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Abstract: The purpose of this research is to correctly model steady-state heat transfer in and around
rectangular bus bars installed horizontally in an indoor environment and to estimate the correspond-
ing ampacities, considering the effects of horizontal transverse vibrations caused by electromagnetic
forces. This thermo-electro-magneto-mechanical problem is solved analytically using correlations
determined experimentally by other researchers, while the accuracy of the obtained results is verified
numerically using the finite element method (FEM). The novelties of the developed model are as
follows. First, modeling the effects of horizontal transverse vibrations on free convection from the
top and bottom surfaces of rectangular bus bars via forced convection for different characteristic
lengths. Second, modeling the effects of vibration amplitudes and vibration frequencies on the bus
bar ampacity. Third, introducing the existing vibration classes (A, B, and C) into the analytical and
FEM-based thermal analyses. The results show that with an increase either in the vibration amplitude
or the vibration frequency, there is a greater convection-based dissipation of heat from the bus bars
and an increase in their ampacity. Finally, for the standard vibration classes, it is found that the effect
of horizontal transverse vibrations on the ampacity can be up to 41.99% for Class C.

Keywords: ampacity; analytical thermal modeling; bus bar; finite element method (FEM); horizontal
transverse vibration; steady-state heat transfer

1. Introduction

Electromagnetic forces appearing between bus bar conductors during normal opera-
tion have a static component, but also a vibrational (dynamic) component of a vibration
frequency close to twice the frequency of the alternating current or of any other harmonic
current of significant magnitude. These electromagnetic forces are of relatively minor con-
sequence in normal operation [1,2]. However, if the bus bars are installed on supports [3],
and if the vibration frequency matches a natural frequency for all bus bars, a resonance
phenomenon may occur between every two sets of the supports [1,2]. In such an uncom-
mon circumstance, the resulting mechanical stresses in the bus bars can be far greater
than those caused by the electromagnetic forces due to a peak current [2], and can lead
to high vibration amplitudes and possibly to fatigue damage of the bus bars or loosening
of connections along them [1]. This problem has been successfully avoided by installing
bus bars in line with one of the three standard vibration classes (A, B, or C), according to
which vibration amplitudes of up to 3 mm are allowed [4]. Such continuously permissible
vibration amplitudes can improve the dissipation of heat by convection from the bus bars
and thus affect their ampacities. The questions of how should this be modeled thermally
and how should the aforementioned effects be quantified are research gaps that will be
addressed by this study.
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A review of the literature to find possible gaps in the knowledge concerning the effect
of vibrations on convection heat transfer from a vertical plate was already carried out by
Abdu-Razak, Abbas, and Tahseen in 2020 [5]. In the same year, another relevant review
on active and passive methods of enhancing heat transfer from a plate fin by means of
vibrations was conducted by Rahman and Tafti in [6]. Based on the content of [5,6], it
is logical that these reviews also cover the case of bus bars installed horizontally with
vertical and horizontal major axes. However, these reviews did not include some relevant
references, including the older ones used to conduct this study. For instance, in [5,6] there
are no studies on free or forced convection heat transfer from a longitudinally vibrating
vertical plate [7], vertical cylinders with vertically oriented plate fins [8], bus bars under
short-circuit conditions [9], bus bars used to supply a test bench with high currents [10],
and so on. Accordingly, all relevant references that were published in 2020 and later can be
regarded as state of the art for this area.

The state-of-the-art references directly related to bus bars addressed the following
research gaps: finite element method- (FEM-) based electrodynamic modeling of bus bars
carrying high currents [11,12]; FEM-based modeling of bus bars in terms of coupling
electromagnetic and thermal phenomena with fluid flow [13]; and vibration response of a
bus bar enclosure considering the effect of a strong electric field [14]. In a broader context,
these state-of-the-art studies have also closed research gaps, such as the effect of internal
plate vibrations on heat transfer in a dryer [15]; visualization of a vibrating plate in a
boiling bubble resonator [16]; mixed convection from a vertical plate subjected to periodic
oscillations [17]; as well as the effect of vibrations on the phenomena of heat transfer and
flow along heat exchange surfaces [18]. Within this broader context, the effects of square
and sinusoidal wave-shaped vibrations on forced convection from a heat sink [19] and the
modeling of the thermal behavior of different vibrating blades [20] were also addressed.
According to this literature review, there is no study dealing with the effect of any vibrations
on the ampacity of a bus bar in normal operation.

In this paper, the effects of horizontal transverse vibrations on the thermal behavior
and the ampacity of ten different rectangular bus bars installed horizontally are modeled
and analyzed analytically under the same steady-state service (operating and environmen-
tal) conditions, and the simulated results are compared with each other. The four bus bars
of smaller cross-sections are assumed to be made of aluminum alloy 5052-O and have
the same cross-sections as those of [21], so that the measurement results and empirical
correlations from [21] can be used as an experimental background. The remaining six bus
bars are assumed to be made of aluminum alloy 6101-T61 and identical to those of [22],
so that the relevant data from [22] can be used for comparisons. The cases where the bus
bars are installed horizontally in an indoor environment with a vertical and horizontal
major axis are considered. The proposed analytical thermal model is implemented in the
BUSBAR.m program, whose first version can only solve problems with pure free or forced
convection without the effects of vibrations [22]. Whilst all FEM-based verifications are
performed in COMSOL 4.3 [23].

Compared to the analytical model from [22], the most significant contributions made in
the presented approach to the thermal modeling of rectangular bus bars are as follows. First,
the effects of horizontal transverse vibrations on free convection from the top and bottom
surfaces of current-carrying rectangular bus bars are modeled with existing empirical
correlations for forced convection. This thermal modeling is carried out assuming that
the top and bottom surfaces of the bus bars, regardless of their characteristic lengths, are
non-adiabatic, which is contrary to an adiabatic assumption used in [21]. Second, the
effects of different vibration amplitudes and different vibration frequencies on the bus
bar ampacity are represented and quantified by means of the proposed analytical thermal
model. The vibration amplitudes and vibration frequencies are chosen to correspond
to the standard vibration classes A, B, and C, as well as frequencies that can cause the
resonance phenomenon. Third, the standard vibration classes are introduced for the first
time into the analytical and FEM-based thermal modeling of the rectangular bus bars at
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normal service conditions. Specifically, the effects of the vibration amplitudes and vibration
frequencies corresponding to the standard vibration classes on the bus bar ampacity are
modeled and quantified. Additional contributions of this paper are the results obtained
for some vibration amplitudes that differ from the standard ones, as well as for vibration
frequencies equal to some critical values and twice the frequencies of the second and
third-order harmonic currents.

2. Geometry, Material Properties, and Assumptions

In general, the steady-state heat conduction equation follows from the law of conserva-
tion of energy in the volume of a rectangular bus bur of unit length (L = 1 m). Such volume
elements of rectangular bus burs having width W (in m), height H (in m), and length L
(in m) are shown in Figure 1. The unit length of the bus bars was chosen because the process
of solving two-dimensional heat transfer problems in COMSOL implies that the default
length of any geometric model (i.e., default depth when an object or solid is displayed on a
two-dimensional computer screen) is L = 1 m. Thus, the representations of the problems in
Figure 1 are three-dimensional, and the problems solved in COMSOL are two-dimensional
with a length of 1 m.
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Figure 1. Three-dimensional representation of heat transfer in and around rectangular bus bars
installed horizontally in an indoor environment: (a) A stationary bus bar installed with a vertical
major axis; (b) A vibrating bus bar installed with a vertical major axis; (c) A stationary bus bar
installed with a horizontal major axis; (d) A vibrating bus bar installed with a horizontal major axis.

The remaining symbols appearing in Figure 1 are as follows: Ta is the ambient air
temperature in K; Qtg,v is the volume power of heat sources in W·m−3; Ts is the bus
bar temperature in K, hcS is the heat transfer coefficient due to free or vibration-assisted
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convection from the two side surfaces in W·m−2·K−1; hcT is the heat transfer coefficient
due to free or vibration-assisted convection from the top surface in W·m−2·K−1; hcB is
the heat transfer coefficient due to free or vibration-assisted convection from the bottom
surface in W·m−2·K−1; and ε is the thermal emissivity of the bus bar surfaces. Specifically,
the effect of vibration parameters (vibration amplitude X in m or/and vibration frequency
fV in Hz) on free convection from the side, top, or bottom surface of a rectangular bus bar
is included based on the coefficient hcS, hcT, or hcB, respectively.

In the introduction, it is already provided that the considered bus bars are made of
aluminum alloys 5052-O and 6101-T61. The thermal and electrical properties of these alu-
minum alloys are taken from [21,22,24] and outlined in Table 1. In Table 1, kt is the thermal
conductivity in W·m−1·K−1, ρe20 is the direct current (or d.c.) resistivity at 293.157 K (or
20 ◦C) in Ω·m, and αρ is the temperature coefficient of resistivity in K−1.

Table 1. Thermal and electrical properties of the materials used.

Aluminum Alloy kt (W·m−1·K−1) ρe20 (Ω·m) αρ (K−1)

5052-O 138.0 4.930 ×·10−8 0.00383
6101-T61 218.5 2.998 × 10−8 0.00383

For the materials used, it is assumed that they are homogenous and isotropic, and
that there is only radial heat conduction within them. It is also assumed that the volume
powers of heat sources existing within those materials together with the corresponding
thermal and electrical properties, and surface radiation properties (thermal emissivity ε
and solar absorptivity α) are constant.

For the indoor environment, it is assumed that the ampacity values are determined un-
der the following service conditions [22]: (i) still air conditions; (ii) Ta = 40 ◦C;
(iii) continuously permissible temperature of bus bars Tcp = 70 ◦C; (iv) ε = 0.35;
(v) α = 0; (vi) frequency of the power system f = 60 Hz; and (vii) extra loss coefficient
for the proximity effect kp = 1. Still air means that the wind velocity is 0 m·s−1, solar ab-
sorptivity of α = 0 means that there is no thermal effect of the sun, while kp = 1 means that
the phase bus bar conductors are installed so that they do not affect each other thermally.

For the extra loss coefficient for the skin effect ks it is assumed that it depends only
on the power system frequency f, but not on harmonic frequencies of higher orders. This
assumption makes sense because the lengths of bus bar conductors are significantly shorter
than the lengths of the conductors in electricity transmission and distribution lines, where
the effects of harmonic frequencies of higher orders on the skin effect are very small. The
values for the coefficient ks are taken from [22] or estimated based on available data.

3. Mathematical Modeling
3.1. Analytical Steady-State Thermal Model

If the law of conservation of energy is applied to any rectangular bus bar (i.e., any
volume element of length L) from Figure 1, then the energy equation for steady-state heat
transfer in an indoor environment (where there is no solar heating) becomes [22,25]:

Qtg, vV = [2hcSSS + hcTST + hcBSB + hrSo1](Ts − Ta) (1)

where

Qtg, v =
kskpρdcI2

S2 (2)

ρdc = ρe20[1 + αρ(Ts − 293.157)] (3)

hr = σSBε
(

T2
s + T2

a

)
(Ts + Ta) (4)
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V = WHL is the volume of the bus bar in m3, SS = HL is the area of one side surface of
the bus bar in m2, ST = WL is the area of the top surface of the bus bar in m2, SB = WL
is the area of the bottom surface of the bus bar in m2, hr is the heat transfer coefficient
due to radiation between the bus bar surface and the indoor environment in W·m−2·K−1,
So1 = 2SS + ST + SB is the surface area of the bus bar in m2, ρdc is the d.c. resistivity of the
bus bar material in Ω·m, σSB =5.67 × 10−8 W·m−2·K−4 is the Stefan–Boltzmann constant,
I is the bus bar RMS current in A (where RMS stands for Root-Mean Square value), and
S = WH is the geometric cross-sectional area of the bus bar in m2. If there is no solar
heating in an indoor environment, it means that the solar absorptivity is zero and/or the
solar irradiance is zero. It should be emphasized here that the nominal and geometric
cross-sectional areas are the same for any rectangular bus bar.

When the bus bar temperature Ts is equal to the associated continuously permissible
temperature Tcp, the RMS current I becomes equal to the ampacity Icp. Accordingly, from
Equations (1) and (2), the bus bar ampacity Icp can be expressed as [22]:

Icp =

[
(2hcSSS + hcTST + hcBSB + hrSo1)

(
Tcp − Ta

)]1/2S(
kskpρdcV

)1/2 (5)

where ρdc and hr should be calculated using Equations (3) and (4) for Ts = Tcp.
Moreover, based on Equation (1), the unknown bus bar temperature Ts can be esti-

mated as follows [22]:

Ts =
Qtg,vV

2hcSSS + hcTST + hcBSB + hrSo1
+ Ta (6)

Thermodynamic and physical properties of ambient air are needed to calculate the co-
efficients due to free, vibration-assisted, or forced convection. These convection coefficients
are determined at the film temperature Tfilm = (Ts + Ta)/2. For the ambient air at the
film temperature Tfilm, the density ρa in kg·m−3, specific heat at constant pressure ct,a in
J·kg−1·K−1, dynamic viscosity µa in kg·m−1·s−1, thermal conductivity kt,a in W·m−1·K−1,
or Prandtl number Pr is obtained by means of cubic spline interpolation and two arrays of
discrete values from the pair of corresponding input data files. For instance: the density
ρa is determined by means of cubic spline interpolation and the pair of input data files
Temperature.m and Density.m, the specific heat at constant pressure ct,a is determined by
means of cubic spline interpolation and the pair of input data files Temperature.m and
Capacity.m, and so on. More details related to the determination of thermodynamic and
physical properties of ambient air can be found in [22].

For the two side surfaces of the bus bars, the vibration-assisted convection heat transfer
coefficient hcS is estimated by means of [21,22]:

GrS =
9.81β(Ts − Ta)H3

ν2
a

(7)

NuS =

0.825 +
0.387(GrSPr)1/6[

1 + (0.492/Pr)9/16
]8/27


2

for GrSPr ≤ 102 (8)

NuS = 0.68 +
0.67(GrSPr)1/4[

1 + (0.492/Pr)9/16
]4/9 for GrSPr > 102 (9)

NuSV = NuS + 0.0315
2πfVXH
αt,aNuS

for GrSPr ≤ 102 or GrSPr > 102 (10)

hcS =
NusVkt,a

H
(11)
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where GrS is the Grashof number for a stationary vertical plate, NuS is the Nusselt number
for a stationary vertical plate calculated using Equation (8) for GrSPr ≤ 102 or Equation (9)
for GrSPr > 102, NuSV is the Nusselt number for a vibrating vertical plate, fV is the vibration
frequency in Hz, X is the vibration amplitude in m, and αt,a = kt,a/(ρact,a) is the thermal
diffusivity of ambient air in m2·s−1. According to Equations (10) and (11), it is evident that
the convection coefficient hcS includes the effect of horizontal transverse vibrations on free
convection heat transfer between one of the two side surfaces of a bus bar and the ambient
air. Modeling the effect of horizontal transverse vibrations on free convection using the
empirical correlation (8) for the case when GrSPr ≤ 102 represents a generalization of the
work of Park et al. from the year 2014 [21].

In Equation (10), there is a product of the vibration frequency fV and the vibration
amplitude X, i.e.,

vV = fVX (12)

which represents the vibration velocity in m·s−1 and which will be further used to model
the effect of horizontal transverse vibrations on free convection heat transfer from the
top and bottom surfaces of rectangular bus bars using existing empirical correlations for
forced convection.

The vibration amplitudes considered here, assuming a vibration frequency of 120 Hz,
are 0 m—for the case of free convection; 8.541 µm—for the case of twice the power system
frequency [1]; 1 mm—for the case of the vibration class A [4]; 1.6 mm—for the case of
the vibration class B [4]; 3 mm—for the case of the vibration class C [4]; and 4 mm and
5 mm—for the case of improper selection of supporting insulators and normal operating
conditions [13]. The last two vibration amplitudes are chosen to match those of the ex-
periments performed for the purpose of study [21]. The vibration frequencies considered
here, assuming a vibration amplitude of 3 mm, are 0 Hz—for the case of free convection;
2.75 Hz—critical frequency for vibrations due to wind eddies [1]; 11.09 Hz—critical fre-
quency for the vibration classes A and C [4]; 29 Hz—natural frequency determined experi-
mentally in [21]; 120 Hz—twice the value of the power system frequency [1]; 240 Hz—twice
the value of the frequency of the second order harmonic current [1,25]; and 360 Hz—twice
the value of the frequency of the third order harmonic current [1,25]. The last two vibration
frequencies are chosen to illustrate and quantify the potential effects of frequencies higher
than twice the power system frequency.

For the top surface of the bus bars, the vibration-assisted convection heat transfer
coefficient hcT is estimated in the following manner [7,22,26,27]:

GrT =
9.81β(Ts − Ta)W3

ν2
a

(13)

NuT1 = 0.54(GrTPr)1/4 for GrTPr ≤ 8·106 (14)

NuT1 = 0.15(GrTPr)1/3 for GrTPr > 8·106 (15)

ReTV =
vVW
νa

(16)

NuT2 = 0.037Re4/5
TV Pr1/3 for GrTPr ≤ 8·106 or GrTPr > 8·106 (17)

NuTV = NuT2 for NuT2 ≥ NuT1 (18)

NuTV = NuT1 for NuT2 < NuT1 (19)
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hcT =
NuTVkt,a

W
(20)

where GrT is the Grashof number for a stationary horizontal plate, NuT1 is the Nusselt
number for free convection from the top surface of a stationary horizontal plate calculated
using Equation (14) for GrTPr ≤ 8·106 or Equation (15) for GrTPr > 8·106, ReTV is the
Reynolds number defined by the vibration velocity vV, NuT2 is the Nusselt number for
fully developed turbulent forced convection from the top surface of a stationary horizontal
plate, and NuTV is the Nusselt number for vibration-assisted convection from the top
surface of a horizontal plate.

For the bottom surface of the bus bars, the vibration-assisted convection heat transfer
coefficient hcB is estimated as follows [7,22,26,27]:

GrB =
9.81β(Ts − Ta)W3

ν2
a

(21)

NuB1 = 0.27(GrBPr)1/4 for GrBPr ≤ 8·106 or GrBPr > 8·106 (22)

ReBV =
vVW
νa

(23)

NuB2 = 0.037Re4/5
BV Pr1/3 for GrBPr ≤ 8·106 or GrBPr > 8·106 (24)

NuBV = NuB2 for NuB2 ≥ NuB1 (25)

NuBV = NuB1 for NuB2 < NuB1 (26)

hcB =
NuBVkt,a

W
(27)

where GrB is the Grashof number for a stationary horizontal plate, NuB1 is the Nusselt num-
ber for free convection from the bottom surface of a stationary horizontal plate calculated
using Equation (22) for GrBPr ≤ 8·106 or GrBPr > 8·106, ReBV is the Reynolds number that
is identical with ReTV, NuB2 is the Nusselt number for fully developed turbulent forced
convection from the bottom surface of a stationary horizontal plate, and NuBV is the Nusselt
number for vibration-assisted convection from the bottom surface of a horizontal plate.

The idea that the effects of vibrations on free convection heat transfer from the surfaces
of an isothermal plate can be modeled using pure forced convection is found in [7]. In
practice, according to [26], a fully developed turbulent boundary layer (i.e., pure forced
convection) over a stationary horizontal plate may be realized by “tripping” the existing
boundary layer at the leading edge, using a fine wire or some other turbulence promoter.
Based on the previous findings, it is assumed that the effect of horizontal transverse
vibrations on free convection heat transfer from the top or bottom surface of an isothermal
horizontal plate is the same as the effect of any turbulence promoter on forced convection
heat transfer over a stationary horizontal surface. This assumption also agrees with the
results of [6,19]. Accordingly, Equation (17) is obtained from the following equations [26,27]:

NuT2 =
(

0.037Re4/5
TV −A

)
Pr1/3 (28)

A = 0.037Re4/5
TV,cr − 0.664Re1/2

TV,cr (29)

which are valid for 0.6 ≤ Pr ≤ 60 and ReTV,cr ≤ ReTV ≤ 108, considering that, for a fully
developed turbulent boundary layer, ReTV,cr = 0 and A = 0. In Equations (28) and (29),
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ReTV,cr represents the critical Reynolds number associated with the laminar to turbulent
flow transition. In addition, for the transition, the critical Reynolds number and the constant
A are equal to ReTV,cr = 5·105 and A = 871, respectively. The same applies to the bottom
surface of a rectangular bus bar.

The above model can be applied to rectangular bus bars with surfaces whose charac-
teristic lengths are large enough that a boundary layer can be formed along them. However,
if these dimensions are small, as in the case of flat fins in [21], then the effects of convection
and radiation from such surfaces can be ignored; i.e., those surfaces can be regarded as
adiabatic. It is obvious that this was done in the experiments by [21]. On the contrary, in
this paper, such surfaces are considered non-adiabatic, and the heat transfer coefficients
due to free convection from them are modeled with the following correlations [28]:

hcS = 1.42
(

Ts − Ta

Lc

)1/4
for GrcPr ≤ 109 (30)

hcS = 1.31(Ts − Ta)
1/3 for GrcPr > 109 (31)

- in the case of the two side surfaces;

hcT = 1.32
(

Ts − Ta

Lc

)1/4
for GrcPr ≤ 109 (32)

hcT = 1.52(Ts − Ta)
1/3 for GrcPr > 109 (33)

- in the case of the top surface; and

hcB = 0.59
(

Ts − Ta

Lc

)1/4
for GrcPr ≤ 109 or GrcPr > 109 (34)

- in the case of the bottom surface; where Lc is the characteristic length of the side, top,
or bottom bus bar surface in m, and Grc is the Grashof number that refers to the side,
top or bottom bus bar surface and that is defined by the corresponding characteristic
length Lc. Equations (30)–(34) represent simplified correlations for the free convection
heat transfer coefficient from different flat surfaces to air at atmospheric pressure [28].
According to [29], a 5 mm long flat zone can be regarded as the zone where a boundary
layer has enough space to form. Based on this, for each bus bar surface whose vertical
or horizontal dimension is equal to or less than 5 mm, the characteristic length is set
to Lc = 5 mm. In particular, the proposed non-adiabatic assumption is used for each
such surface instead of the adiabatic one.

Furthermore, it should be emphasized here that the case of vibration-assisted con-
vection can be reduced to the case of free convection when X = 0 m or fV = 0 Hz
is set.

Finally, all these empirical correlations and conditions are employed in the code of
the iteration procedure of the BUSBAR.m program. In every iteration of the procedure,
a convection coefficient is determined as the arithmetic mean value of the sum of the
corresponding convection coefficient values from the previous and current iterations. The
iterations in the inner and outer loops are repeated until the absolute value of the difference
(Ts− Tcp) becomes lower than specified accuracies. More details on the iteration procedure
can be found in [22].
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3.2. FEM-Based Steady-State Thermal Model

Steady-state heat transfer in and around any rectangular bus bar shown three-
dimensionally in Figure 1 is defined by the following two-dimensional second-order partial
differential equation [23,30]:

∇·(−kt∇T) =
∂

∂x

(
−kt

∂T
∂x

)
+

∂

∂y

(
−kt

∂T
∂y

)
= Qtg,v (35)

where x and y are the Cartesian spatial coordinates in m; kt is the thermal conductivity of
the bus bar material in W·m−1·K−1; T is the unknown nodal temperature in K; and Qtg,v is
the volume power of heat sources defined by Equation (2) in W·m−3.

Each side, top, or bottom surface of any rectangular bus bar from Figure 1 is repre-
sented by a combination of

→
n ·(−kt∇T) = εσSB(T4 − T4

a) = hr(T− Ta) (36)

- radiation boundary condition; and

→
n ·(−kt∇T) = hc(T− Ta) (37)

- convection boundary condition [23,30]. In Equations (36) and (37),
→
n is the normal

vector oriented outwards in relation to the side, top, or bottom surface of the bus bar;
T is the unknown temperature of the side, top, or bottom surface of the bus bar in K;
hr is the heat transfer coefficient due to radiation from the bus bar surfaces defined by
Equation (4) in W·m−2·K−1; hc is the heat transfer coefficient due to free or vibration-
assisted convection from the side, top, or bottom surface of the bus bar in W·m−2·K−1;
and Ta is the temperature of the ambient air contacting the bus bar surfaces in K. The
radiation boundary condition in each of the FEM-based models can be specified either
by the thermal emissivity ε or by the radiation heat transfer coefficient hr. The effect
of horizontal transverse vibrations on free convection from any rectangular bus bar is
included in the corresponding FEM-based model using the convection heat transfer
coefficient hc in the following manner: hc = hcS—for its side surfaces, hc = hcT—for
its top surface, and hc = hcB—for its bottom surface. In addition, the combination of
radiation and convection boundary conditions ensures that Equation (35) is non-linear,
regardless of the fact that here the temperature difference (Ts− Ta) should be constant
and equal to 30 K.

Bus bar ampacities are also determined in COMSOL 4.3 by applying the FEM to
two-dimensional computational domains corresponding to the rectangular bus bars from
Figure 1, for the materials given in Table 1 and the service conditions specified in Section 2.
In this regard, the values for Qtg,v are increased or decreased gradually from prescribed
initial values to the values corresponding to the continuously permissible temperature
Tcp = 70 ◦C. The values of Qtg,v obtained in this way are compared with those generated
by the BUSBAR.m program. Then, these Qtg,v values and Equations (2) and (5) are used
to calculate the corresponding bus bar ampacities (for I = Icp). The Icp values are also
compared with those obtained using the BUSBAR.m program.

The FEM-based verification of the proposed analytical model is carried out in the Heat
Transfer Module of COMSOL 4.3 [23] by means of the experimental data from [21]. In
addition to the material properties and service conditions taken from the relevant literature,
the Heat Transfer Module also uses as input data the volume power of heat sources,
radiation heat transfer coefficient, and convection heat transfer coefficients generated by
the updated version of the BUSBAR.m program. If the radiation boundary condition (36)
is defined by the radiation heat transfer coefficient (hr), then the value of this coefficient
should be added to the value of the corresponding convection heat transfer coefficient
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(hc = hcS, hc = hcT or hc = hcB). Otherwise, there still remains the possibility of setting the
radiation boundary condition using the thermal emissivity ε.

4. Results and Discussion
4.1. Experimental Validation of the Proposed Analytical Model

The proposed analytical model of steady-state heat transfer in and around the rectan-
gular bus bars needs to be compared against relevant experimental data. These comparisons
are required to validate that the proposed analytical model indeed represents the actual
thermal behavior of the bus bars at steady-state conditions. For this purpose, the experi-
mentally determined dependency of the normalized Nusselt number NuSV/NuS on the
velocity ratio 2πfVXH

αt,aNu2
S

from [21] is used. This dependency in its discrete form was generated

for four different plate fins and different vibration amplitudes at natural frequencies of
50, 29, 59, and 40 Hz, assuming no heat transfer from the top and bottom surfaces of the
plate fins (the so-called adiabatic assumption). According to [21], the natural frequen-
cies of 50, 29, 59, and 40 Hz refer to plate fins with cross-sections of 0.0004 m × 0.02 m,
0.0004 m × 0.025 m, 0.0005 m × 0.02 m, and 0.0005 m × 0.025 m, respectively. In addition,
for the purpose of this validation, a series of simulations was performed with bus bars
having cross-sections identical to the cross-sections of plate fins from [21]. The data were
generated using the BUSBAR.m program for different vibration amplitudes (ranging from
0 to 5 mm) at the same frequencies as those of the experiments, assuming that the top and
bottom surfaces of the bus bars are non-adiabatic. Finally, the simulated data are correlated
using Equation (10) and compared with the corresponding experimental data from [21].
This comparison is shown in Figure 2.
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Figure 2. Normalized Nusselt number versus velocity ratio generated for different vibration am-
plitudes at natural frequencies of 50, 29, 59, and 40 Hz. The discrete representations correspond
to the plate fins considered in [21] assuming that their top and bottom surfaces are adiabatic. The
continuous representation, i.e., Equation (10), refers to the rectangular bus bars considered here
assuming that their top and bottom surfaces are non-adiabatic.
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According to Figure 2, the normalized Nusselt number represented by Equation (10)
agrees well with the experimental data from [21], where the discrepancy is only in two cases
beyond the ±10% limits. According to [21], Equation (10) should be valid for vibration
frequencies from 29 to 59 Hz and for velocity ratios from 0 to 20, i.e., for the ranges for
which the experiments were carried out. In this study, according to Figure 2, these ranges of
values are logically exceeded. Compared to the corresponding diagram from [21] that refers
to the adiabatic assumption, there is practically no difference. Accordingly, the introduction
of the non-adiabatic assumption for the top and bottom surfaces of the bus bars did not
introduce any significant change in the thermal sense. Therefore, it can be considered that
the proposed analytical model has been successfully validated through this comparison
with experimental results.

Quantification of the effect of the non-adiabatic assumption on the bus bar ampacity
for cases corresponding to the experiments from [21] is also performed. Table 2 outlines the
ampacity values obtained for different amplitudes at frequencies of 50, 29, 59, and 40 Hz,
assuming that the bus bars are installed horizontally with a vertical major axis.

Table 2. Bus bar ampacity as a function of vibration amplitude at different natural frequencies a.

W H fV

Icp for
X = 0 m

Icp for
X = 8.541
µm

Icp for
X = 1 mm

Icp for
X = 1.6 mm

Icp for
X = 3 mm

Icp for
X = 4 mm

Icp for
X = 5 mm

BUSBAR b BUSBAR b BUSBAR b BUSBAR b BUSBAR b BUSBAR b BUSBAR b

m m Hz A A A A A A A

Bus bars installed horizontally with a vertical major axis and adiabatic top and bottom surfaces

0.0004 0.02 50 44.0 44.1 47.1 48.8 52.6 55.2 57.6

0.0004 0.025 29 53.5 53.5 55.5 56.7 59.2 61.0 62.8

0.0005 0.02 59 49.3 49.3 53.2 55.5 60.4 63.7 66.8

0.0005 0.025 40 59.9 59.9 62.9 64.6 68.5 71.2 73.7

Bus bars installed horizontally with a vertical major axis and non-adiabatic top and bottom surfaces

0.0004 0.02 50 44.3 44.4 47.4 49.1 52.9 55.4 57.8

0.0004 0.025 29 53.9 53.9 55.8 57.0 59.5 61.3 63.0

0.0005 0.02 59 49.7 49.7 53.6 55.9 60.7 64.0 67.1

0.0005 0.025 40 60.3 60.3 63.3 65.0 68.9 71.6 74.1
a For aluminum alloy 5052-O bus bars, ks = 1, Ta = 40 ◦C, Tcp = 70 ◦C, ε = 0.35, α = 0, and f = 60 Hz. b Values
calculated using the updated version of the BUSBAR.m program.

The first four rows of Table 2 are generated for the adiabatic assumption from [21],
while the remaining results are generated for the non-adiabatic assumption proposed in
this paper. According to Table 2, the largest difference between these results is 0.4 A. This
agrees with the results shown in Figure 2.

4.2. FEM-Based Verification of the Proposed Analytical Model

Verification of the accuracy of the proposed analytical model by applying the FEM
to one of the examples from the experiments of [21] is the next thing to be performed.
Accordingly, Figure 3 shows four steady-state temperature distributions over a two-
dimensional representation of a rectangular bus bar whose area is equal to that of the
plate fin 0.0004 m × 0.025 m considered in [21]. These temperature distributions are gener-
ated for the problem formulations from Figure 1a,b (taking into account the non-adiabatic
assumption), vibration amplitudes of 0, 1, 1.6, and 3 mm (free convection and vibration
classes A, B, and C, respectively), a vibration frequency of 29 Hz, and a temperature dif-
ference of Ts − Ta = Tcp − Ta = 343.157 − 313.157 = 30 K. These parameters were chosen
to match the experimental data from [21]. Figure 3a shows the two-dimensional represen-
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tation of the geometry (that is, solid) from Figure 1a,b with the associated finite element
(FE) mesh.
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Figure 3. Temperature distribution over (a) the meshed part of a two-dimensional representation
of the rectangular bus bar 0.0004 m × 0.025 m, obtained for vibration amplitudes of (b) X = 0 mm,
(c) X = 1 mm, (d) X = 1.6 mm, and (e) X = 3 mm at a vibration frequency of 29 Hz.

The outputs of the BUSBAR.m program used as inputs in COMSOL 4.3 to generate
the temperature distributions from Figure 3 are as follows:

(i) Qtg,v = 1706547.953 W·m−3, hcS = 8.388 W·m−2·K−1, hcT = 11.615 W·m−2·K−1, and
hcB = 5.192 W·m−2·K−1—for the case of free convection.

(ii) Qtg,v = 1828981.716 W·m−3, hcS = 9.228 W·m−2·K−1, hcT = 11.61 W·m−2·K−1, and
hcB = 5.19 W·m−2·K−1—for the case of vibration class A.

(iii) Qtg,v = 1908493.466 W·m−3, hcS = 9.737 W·m−2·K−1, hcT = 11.615 W·m−2·K−1, and
hcB = 5.192 W·m−2·K−1—for the case of vibration class B.

(iv) Qtg,v = 2079576.482 W·m−3, hcS = 10.913 W·m−2·K−1, hcT = 11.608 W·m−2·K−1,
and hcB = 5.189 W·m−2·K−1—for the case of vibration class C.

Values of kt, ε and Ta are given in the previous sections.
According to Figure 3, it is evident that the temperature difference Ts−Ta corresponds

with that of the experiments performed in [21].
In addition, FE mesh independence tests are performed in accordance with the proce-

dure described in [31]. The results of these mesh independence tests are shown in Table 3.
These tests showed that the mesh density does not affect the accuracy of the results obtained
for the computational domain of Figure 3a consisting of only one block, that is, one material.
Results of other numerical simulations, except for the four temperature distributions in
Figure 3, are not given here in order to reduce the content of this study.

According to Figure 3, the maximum and minimum bus bar temperatures are approx-
imately equal to the continuously permissible temperature Tcp =343.157 K = 70 ◦C. The
differences between these temperatures are less than ±0.1 ◦C. Moreover, the accuracy of
each simulation carried out using the updated version of the BUSBAR.m program was also
verified in the same manner. It was determined that the maximum and minimum bus bar
temperatures obtained using the BUSBAR.m program and COMSOL 4.3 differ from the
temperature Tcp =70 ◦C by approximately ±0.2 ◦C. Finally, it can be considered that the ac-
curacy and effectiveness of the proposed steady-state thermal model have been successfully
verified by means of the corresponding FEM-based simulations in COMSOL 4.3.
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Table 3. Details on the FE meshes generated within the two-dimensional domain in Figure 3a and
results of the corresponding mesh independence tests performed for the case of rectangular bus bar
0.0004 m × 0.025 m and vibration class B.

FE Mesh Number of Nodes Number of Elements (T’
s−Ta) (◦C) a (Ts−Ta) (◦C) b (T’

s−Ts) (◦C) c

Automatically generated
(Figure 3a) 93 92 30.004153 30.0 0.004153

Generated after the
first refinement 277 368 30.004164 30.0 0.004164

Generated after the
second refinement 921 1472 30.004164 30.0 0.004164

a Values of the temperature difference (T′s−Ta) obtained for different densities of the FE mesh using COMSOL 4.3,
where T′s stands for the maximum value of the bus bar temperature. b The reference value of the temperature
difference (Ts − Ta) taken from the experiments performed in [21]. c Differences between the simulated and
measured values of the bus bar temperature obtained as (T′s − Ts) = (T′s − Ta)− (Ts − Ta).

4.3. Results of Analytical Thermal Modeling

The diagrams in Figure 4a,b show the volume power of heat sources Qtg,v as a function
of the vibration amplitude X for rectangular bus bars installed horizontally with a vertical
and horizontal major axis (according to Figure 1), respectively. All these volume powers
of heat sources are obtained for a vibration frequency of 120 Hz. The results obtained for
X = 0 m correspond to stationary bus bars (Figure 1a,c), while all other results correspond
to vibrating bus bars (Figure 1b,d).
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According to Figure 4a,b, the volume power of heat sources increases with an increase
in the vibration amplitude, and also with a decrease in the cross-sectional area of the bus
bars. In the first case, the dependencies Qtg,v = f(X) are almost linear, while in the second,
they are non-linear. The resulting nonlinearities are a consequence of the approach to
modeling the vibration-assisted convection from the top and bottom surfaces of the bus
bars using empirical correlations for forced convection. In particular, the diagrams in
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Figure 4a,b show that as the vibration amplitude increases, more electricity (i.e., a higher
current) can flow through the same bus bar.

As for the heat transfer coefficient due to radiation, the value hr = 2.812 W·m−2·K−1

is obtained in each simulation performed by the BUSBAR.m program. This is the expected
result, which can also be obtained by the calculation method described in [25].

The diagrams in Figure 5a,b show the normalized Nusselt number NuSV/NuS as a
function of the velocity ratio 2πfVXH

αt,aNu2
S

for different rectangular bus bars installed horizontally

with a vertical and horizontal major axis, respectively. These normalized Nusselt numbers
are generated for different vibration amplitudes at a vibration frequency of 120 Hz. The
normalized Nusselt numbers obtained for X = 0 m correspond to stationary bus bars
(Figure 1a,c), while all other normalized Nusselt numbers correspond to bus bars affected
by horizontal transverse vibrations (Figure 1b,d). In this regard, the definition of the
velocity ratio used here can be found in [21].
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Figure 5. Normalized Nusselt number as a function of velocity ratio for different rectangular
bus bars and different vibration amplitudes at a vibration frequency of 120 Hz: (a) Bus bars in-
stalled horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.

From Figure 5a,b, it is obvious that the normalized Nusselt number increases with an
increase in the velocity ratio, i.e., with an increase in the vibration amplitude at fV = 120 Hz.
For the same cross-sections, the normalized Nusselt numbers are significantly higher for
bus bars installed with a horizontal major axis (Figure 5b) than for the same bus bars
installed with a vertical major axis (Figure 5a). This is caused by a significant increase in the
velocity ratio in the case of bus bars installed with a horizontal major axis. For velocity ratios
ranging from 0 to 20, the results from Figure 5a, related to bus bars with cross-sections of
0.0004 m × 0.02 m, 0.0004 m × 0.025 m, 0.0005 m × 0.02 m, and 0.0005 m × 0.025 m, match
the corresponding experimental data from [21]. Specifically, the discrepancies between the
simulated and existing experimental data are almost the same. This can be considered a
good result. The dependencies shown in Figure 5a,b coincide perfectly with Equation (10).

Heat transfer coefficients due to convection between the surfaces of different rectan-
gular bus bars and the ambient air as functions of vibration amplitude are presented in
Figures 6–8. These coefficients are generated for a vibration frequency of 120 Hz. Figure 6
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corresponds to the two side surfaces, Figure 7 to the top surface, and Figure 8 to the bottom
surface. The convection coefficients obtained for X = 0 m correspond to stationary bus
bars (Figure 1a,c), that is, free convection heat transfer. Whilst all other convection coeffi-
cients correspond to vibrating bus bars (Figure 1b,d), that is, vibration-assisted convection
heat transfer.
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installed horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.
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Figure 7. Heat transfer coefficient due to convection from the top surfaces of different rectangular
bus bars as a function of vibration amplitude at a vibration frequency of 120 Hz: (a) Bus bars
installed horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.
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Figure 8. Heat transfer coefficient due to convection from the bottom surfaces of different rectangular
bus bars as a function of vibration amplitude at a vibration frequency of 120 Hz: (a) Bus bars
installed horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.

Based on Figures 6 and 8, it is evident that the coefficients due to vibration-assisted
convection from the side and bottom surfaces increase with an increase in the vibration
amplitude at fV = 120 Hz, and also with a decrease in the corresponding characteristic
length. According to Figure 7, most of the coefficients due to vibration-assisted convection
from the top surfaces are constant. The only exceptions are the coefficients that, according
to Figure 7b, correspond to bus bars with cross-sectional areas of 0.0508 m × 0.00635 m,
0.1524 m× 0.00635 m, 0.1016 m× 0.009525 m, and 0.1016 m× 0.0127 m. The appearance of
nonlinearities in Figures 7b and 8a,b is once again a consequence of modeling the effect of
horizontal transverse vibrations on free convection by means of empirical correlations for
forced convection. It is found that this effect is most pronounced in the case of coefficients
due to convection from the bottom surfaces of the considered bus bars. In general, it is
found that the vibration amplitude can enhance the convection heat transfer from the bus
bar surfaces, which agrees with the conclusions drawn in [32].

The ampacity as a function of the vibration amplitude at a vibration frequency of
120 Hz for different rectangular bus bars is given in Table 4.

Table 4. Bus bar ampacity as a function of vibration amplitude at a vibration frequency of 120 Hz for
bus bars in an indoor environment.

W H 60 Hz ks at
70 ◦C

Icp for
X = 0 m

Icp for
X = 8.541
µm

Icp for
X = 1 mm

Icp for
X = 1.6 mm

Icp for
X = 3 mm

Icp for
X = 4 mm

Icp for
X = 5 mm

BUSBAR c BUSBAR d BUSBAR d BUSBAR d BUSBAR d BUSBAR d BUSBAR d

m m – A A A A A A A

Bus bars installed horizontally with a vertical major axis

0.0004 a 0.02 1.000 44.3 44.4 51.3 55.0 62.9 68.0 72.7

0.0004 a 0.025 1.000 53.9 53.9 61.6 65.7 74.6 80.4 85.8

0.0005 a 0.02 1.000 49.7 49.8 57.4 61.6 70.4 76.1 81.3
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Table 4. Cont.

W H 60 Hz ks at
70 ◦C

Icp for
X = 0 m

Icp for
X = 8.541
µm

Icp for
X = 1 mm

Icp for
X = 1.6 mm

Icp for
X = 3 mm

Icp for
X = 4 mm

Icp for
X = 5 mm

BUSBAR c BUSBAR d BUSBAR d BUSBAR d BUSBAR d BUSBAR d BUSBAR d

m m – A A A A A A A

0.0005 a 0.025 1.000 60.3 60.4 68.9 73.6 83.5 90.0 96.0

0.00635 b 0.0508 1.014 544.9 545.4 595.5 623.8 687.1 730.0 770.3

0.00635 b 0.1524 1.092 1365.8 1366.5 1443.5 1488.2 1589.5 1659.3 1726.2

0.009525 b 0.1016 1.100 1182.3 1183.0 1261.7 1307.0 1410.4 1481.6 1549.2

0.009525 b 0.2032 1.210 2073.7 2074.6 2173.9 2231.8 2365.1 2457.7 2546.8

0.0127 b 0.1016 1.140 1359.6 1360.3 1448.5 1499.3 1616.6 1697.6 1774.7

0.0127 b 0.2032 1.259 2366.7 2367.7 2479.2 2544.3 2695.5 2800.9 2902.2

Bus bars installed horizontally with a horizontal major axis

0.02 a 0.0004 1.000 39.3 39.3 39.8 40.1 42.0 43.8 45.5

0.025 a 0.0004 1.000 48.1 48.1 48.6 48.9 51.2 53.3 55.3

0.02 a 0.0005 1.000 44.1 44.1 44.8 45.2 47.5 49.6 51.6

0.025 a 0.0005 1.000 53.9 53.9 54.6 55.0 57.8 60.2 62.5

0.0508 b 0.00635 1.014 517.8 518.1 544.5 559.8 608.2 643.7 678.8

0.1524 b 0.00635 1.092 1286.6 1286.8 1316.9 1334.7 1421.7 1485.9 1562.5

0.1016 b 0.009525 1.100 1121.1 1121.5 1161.4 1184.9 1273.3 1338.2 1409.0

0.2032 b 0.009525 1.210 1992.1 1992.5 2033.7 2058.2 2184.8 2277.3 2364.0

0.1016 b 0.0127 1.140 1294.7 1295.1 1344.5 1373.5 1478.1 1554.3 1636.9

0.2032 b 0.0127 1.259 2278.7 2279.1 2330.4 2360.8 2509.1 2616.9 2718.1

a For aluminum alloy 5052-O bus bars, Ta = 40 ◦C, Tcp = 70 ◦C, ε = 0.35, α = 0, and f = 60 Hz. b For aluminum
alloy 6101-T61 bus bars, Ta = 40 ◦C, Tcp = 70 ◦C, ε = 0.35, α = 0, and f = 60 Hz. c Values obtained for instance of
free convection heat transfer (i.e., for vV = 0 m·s−1) by means of the updated version of the BUSBAR.m program.
d Values obtained for instance of vibration-assisted convection heat transfer (i.e., for vV = fVX) by means of the
updated version of the BUSBAR.m program.

According to Table 4, the bus bar ampacity increases with an increase in the vibration
amplitude. Compared to the case corresponding to free convection (X = 0), this increase
amounts to 0–0.226%—for X = 8.541 µm; 1.039–15.801%—for X = 1 mm (vibration class A);
1.663–24.154%—for X = 1.6 mm (vibration class B); 6.445–41.986%—for X = 3 mm (vibration
class C); 10.811–53.499%—for X = 4 mm; and 14.969–64.108%—for X = 5 mm. For all the
vibration amplitudes considered, the minimum increases correspond to a bus bar with a
cross-section of 0.025 m × 0.0004 m, while the maximum increases correspond to a bus bar
with a cross-section of 0.0004 m × 0.02 m.

The volume power of heat sources Qtg,v as a function of the vibration frequency fV
for rectangular bus bars installed horizontally with a vertical and horizontal major axis is
presented in Figure 9a,b, respectively. The volume powers of heat sources are calculated
for a vibration amplitude of 3 mm (vibration class C). The volume powers of heat sources
obtained for fV = 0 Hz correspond to stationary bus bars (Figure 1a,c), while the volume
powers of heat sources obtained for all other vibration frequencies correspond to vibrating
bus bars (Figure 1b,d).
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Figure 9. Volume power of heat sources as a function of vibration frequency at a vibration amplitude
of 3 mm for different rectangular bus bars: (a) Bus bars installed horizontally with a vertical major
axis; (b) Bus bars installed horizontally with a horizontal major axis.

From Figure 9a,b, it can be observed that the volume power of heat sources increases
with an increase in the vibration frequency, and also with a decrease in the cross-sectional
area of the bus bars. In the case shown in Figure 9a, the dependencies Qtg,v = f(fV) are
almost linear, while in the case shown in Figure 9b, they are non-linear. As in the case of
Figure 4b, the resulting nonlinearities are a consequence of the approach to modeling the
vibration-assisted convection from the top and bottom surfaces of the bus bars. Specifically,
the diagrams in Figure 9a,b show that as the vibration frequency increases, a higher current
can flow through the same bus bar. Therefore, for the considered ranges of values, the effect
of the vibration frequency on heat generation enhancement is significantly greater than the
effect of vibration amplitude.

The normalized Nusselt number NuSV/NuS as a function of the velocity ratio 2πfVXH
αt,aNu2

S
for different rectangular bus bars installed horizontally with a vertical and horizontal major
axis is provided in Figure 10a,b, respectively. These normalized Nusselt numbers are
calculated for different vibration frequencies at a vibration amplitude of 3 mm. The normal-
ized Nusselt numbers obtained for fV = 0 Hz correspond to free convection (Figure 1a,c),
while all other normalized Nusselt numbers correspond to vibration-assisted convection
(Figure 1b,d).

From Figure 10a,b, it is clear that the normalized Nusselt number increases with an
increase in the velocity ratio. Thus, the normalized Nusselt number increases with an
increase in the vibration frequency at X = 3 mm, and in this particular case, the Nusselt
number is higher for bus bars installed with a horizontal major axis (Figure 10b).

Convection heat transfer coefficients for the surfaces of different rectangular bus bars
as functions of vibration frequency are presented in Figures 11–13. The coefficients are
generated for a vibration amplitude of 3 mm. Figure 11 refers to the two side surfaces,
Figure 12 to the top surface, and Figure 13 to the bottom surface. The heat transfer
coefficients obtained for fV = 0 Hz refer to free convection (Figure 1a,c), while all other
heat transfer coefficients refer to vibration-assisted convection (Figure 1b,d).
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Figure 11. Heat transfer coefficient due to convection from the side surfaces of different rectangu-
lar bus bars as a function of vibration frequency at a vibration amplitude of 3 mm: (a) Bus bars
installed horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.
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Figure 12. Heat transfer coefficient due to convection from the top surfaces of different rectangular 
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Figure 12. Heat transfer coefficient due to convection from the top surfaces of different rectangu-
lar bus bars as a function of vibration frequency at a vibration amplitude of 3 mm: (a) Bus bars
installed horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.
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W H 
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70 °C 
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Hz 
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Figure 13. Heat transfer coefficient due to convection from the bottom surfaces of different rectan-
gular bus bars as a function of vibration frequency at a vibration amplitude of 3 mm: (a) Bus bars
installed horizontally with a vertical major axis; (b) Bus bars installed horizontally with a horizontal
major axis.

From Figures 11–13, it is clear that the vibration-assisted convection heat transfer
coefficients from all the surfaces of the rectangular bus bars increase with an increase in the
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vibration frequency at X = 3 mm (vibration class C), and, in general, with a decrease in
the corresponding characteristic length. According to Figure 11a,b, the vibration-assisted
convection coefficients from the side surfaces of the bus bars are almost linear. Furthermore,
according to Figures 12 and 13, the vibration-assisted convection coefficients from the top
and bottom surfaces are non-linear. The presence of nonlinearities in Figures 12 and 13 is
once again caused by the approach to modeling the effect of horizontal transverse vibrations
on free convection using empirical correlations for forced convection. In particular, it is
evident that the effect of vibration frequency on the enhancement of free convection heat
transfer is significantly greater than the effect of vibration amplitude. This is also in line
with the conclusions of [32].

The ampacity as a function of the vibration frequency at a vibration amplitude of
3 mm (vibration class C) for different rectangular bus bars is given in Table 5.

Table 5. Bus bar ampacity as a function of vibration frequency at a vibration amplitude of 3 mm for
bus bars in an indoor environment.

W H 60 Hz ks at
70 ◦C

Icp for fv =
0 Hz

Icp for fv =
2.75 Hz

Icp for
fv = 11.09

Hz

Icp for
fv = 29 Hz

Icp for
fv = 120 Hz

Icp for
fv = 240

Hz

Icp for
fv = 360

Hz

BUSBAR c BUSBAR d BUSBAR d BUSBAR d BUSBAR d BUSBAR d BUSBAR d

m m – A A A A A A A

Bus bars installed horizontally with a vertical major axis

0.0004 a 0.02 1.000 44.3 44.9 46.4 49.5 62.9 77.1 89.2

0.0004 a 0.025 1.000 53.9 54.4 56.1 59.5 74.6 90.8 104.6

0.0005 a 0.02 1.000 49.7 50.3 51.9 55.4 70.4 86.3 99.8

0.0005 a 0.025 1.000 60.3 60.9 62.8 66.7 83.5 101.6 117.0

0.00635 b 0.0508 1.014 544.9 548.5 559.4 582.0 687.1 809.5 918.7

0.00635 b 0.1524 1.092 1365.8 1371.3 1387.8 1422.6 1589.5 1791.6 1977.0

0.009525 b 0.1016 1.100 1182.3 1187.9 1204.8 1240.4 1410.4 1616.1 1803.9

0.009525 b 0.2032 1.210 2073.7 2080.8 2102.0 2146.8 2365.1 2635.1 2886.1

0.0127 b 0.1016 1.140 1359.6 1365.9 1384.8 1424.6 1616.6 1851.9 2067.8

0.0127 b 0.2032 1.259 2366.7 2374.6 2398.4 2448.8 2695.5 3003.8 3291.7

Bus bars installed horizontally with a horizontal major axis

0.02 a 0.0004 1.000 39.3 39.3 39.4 39.7 42.0 48.1 55.0

0.025 a 0.0004 1.000 48.1 48.1 48.2 48.4 51.2 58.5 66.8

0.02 a 0.0005 1.000 44.1 44.2 44.3 44.6 47.5 54.6 62.5

0.025 a 0.0005 1.000 53.9 54.0 54.1 54.4 57.8 66.2 75.7

0.0508 b 0.00635 1.014 517.8 519.7 525.3 537.3 608.2 720.1 828.5

0.1524 b 0.00635 1.092 1286.6 1288.7 1295.1 1308.6 1421.7 1648.5 1873.7

0.1016 b 0.009525 1.100 1121.1 1124.0 1132.5 1150.5 1273.3 1489.6 1701.2

0.2032 b 0.009525 1.210 1992.1 1995.0 2003.7 2022.3 2184.8 2490.7 2823.2

0.1016 b 0.0127 1.140 1294.7 1298.1 1308.7 1331.0 1478.1 1730.1 1975.3

0.2032 b 0.0127 1.259 2278.7 2282.3 2293.1 2316.3 2509.1 2863.6 3245.9

a For aluminum alloy 5052-O bus bars, Ta = 40 ◦C, Tcp = 70 ◦C, ε = 0.35, α = 0, and f = 60 Hz. b For aluminum
alloy 6101-T61 bus bars, Ta = 40 ◦C, Tcp = 70 ◦C, ε = 0.35, α = 0, and f = 60 Hz. c Values obtained for instance of
free convection heat transfer (i.e., for vV = 0 m·s−1) by means of the updated version of the BUSBAR.m program.
d Values obtained for instance of vibration-assisted convection heat transfer (i.e., for vV = fVX) by means of the
updated version of the BUSBAR.m program.

Based on Table 5, the bus bar ampacity increases with an increase in the vibra-
tion frequency. Compared to the ampacity values corresponding to free convection
(fV = 0 Hz), this increase amounts to 0–1.354%—for fV = 2.75 Hz; 0.208–4.74%—for
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fV = 11.09 Hz; 0.624–11.738%—for fV = 29 Hz; 6.445–41.986%—for fV = 120 Hz;
21.622–74.041%—for fV = 240 Hz; and 38.877–101.354%—for fV = 360 Hz. Once again,
in the range of vibration frequency from 0 to 360 Hz, the minimum increases are ob-
tained for the bus bar 0.025 m × 0.0004 m, and the maximum increases for the bus bar
0.0004 m × 0.02 m.

5. Conclusions

The analytical and numerical results of this study contributed decisively to mod-
eling the effects of horizontal transverse vibrations on the free convection heat transfer
phenomenon and the ampacity of rectangular bus bars in an indoor environment, under
normal and near-normal service conditions. This study considered ten rectangular bus
bars with different cross-sections, assuming that they were heated by the corresponding
ampacities and that they were vibrated horizontally with an amplitude of 0 to 5 mm at a
frequency of 120 Hz, as well as with a frequency of 0 to 360 Hz at an amplitude of 3 mm.
The existing experimental data were used to quantify the effects of vibration amplitude
and vibration frequency on intensifying convection heat transfer from the bus bars, and
increasing ampacity. The analytical and numerical results of this study were compared
with each other, as well as with those from the relevant literature.

The main conclusions of this study are as follows. First, the vibration amplitudes and
frequencies considered can increase the bus bar ampacity up to 64.108% and 101.354%,
respectively. These maximum increases correspond to the bus bar 0.0004 m × 0.02 m.
Second, it is found that the effect of vibration frequency on enhancing free convection
heat transfer and, consequently, increasing the bus bar ampacity is significantly greater
than the effect of vibration amplitude. Third, for the vibration classes A, B, and C, it is
estimated that horizontal transverse vibrations can increase the bus bar ampacity up to
41.986% at a vibration frequency of 120 Hz. Fourth, the discrepancy between the results
obtained using the proposed analytical model and the relevant experimental data is in
most cases within the ±10% limits. Fifth, the values of bus bar temperature obtained using
the BUSBAR.m program and COMSOL 4.3 differ from the corresponding continuously
permissible temperature by approximately ±0.2 ◦C. Sixth, the accuracy of the proposed
analytical model was successfully validated using the relevant experimental data and
verified using the FEM.

The results of this study can be useful for engineers and researchers involved in the
design of bus bars in terms of including the effects of vibrations on the bus bar ampacity
in normal operation. In addition, the next challenge could be to evaluate the effects of
vibrations that occur in fault conditions on free convection heat transfer and associated
short-circuit currents.
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Nomenclature

Symbols
A constant, –

SS area of one side surface of a rectangular bus bar, m2

ct,a
specific heat of air at
constant pressure, J·kg−1·K−1

ST area of the top surface of a rectangular bus bar, m2
f frequency of the power system, 60 Hz
fV vibration frequency, Hz

T
unknown nodal temperature, or unknown
temperature of the side, top, or bottom
surface of a rectangular bus bar, K

Gr Grashof number, –
H height of a rectangular bus bar, m

hc
heat transfer coefficient due to free or
vibration-assisted convection, W·m−2·K−1

Ta ambient air temperature, ◦C or K

Tcp continuously permissible temperature of bus bars, ◦C or K
hr

heat transfer coefficient due
to radiation, W·m−2·K−1 Tfilm film temperature, K

I RMS current of a rectangular bus bar, A Ts, T′s bus bar temperature, ◦C or K
Icp ampacity of a rectangular bus bar, A V volume of a rectangular bus bar, m3

kt
thermal conductivity of the bus
bar material, W·m−1·K−1

VV vibration velocity, m·s−1

W width of a rectangular bus bar, m
kt,a thermal conductivity of air, W·m−1·K−1 X vibration amplitude, m, mm or µm
kp extra loss coefficient for the proximity effect, – x, y Cartesian spatial coordinates, m
ks extra loss coefficient for the skin effect, – α solar absorptivity, –
L length of a rectangular bus bar, m αt,a thermal diffusivity of air, m2·s−1

→
n

normal vector oriented outwards in
relation to the side, top, or bottom
surface of a rectangular bus bar, –

αρ temperature coefficient of resistivity, K−1

β thermal expansion coefficient of air, K−1

ε thermal emissivity, –
Nu Nusselt number, – µa dynamic viscosity, kg·m−1·s−1

Pr Prandtl number, – νa kinematic viscosity of air, m2·s−1

Qtg,v volume power of heat sources, W·m−3 π Pi number, 3.14159265
Re Reynolds number, – ρa density of air, kg·m−3

S
geometric cross-sectional area
of a rectangular bus bar, m2

ρdc d.c. resistivity of the bus bar material, Ω·m

ρe20 d.c. resistivity of the bus bar material at 20 ◦C or 293.157 K, Ω·m
SB

area of the bottom surface
of a rectangular bus bar, m2

σSB Stefan–Boltzmann constant, 5.67·10−8 W·m−2·K−4
So1 surface area of a rectangular bus bar, m2

Subscripts
B bottom surface of a rectangular bus bar T top surface of a rectangular bus bar
cr critical value V vibration, or vibrating bus bar
S side surface of a rectangular bus bar
Abbreviations
d.c. direct current FEM finite element method
FE finite element RMS Root-Mean Square
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