþLR�SDO\JLQLPDV 

%HQGUDV�DELHMÐ�DOJRULWPÐ�JUHLþLR�LU�NODLGRV�SDO\JLQLPDV�SDWHLNWDV�JUDILNX��26 paveikslas). 

�
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� � � � � �� �� laikas, s

klaida, m

Greedy Insert3

Greedy DataDep
 ���SDY��$OJRULWPÐ�JUHLþLR�LU�NODLGRV�SDO\JLQLPDV 
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6. IŠVADOS 

 
1. 3DWHLNWDV� 'HODXQD\� WULDQJXOLDFLMRV� DSLEU¡åLPDV� LU� WDLN\PR� VULW\V�� NDL� NXULÐ� 'HODXQD\�

WULDQJXOLDYLPR�PHWRGÐ�VDUDãDV� LU�DSUDã\PDL��3ULVWDW\WDV�DOJRULWPDV�DQLVRWURSLQLR�WULNDPSLR�
WLQNOR� JHQHUDYLPXL� QDXGRMDQW� 'HODXQD\� WULDQJXOLDFLM��� $SUDã\WDV� DOJRULWPDV� GLUEWLQHL�
(constrained) Delaunay trianguliacijai sukurti, bei esminiai skirtumai lyginant su standartine 

Delaunay trianguliacija.  

2. 6XNXUWL�� LãDQDOL]XRWL� LU� LãWLUWL� JRGDXV� ³WHUSLPR� WULDQJXOLDYLPR� DOJRULWPDL�� $OJRULWPDL�
RSWLPL]XRWL�� QXVWDW\WDV� MÐ� VXG¡WLQJXPR� ODLSVQLV�� SDWHLNWL� WHVWÐ� UH]XOWDWDL� LU� DWOLNWDV�
palyginimas.�3DSUDVWDV�JRGXV�³WHUSLPR�DOJRULWPDV�EXYR�RSWLPL]XRWDV� 

• DWOLHNDQW�SHUVNDLþLDYLPXV�WLN�UHLNLDPRVH�YLHWRVH 

• QDXGRMDQW�LãULNLXRW��PDV\Y���HLO
��VXUDVWL�WDãNXV�VX�GLGåLDXVLD�NODLGD 

• HOLPLQXRMDQW�WDãNR�EXYLPR�YLHW�� 
$SURNVLPXRMDQW�Q�WDãNÐ�WLQNO��QDXGRMDQW�P�YLUãÌQLÐ�ãLH�SDWREXOLQLPDL�SDGLGLQR�QDãXP��QXR�
O(mn) iki O((m +n)log m). 

3. 3DO\JLQWL� *UHHG\� ,QVHUWLRQ� LU� *UHHG\� 'DWD'HS� WULDQJXOLDFLMÐ� UH]XOWDWDL�� *UHHG\� 'DWD'HS�
DOJRULWPDV� JHQHUXRMD� JHUHVQ¡V� NRN\E¡V� DSURNVLPDFLMDV� LU� WXU¡WÐ� EÌWL� WDLNRPDV� NXU� \UD�
reikalingos auštRV� NRN\E¡V� DSURNVLPDFLMRV�� 'HODXQD\� DOJRULWPDV� \UD� JUHLWHVQLV� YHUWLQDQW�
SDJDO� VNDLþLDYLPR� JUHLW³� LU� JDO¡WÐ� EÌWL� WDLNRPDV� VULW\VH� NXU� VNDLþLDYLPÐ� JUHLWLV� \UD�
VYDUELDXVLDV�YHLNVQ\V��*UHHG\�'DWD'HS�DOJRULWPDV�JHQHUXRMD�GDXJ�QHWLQNDPRV�JHRPHWULQ¡V�
formos trikaPSLÐ� –� VNLHGUÐ�� QHV� Y\NGR� WULDQJXOLDFLM�� UHPGDPDVLV� NODLGRV� VXPDåLQLPR�
IDNWRULXPL�LU�G¡O�WR�QXNHQþLD�WULNDPSLÐ�NRN\E¡� 

4. 7ROLDX� WREXOLQDQW� DOJRULWPXV� UHLN¡WÐ� DWNUHLSWL� G¡PHV³�� NDG� DOJRULWPDL� O¡WDL� YHLNLD�
VNDLþLDYLPÐ�SUDGåLRMH��NXRPHW�DSURNVLPDFLMRMH�\UD�QHGDXJ�WULNDPSLÐ� LU� WRG¡O� UHLNLD�DWOLNWL�
GDXJ�SHUVNDLþLDYLPÐ��.DLS�YLHQ��ãLRV�SUREOHPRV�VSUHQGLPR�EÌGÐ��JDOLPD�SDEDQG\WL�VXNXUWL�
VXG¡WLQJHVQ
�LU�NDUWX�HIHNW\YHVQ
�SUDGLQ
�WULDQJXOLDFLM���ãLDPH�GDUEH�SUDGLQ¡�WULDQJXOLDFLMD�
VXGDU\WD� WLN� Lã�GYLHMÐ� HOHPHQWÐ���7DLS� SDW� ODEDL� VYDUEX� LãVSUHVWL� VNLHGUÐ� SUREOHP��*UHHG\�
'DWD'HS�DOJRULWPH��*DOLPDV�VSUHQGLPR�EÌGDV�EÌWÐ�QDXGRWL�WDUSLQ³�WULDQJXOLDYLPR�NULWHULMÐ��
NXULV�WXU¡WÐ�LU�'HODXQD\�LU�'DWD'HS�WULDQJXOLDYLPR�VDY\ELÐ� 

5. âLXRV�PHWRGXV�WDLS�SDW�EÌWÐ�JDOLPD�SDEDQG\WL�UHDOL]XRWL�LU�NLWRVH�VULW\VH��YDL]GÐ�VXVSDXGLPH��
grafikoje ir kt.  
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Triangulation methods of geometry objects 

SUMMARY 

 Subject of this paper is triangulation of given domain also called as mesh generation. 

Overview of main mesh types (structured, unstructured and hybrid) is given. Groups of  

triangulation methods are defined and include collective triangulation, incremental triangulation, 

pliant mesh generation with post-triangulation and plaint mesh generation with retriangulation. 

Delaunay triangulation is described in greater detail and variuos Delaunay triangulation algorithms 

are presented including use of Delaunay triangulation for anisotropic mesh generation and method 

to generate Constrained Delaunay triangulation. 

Greedy insertion Delaunay and data dependent allgorithms are developed for hight fields 

surface aproximation. Significant improvements are made to these algorithms including faster 

recalculation, node selection and use of supplementary data sets in order to maximise efficiency of 

calculations. Main criteria to evaluate developed algorithms is overall error of approximation and 

speed of calculation. Data dependent algorithm generates better quality mesh (less approximation 

error), however Delaunay triangulation algorithm is significantly faster. Results and conclusions are 

presented at the end of paper. 


