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1. Introduction 

 

Fibre reinforced concrete (FRC) is cement based 

composite material. Basically, the concrete has a low ten-

sile strength, low strain capacity, and it fails in brittle man-

ner. The addition of the fibre improves the mechanical 

properties of concrete, especially the post-cracking proper-

ties [1, 2]. 

The steel fibre reinforcement has been studied and 

developed intensively over past four decades, and now it is 

lots of different fibre in the market. The fibre can be made 

of different materials, such like steel, carbon, synthetic, 

glass and others. However, the steel fibre is the most 

commonly used for the structural purposes. Length, shape, 

and the cross section of the steel fibre are various. Numer-

ous researches have been performed to develop better bond 

between the fibre and matrix of concrete [3]. Despite of 

that the circular cross section hooked end steel fibre is one 

of the most widely used because of the simplicity of manu-

facturing and the good bonding parameters [1, 2, 4, 5]. 

It is known that fibres bridge the cracks and trans-

fer the tensile stress across the cracked sections. Therefore, 

the concrete becomes more ductile and durable material, 

cracks are restricted, and even bearing capacity of the 

member can be enhanced. Nevertheless, the application of 

the steel fibre is still limited. There are two main reasons 

for these limitations: first – lack of the generally accepted 

design method, second – complicated (experimental) de-

termination of the post-cracking properties of steel fibre 

reinforced concrete (SFRC). Although it is not generally 

accepted design method, however there are some design 

proposals, and some countries already have its design 

standards or recommendations [1, 6-13]. Nevertheless, the 

second problem still remains open. 

The determination method of the post-cracking 

parameters is prescribed by the design method, and usually 

it is experimental. Residual flexural tensile strength fR,1 is 

the mostly applied parameter for the SLS (crack width) 

calculations. This parameter should be established from the 

experiments, and later recalculated to residual tensile stress 

( 1fb R,kf  ). Coefficient k can differ in different crack 

width calculation methods (0.40 – 0.45). Mean or charac-

teristic values of fR,1 could be used depending on the crack 

width calculation method. Recalculation methods are also 

described together with the crack width calculation meth-

ods [1, 6, 8-10, 12-14]. 

In order to use the discussed crack width calcula-

tion methods the tests are necessary for the determination 

of residual flexural tensile strength fR,1. Method of these 

tests is given in EN 14651:2005+A1:2007 [14]. Neverthe-

less, these tests require time and other resources, therefore 

it would be great practical benefit if it would be possible to 

calculate fR,1 without it. Even in those cases where designer 

is responsible only for specifying the requirements of re-

sidual tensile strength the calculation method of fR,1 could 

help to analyse and choose the most economical solution. 

Calculation of the residual flexural tensile 

strength is complicated due to the random distribution of 

the steel fibre in the concrete, due to a large variety of the 

fibre types, due to the different fibre bond and other as-

pects. Despite of that, it could be found in the literature 

some calculation proposals of SFRC post-cracking proper-

ties [1, 3, 15-19]. Most of these methods are developed 

using experimental results. But still, none of these methods 

is intended for the calculation of the residual flexural ten-

sile strength fR,1. 

The new calculation method of the residual flex-

ural tensile strength (fR,1) is presented in this paper. The 

method was developed using 60 series of three-point bend-

ing test (446 prisms). 12 test series (132 prisms) has been 

tested by authors, and results of remaining series has been 

taken from the references [2, 15, 20, 21-34]. Only hooked 

end steel fibre was used for this method. The scatter of the 

experimental results and the relative errors of the method 

are discussed. The recommendation for designers and re-

searchers are given. 

2. Testing procedure and results 

 

In order to determine fR,1 the three-point bending 

tests were performed according to the regulations of EN 

14651:2005+A1:2007 [14]. The scheme of three-point 

bending test is given in Fig. 1. Loading was performed 

according to a deformation control. The method allows to 

measure force-displacement or force-CMOD (crack mouth 

opening displacement) relations. When the displacement of 

the beam reaches 0.46 mm or CMOD reaches 0.5 mm, then 

the value of load is recorded and the residual flexural ten-

sile strength fR,1 is calculated according to Eq. (1). 

10 test series have been performed in Kaunas 

University of Technology (KTU) and 2 test series in Nor-

wegian University of Science and Technology (NTNU). In 

order to develop precise calculation method more 
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experimental results of three-point bending tests were tak-

en from the references [2, 15, 20-34]. The information 

about the test series and its specimens is given in Table 1. 

 

 

Fig. 1 Three-point bending test scheme according to 

EN 14651:2005+A1:2007 standard method 
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where FR,i is load corresponding with CMOD = CMODj or 

δ = δj (j = 1, 2, 3, 4), l is span length, b is width of the spec-

imen, hsp is distance between the tip of the notch and the 

top of the specimen. 

Two types of concrete were used – traditionally 

vibrated and self-compacting SFRC. Traditionally vibrated 

SFRC was up to series No 41 (inclusive). All remaining 

series were made of self-compacting SFRC. Compositions 

of SFRC are not given in this paper because of huge num-

ber of different mixes. The main parameter which was 

used in further calculations is the average compressive 

strength of SFRC (fcm,fb) – given in Fig. 2. The compressive 

strength of SFRC (fcm,fb) was determined for every series, 

together with the residual flexural tensile strength (fR,1). 

 

Table 1 

Specimens of three-point bending tests 
 

Se-

ries 

No. 

Refer-

ence 

No. 

of 

spec. 

lfb  / dfb 
lfb, 

mm 

fy, 

MPa 

Vfb, 

kg/m
3
 

Se-

ries 

No. 

Reference 

No. 

of 

spec. 

lfb / dfb 
lfb, 

mm 

fy, 

MPa 

Vfb, 

kg/m
3
 

1 KTU* 6 50 50 1200 25 31 [29] 5 64 35 1100 79 

2 KTU* 12 50 50 1150 25 32 [30] 6 80 60 1050 20 

3 KTU* 12 50 50 1200 30 33 [29] 5 80 60 1050 39 

4 KTU* 12 50 50 1150 30 34 [30] 6 80 60 1050 40 

5 KTU* 12 50 50 1150 35 35 [29] 5 80 60 1050 79 

6 KTU* 12 50 50 1150 35 36 [30] 6 81 50 1270 40 

7 KTU* 12 69 52 1500 15 37 [30] 6 81 50 1270 40 

8 KTU* 12 69 52 1500 20 38 [30] 6 81 50 1270 40 

9 KTU* 12 67 50 1150 30 39 [30] 6 81 50 1270 40 

10 KTU* 12 50 30 1150 35 40 [15, 27] 8 78 35 1050 40 

11 [28] 7 50 50 1100 20 41 [15, 27] 8 78 35 1050 60 

12 [15, 27] 8 48 50 1000 20 42 [31] 6 63 50 1550 30 

13 [15, 27] 8 48 50 1000 60 43 [22] 6 65 40 1050 30 

14 [21, 22] 6 65 40 1050 30 44 [22] 6 65 40 1050 30 

15 [22] 6 63 25 1700 30 45 [22] 6 65 40 1050 30 

16 [15, 27] 8 67 60 1000 20 46 [22] 6 63 25 1700 30 

17 [15, 27] 8 67 60 1000 20 47 [22] 6 63 25 1700 30 

18 [15] 6 67 60 1000 20 48 [22] 6 63 25 1700 30 

19 [22] 6 67 60 1000 30 49 [22] 6 67 60 1000 30 

20 [15, 27] 8 67 60 1000 40 50 [22] 6 67 60 1000 30 

21 [15, 27] 8 67 60 1000 40 51 [22] 6 67 60 1000 30 

22 [15, 27] 8 67 60 1000 60 52 [32] 6 67 60 1160 39 

23 [15, 27] 8 67 60 1000 60 53 [25] 5 67 60 1160 80 

24 [15] 6 67 60 1000 60 54 [33] 6 67 60 1160 78 

25 [34] 16 67 60 1000 75 55 [33] 6 67 60 1160 78 

26 [30] 6 64 35 1100 20 56 [24, 26]** 9 64 35 1100 50 

27 [20] 6 64 35 1100 30 57 [24, 26]** 4 64 35 1100 50 

28 [29] 4 64 35 1100 39 58 NTNU* 9 80 60 1050 40 

29 [30] 6 64 35 1100 40 59 NTNU* 9 80 60 1050 40 

30 [2] 6 64 35 1100 60 60 [23] 6 80 60 1050 80 

* – indicates that the tests have been performed by the authors. KTU or NTNU is the name of the university 

where the tests have been performed. 

** – specimens were divided into two series because the mould filling procedure was different and the orientation 

coefficients also differed highly. 
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Fig. 2 Compressive strength (fcm,fb) of SFRC series 

 

The large scatter of the residual flexural tensile 

strength was obtained almost in all the series. The maxi-

mum relative error between the specimens of the same 

series was 71.3% (6th series). The average coefficient of 

variation of all series with known standard deviation (50 

series) was 16.6%. While the average coefficient of varia-

tion of traditionally vibrated SFRC (31 series) was 19.2%, 

and 12.4% of self-compacting SFRC (19 series). Standard 

deviation of these coefficients was 7.65, 7.60 and 5.75, 

respectively. As an example stress-CMOD relation of ninth 

test series is given in Fig. 3. The coefficient of variation is 

equal to 23.43% here. 

 

 

Fig. 3 Stress-CMOD relation of nineth test series 

3. Analysis of relevant factors 

 

In order to calculate the residual flexural tensile 

strength fR,1 the main factors which has an influence on the 

post-cracking properties of SFRC should be established: 

 Fibre length – lfb; 

 Fibre diameter – dfb; 

 Aspect ratio – lfb / dfb; 

 Fibre material properties (tensile strength) – fy,fb; 

 Fibre cross-section – shape of the section; 

 Fibre shape – deformated shape of the fibre; 

 Fibre content – Vfb; 

 Fibre orientation; 

 Bond strength between fibre and matrix of con-

crete; 

 Others. 

The fibre length and the fibre diameter are ones of 

the main parameters as well as the aspect ratio of the fibre. 

Vandewalle determined that very short and short fibers are 

more effective for the narrower cracks, and the longer fi-

bres are more effective for the larger cracks [20]. The fibre 

length also defines the embedment length. This is especial-

ly important for thick, short hooked end steel fibre and low 

strength concrete. When the embedment length is too short 

then the fibre(s) is pulled out of the concrete with or with-

out the surrounding matrix. The fibre diameter defines the 

cross section of the fibre as well as it influences the con-

crete spalling in the crack surface. The aspect ratio defines 

the contact surface between the fibre and concrete matrix 

and so the stress level before the fibre de-bonding [15, 32]. 

The material that the fibre is made of defines such 

significant properties as the tensile strength of fibre (fy,fb), 

modulus of elasticity (E) and others. The tensile strength 

(fy,fb) defines the maximum available stress level in the 

fibre as well as the limit of the fibre bond [15, 16]. The 

modulus of elasticity (E) defines the deformations of the 

fibres as well as deformations of cracked SFRC members. 

However, while all the fibre is made of steel the modulus 

of elasticity (E) is approximately the same and it becomes 

not relevant for this research. 

The different shape of the fibre defines the bond 

between the fibre and the concrete matrix. The circle shape 

of cross-section is the least effective comparing with other 

shapes such like rectangular, triangular or especially with 

the cross-section shape of the “Torex” fibre. However, the 

circular cross-section is the most common in practice and 

therefore only this cross-section shape was used in this 

research [3, 4]. 

To pull out the straight fibre which is perpendicu-

larly embedded to concrete surface, the pulling force 

should exceed the shear stress-slip reaction (adhesion + 

friction). In order to improve the bond the deformed shape 

of the fibre was started to use. Lots of types of deformed 

steel fibre are in the market today – crimped (wavy), 

hooked end, with end paddles, with end buttons, etc. Nev-

ertheless, the hooked end steel fibre is one of the most 

widely used. Usually, the hooked end steel fibre is pro-

duced from cold-drawn wire. To pull out such fibre, de-

spite of the mentioned shear stress-slip reaction, the 

hooked end should be deformed into the straight during the 

pull-out. The extra pull out force depends on hooks, mate-

rial properties, etc [3, 4, 15, 32]. For this research only the 

hooked end steel fibre was used (some fibre are given in 

Fig. 4). 

The fibre content has the direct influence on the 

post-cracking properties of SFRC. This parameter is used 

in every proposal of calculation of the post-cracking prop-

erties [1, 3, 5, 15-18]. Nevertheless, in some proposals its 

influence is nonlinear. The main reason is the group effect, 

i.e. when the number of fibres being pulled out from the 
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same area considerably increases the bond strength per 

fibre decreases [15, 35]. 

 

 

Fig. 4 Hooked end steel fibre 

It is known that fibres can distribute and orientate 

randomly in concrete. Due to the random fibre orientation 

the angle between longitudinal axis of the fibre and the 

pull-out direction can be not equal to zero, which means 

that snubbing and spalling effects start to come hand in 

hand. The higher inclination angle the higher force is 

needed to pull-out the fibre due to snubbing effect. Mean-

while the higher inclination angle the lower force is needed 

to pull-out the fibre due to spalling of concrete in the 

crack. In more details these two effects are described in 

references [15, 35]. Also, depending on the orientation the 

number of fibres crossing the crack can differ significantly 

as well as post-cracking properties of SFRC [16, 35]. 

The orientation of steel fibre in SFRC can be de-

scribed using the orientation factor. Theoretically, when all 

the fibres are orientated in one direction the orientation 

factor is equal to 1.0. This factor is equal to 0.637 when 

fibres are randomly orientated in plane, and it is equal to 

0.5 when fibres are randomly orientated in space. The ori-

entation factor can be calculated according to the Eq. (2) 

using the number of fibres per cross-section of SFRC 

[16, 19, 32]: 

fbc

fbfb

VA

An
 ,  (2) 

where nfb is a number of fibres per area of SFRC; Afb is 

cross section area of single fibre; Ac is cross section area of 

SFRC; Vfb is fibre content (fibre volume ratio). 

To evaluate the influence of the fibre orientation 

on the residual tensile strength a capacity factor (η0) is 

used, which is calculated according to the literature [16]: 

0
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2
for    0 0 5:                ;
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where α – the fibre orientation coefficient. 

It is recommended in some calculation proposals 

of post-cracking properties that the fibre bond strength 

should be given from fibre pull-out tests. However the 

bond strength between the fibre and the matrix of concrete 

as well as resistance against the spalling can be approxi-

mately defined by strength of the concrete. The tensile 

strength of SFRC is used in some calculation proposals 

whereas the compression strength is used in another 

[1, 5, 15, 17, 18, 35]. While the compressive strength of 

SFRC (fcm,fb) can be simply experimentally determined it 

was chosen to characterize the bond strength between fibre 

and matrix of concrete. 

Other factors also can influence the post-cracking 

properties of the SFRC, such like local fibre distribution, 

local concentration of the fibres, member size, uneven 

properties of the concrete matrix, etc. The post-cracking 

properties can vary due to these factors. However, all ex-

periments were performed according to the standard meth-

od given in EN 14651:2005+A1:2007. Such factors as 

member shape and its size as well as testing procedure are 

clearly described, and were the same for all specimens. 

Also, the experimental data which was taken from the ref-

erences was limited. Therefore, it is assumed in this re-

search that only factors which were described earlier are 

essential and should be considered in further research. 

4. Analytical prediction of fR,1 

 

The main factors which have the influence on the 

residual flexural tensile strength (fR,1) are described in pre-

vious section. These factors were combined while the most 

accurate calculation formula of fRm,1 was deduced. First of 

all the mentioned factors were partitioned in to three parts 

as it is given in Eq (4): 

yfRm  1, , (4) 

where the parameter β depends only on the compressive 

strength of SFRC fcm,fb (average value) – ( fbcmf , ), the 

parameter γ depends on fibre length lfb, fibre diameter dfb, 

the tensile strength of the fibre fy,fb, and the fibre capacity 

factor η0 ( 0, ,,,  fbyfbfb fdl ). The function y depends on 

the fibre content Vfb (fibre mass per cube / density of the 

fibre) and the fibre reinforcement efficiency factor kfb – 

( fbfb kVy , ). 

In order to find the best relations of the discussed 

parameters some functions were analysed. The best rela-

tions were established when the sequent functions were 

used: 

3,2,1
21

c

n

fbcmc

n

fbcmc kfkfk cc  ,  (5) 

where kc1, kc2, kc3, nc1, and nc2 are coefficients which were 

combined while the most accurate combination was found. 
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where k, nl1, nl2, nd1, ny1, ny2, and nη1 are coefficients which 

were combined while the most accurate combination was 

found. 

The best fit function   1Rm,f
y f x

 
 


 and the 

coefficient of determination R
2
 was established during 

analysis (Fig. 5). 
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Fig. 5 Determination of function y 

As it can be seen from Fig. 5 that two functions y 

were established and compared (linear and second order 

polynomial). Due to higher coefficient of determination 

(R
2
) the second order polynomial function is used. 

The only one difference between traditionally vi-

brated and self-compacting SFRC was assumed – the ori-

entation factor α. For traditionally vibrated SFRC α = 0.60 

and for self-compacting SFRC α = 0.80. The capacity fac-

tor was equal to 0.467 and 0.733, respectively. Such values 

of the orientation factor were chosen considering the ex-

perimental results (including the results from references) 

[21, 22, 24, 31, 33] and guidance from other references 

[13, 15]. 

As a result of this analysis the Eq. (7) is proposed 

for calculation of the residual flexural tensile strength fRm,1 

(mean value). All experimental values of fRm,1 were com-

pared with the results calculated according to the Eq. (7). 

The average relative error of calculated residual flexural 

tensile strength (fRm,1) is 0% due to the coefficient kadj. The 

maximum relative error reaches 50%, and the standard 

deviation of the ratio between calculated and experimental 

results is 0.20. The comparison of calculated and experi-

mental values of fRm,1 is given in Fig. 6. 
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where the adjustment coefficient kadj is equal to 0.96 and 

the fibre reinforcement efficiency factor – 
fb

fb

fb
d

l
k

50
 . 

Although the maximum relative error is quite 

high, however higher then 30 % relative error was reached 

only for 7 test series. Considering the relative error be-

tween the specimens of the same series as well as the rela-

tive error between the comparable series (such like 5th and 

6th, 37th and 39th, etc.) the accuracy of the calculation 

method is satisfactory. 

 

Fig. 6  The ratio between calculated and experimental residual flexural tensile strength fRm,1 

5. Discussions 

 

Two general orientation factors were assumed for 

two different types of SFRC (traditionally vibrated and 

self-compacting). However, despite of the clearly defined 

experimental program these factors (α) can vary depending 

on various other factors, such like vibration time, vibrator, 

mixer, workability of mortar, etc. The variations of the 

orientation factor could lead such high relative errors for 

some test series. Also, the other factors such like actual 

local fibre concentration, water cement ratio, precision and 

dimensions of the fibre hooks could have a significant in-

fluence on fR,1, but these factors were not included into the 

research due to lack of information. 

The precision of the proposed calculation method 

could be revised in future research after the inclusion of 

more experimental results as well as the mentioned addi-

tional factors. In order to use this method directly for par-

ticular structures (beams, walls, plates, etc.) the more de-

tailed analysis of orientation factor and its influence on fR,1 

is required as well as possible adjustments of the method. 

The intended application of the proposed calculation meth-

od is the same as tests results of the standard beams,  

which should be cast and tested according to 

EN 14651:2005+A1:2007 [14]. The indirect application is 

given in related codes, standards and recommendations 

[8, 10, 12, 13]. 

6. Conclusions 

 

1. The calculation method of the residual flexural 

tensile strength (fRm,1) was developed using the experi-



262 

mental results of 446 standard beams. The important pa-

rameters: fibre length, fibre diameter, tensile strength of 

the fibre, fibre orientation factor, fibre content, and com-

pressive strength of SFRC was included in the research. 

The proposed calculation method is suitable for circular 

cross-section hooked end steel fibre reinforced concrete, 

where the mean compressive strength fcm,fb varies from 25 

to 60 MPa and the fibre content varies from 15 to 

80 kg/m
3
. Method is suitable for the traditionally vibrated 

and self-compacting SFRC. 

2. The calculated residual flexural tensile strength 

(fRm,1) could be applied in the SLS calculations (crack 

width calculations, etc.) according to suitable codes, stan-

dards and recommendations. The relative error of calcula-

tion method exceeded 30% in few cases. However, com-

paring it with the deviations between separate specimens 

of the same series the precision of the method is satisfacto-

ry. For the practical purposes the method could be used as 

a first approximation in design. The proposal and the relat-

ed future research could lead to the reduction or even to 

elimination of the necessary tests from the design process. 
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Š. Kelpša, M. Augonis, M. Daukšys, A. Augonis,  

G. Žirgulis 

EMPIRICAL CALCULATION METHOD OF 

RESIDUAL FLEXURAL TENSILE STRENGTH fR,1 

S u m m a r y 

An empirical calculation method is proposed in 

the article for the calculation of residual flexural tensile 

strength of steel fibre reinforced concrete. The method was 

developed analyzing factors which have an influence on 

residual tensile strength, and using the experimental results 

of 446 specimens. Assuming that the residual flexural ten-

sile strength depends on three functions the relevant varia-

bles and constants were deduced, and so the optional func-

tions were established. The proposed calculation method is 

suitable for the SFRC, where fibre content varies from 15 

to 80kg/m
3
 as well as mean compressive strength varies 

from 25 to 60 MPa. Only circular cross-section hooked end 

steel fibre is available however, traditionally vibrated as 

well as self-compacting concrete is suitable for this meth-

od. The residual flexural tensile strength (fR,1) is used in 

various crack width calculation methods, and it should be 

determined experimentally according to standards. There-

fore, the proposed calculation method has a great practical 

benefit. 

 

Keywords: Steel fibre, SFRC, residual flexural tensile 

strength, fR,1, CMOD. 
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