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Abstract. Nonlinear interactions between the exciting mass and the case of a pipe robot are 
important in order to prevent impacts of the exciting mass with the case of the pipe robot. Those 
impacts lead to deterioration of operation of a pipe robot and even may lead to destruction of some 
parts of the robot. Model for the analysis of dynamics of a pipe robot with limited interactions is 
proposed in this paper. For this purpose, a special expression of nonlinear stiffness is used. Results 
of investigations for various parameters of the system are presented. 
Keywords: pipe robot, limited interactions, nonlinear stiffness, steady state motions. 

1. Introduction 

Nonlinear interactions between the exciting mass and the case of a pipe robot are important in 
order to prevent impacts of the exciting mass with the case of the pipe robot. Those impacts lead 
to deterioration of operation of a pipe robot and even may lead to destruction of some parts of the 
robot. 

Model for the analysis of dynamics of a pipe robot with limited interactions is proposed in this 
paper. For this purpose, a special expression of nonlinear stiffness is used. Results of 
investigations for various parameters of the system are presented. 

Resonances of dynamical systems are investigated in [1]. Impact motions are analyzed in [2]. 
Stabilization of vibrating systems is investigated in [3]. Vibrations and impacts are analyzed in 
[4]. Periodic orbits of dynamical systems are investigated in [5]. Energy sink of vibro-impact type 
is analyzed in [6]. Impact of a particle with a wall is investigated in [7]. Investigation of 
frequencies of a dynamical system is presented in [8]. Dynamics of a pendulum is analyzed in [9]. 
System with piecewise linearity is investigated in [10]. Vibrating system with resonant zones is 
analyzed in [11]. Investigation of the Sommerfeld effect is described in [12]. Dynamical systems 
with isolated resonances are analyzed in [13]. 

Similar model of a pipe robot without interactions of limited displacement type is investigated 
in [14]. Main objective of this paper is to investigate the effect of interactions of limited 
displacement type to the dynamic behavior of a pipe robot. 

Model of a pipe robot with two degrees of freedom and nonlinear interactions of limited 
relative displacement type is described. Then results of numerical investigations for various 
parameters of the investigated pipe robot are presented. 

2. The model of a system with limited displacements 

The system is described by the equation: 𝑥ᇱᇱ ൅ 2ℎ𝑥ᇱ ൅ 11 − |𝑥| 𝑥 ൌ 𝑓sin𝜈𝜏, (1)
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where 𝑥 denotes the displacement, ℎ denotes the coefficient of viscous friction, 𝑓 denotes the 
amplitude of excitation, 𝜈 denotes the frequency of excitation, 𝜏 denotes the time and prime 
denotes differentiation with respect to the time. 

2.1. Conservative model when 𝒉 = 𝟎, 𝒇 = 𝟎 

Results for 𝑥ሺ0ሻ = 0, 𝑥′ሺ0ሻ = 1 are shown in Fig. 1. Results for 𝑥ሺ0ሻ = 0, 𝑥′ሺ0ሻ = 1.5 are 
shown in Fig. 2. 

For greater value of initial velocity, the effect of nonlinear stiffness is greater, and this is clearly 
seen from the dependence of force of stiffness from displacement. 

 
a) Time history of displacement  

 
b) Time history of velocity  

 
c) Dependence of force of stiffness 

from displacement 
Fig. 1. Conservative system for 𝑥ሺ0ሻ = 0, 𝑥′ሺ0ሻ = 1 

 
a) Time history of displacement  b) Time history of velocity  

 
c) Dependence of force of stiffness 

from displacement 
Fig. 2. Conservative system for 𝑥ሺ0ሻ = 0, 𝑥′ሺ0ሻ = 1.5 

2.2. Amplitude frequency characteristics of the conservative model 

Amplitude frequency characteristics for the displacement and for the velocity are shown in 
Fig. 3. 

Hardening effect is seen from the presented results. For higher nonlinearity the increase of the 
amplitude of the third harmonic is seen. 

 
a) Displacement 

 
b) Velocity 

Fig. 3. Amplitude frequency characteristics: constant part and amplitudes of the first three harmonics 

2.3. Dynamics of the forced dissipative model 

The parameters of the system are set to ℎ = 0.1, 𝑓 = 1. Steady state solutions are depicted in 
Fig. 4 and in Fig. 5. 
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a) Time history of displacement  

 
b) Time history of velocity  

 
c) Dependence of force of stiffness 

from displacement 
Fig. 4. Steady state motion for ℎ = 0.1, 𝑓 = 1, 𝜈 = 1 

 
a) Time history of displacement  

 
b) Time history of velocity  

 
c) Dependence of force of stiffness 

from displacement 
Fig. 5. Steady state motion for ℎ = 0.1, 𝑓 = 1, 𝜈 = 1.5 

For higher value of frequency of excitation, the nonlinear effect is greater, and this is clearly 
seen from the dependence of the force of stiffness from the displacement. 

3. The model of a pipe robot with limited interactions 

The schematic diagram of the pipe robot is depicted in Fig. 6. 

 
Fig. 6. Principle of operation of a pipe robot 

The investigated system has two degrees of freedom and is described by the two differential 
equations: 𝑥′′ଵ + ℎሺ𝑥′ଵ − 𝑥′ଶሻ + 11 − |𝑥ଵ − 𝑥ଶ| ሺ𝑥ଵ − 𝑥ଶሻ = 𝑓଴sin𝜈𝜏, (2)𝜇𝑥′′ଶ + ℎሺ𝑥′ଶ − 𝑥′ଵሻ + 11 − |𝑥ଵ − 𝑥ଶ| ሺ𝑥ଶ − 𝑥ଵሻ + ൜ℎଵ𝑥′ଶ, when 𝑥′ଶ > 0ℎଶ𝑥′ଶ, when 𝑥′ଶ < 0ൠ = 0, (3)

where 𝑥ଵ denotes the displacement of the exciting mass located inside of the pipe robot, 𝑥ଶ 
denotes the displacement of the case of the pipe robot, 𝜇 denotes the mass of the case of the 
investigated pipe robot, ℎ denotes the coefficient of viscous friction between the exciting mass 
located inside of the pipe robot and the case of the investigated pipe robot, ℎଵ denotes the 
coefficient of viscous friction of the case of the investigated pipe robot with respect to the pipe for 
positive velocity of motion of the investigated pipe robot, ℎଶ denotes the coefficient of viscous 
friction of the case of the investigated pipe robot with respect to the pipe for negative velocity of 
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motion of the investigated pipe robot, 𝑓଴ denotes the amplitude of excitation, 𝜈 denotes the 
frequency of excitation, 𝜏 denotes the time, and prime denotes differentiation with respect to the 
time. 

It was assumed that the parameters of the investigated vibrating system have the following 
values: 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1. Investigations for two values of amplitude of 
excitation were performed at 𝑓଴ = 1 and 𝑓଴ = 10. Also, investigations for two values of viscous 
friction of the case of the investigated pipe robot with respect to the pipe for negative velocity of 
motion of the investigated pipe robot were performed at ℎଶ = 0.1 and ℎଶ = 2. Calculations from 
zero initial conditions were performed: 𝑥ଵሺ0ሻ = 0, 𝑥ଶሺ0ሻ = 0, 𝑥′ଵሺ0ሻ = 0, 𝑥′ଶሺ0ሻ = 0. 

In order to visually estimate that the steady state regime has been reached two periods of steady 
state motions are represented. 

4. Dynamics of the proposed model of a pipe robot with limited interactions 

4.1. Dynamics of the pipe robot with limited interactions for 𝒇𝟎 = 𝟏 

4.1.1. Dynamics of the pipe robot with limited interactions for 𝒉𝟐 = 𝟎.𝟏 

Displacement of the first degree of freedom, velocity of the first degree of freedom, 
displacement of the second degree of freedom, velocity of the second degree of freedom as 
functions of time are shown in Fig. 7. 

Relative displacement and relative velocity as functions of time are shown in Fig. 8. 

 
a) Displacement of the first degree  

of freedom as function of time 

 
b) Velocity of the first degree  
of freedom as function of time 

 
c) Displacement of the second degree  

of freedom as function of time 

 
d) Velocity of the second degree  
of freedom as function of time 

Fig. 7. Dynamics of the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 1, ℎଶ = 0.1 

 
a) Relative displacement as function of time 

 
b) Relative velocity as function of time 

Fig. 8. Relative motions in the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 1, ℎଶ = 0.1 
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4.1.2. Dynamics of the pipe robot with limited interactions for 𝒉𝟐 = 𝟐 

Displacement of the first degree of freedom, velocity of the first degree of freedom, 
displacement of the second degree of freedom, velocity of the second degree of freedom as 
functions of time are shown in Fig. 9. 

 
a) Displacement of the first degree  

of freedom as function of time 

 
b) Velocity of the first degree  
of freedom as function of time 

 
c) Displacement of the second degree  

of freedom as function of time 

 
d) Velocity of the second degree  
of freedom as function of time 

Fig. 9. Dynamics of the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 1, ℎଶ = 2 

Relative displacement and relative velocity as functions of time are shown in Fig. 10. 

 
a) Relative displacement as function of time 

 
b) Relative velocity as function of time 

Fig. 10. Relative motions in the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 1, ℎଶ = 2 

From the presented results it is seen that for the first value of viscous friction of the case of the 
investigated pipe robot with respect to the pipe for negative velocity of motion of the investigated 
pipe robot motion of the pipe robot in the negative direction of the 𝑥 axis is observed, while for 
the second value of viscous friction of the case of the investigated pipe robot with respect to the 
pipe for negative velocity of motion of the investigated pipe robot motion of the pipe robot in the 
positive direction of the 𝑥 axis is observed. 

4.2. Dynamics of the pipe robot with limited interactions for 𝒇𝟎 = 𝟏𝟎 

4.2.1. Dynamics of the pipe robot with limited interactions for 𝒉𝟐 = 𝟎.𝟏 

Displacement of the first degree of freedom, velocity of the first degree of freedom, 
displacement of the second degree of freedom, velocity of the second degree of freedom as 
functions of time are shown in Fig. 11. 
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a) Displacement of the first degree  

of freedom as function of time 

 
b) Velocity of the first degree  
of freedom as function of time 

 
c) Displacement of the second degree  

of freedom as function of time 

 
d) Velocity of the second degree  
of freedom as function of time 

Fig. 11. Dynamics of the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 10, ℎଶ = 0.1 

Relative displacement and relative velocity as functions of time are shown in Fig. 12. 

 
a) Relative displacement as function of time 

 
b) Relative velocity as function of time 

Fig. 12. Relative motions in the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 10, ℎଶ = 0.1 

4.2.2. Dynamics of the pipe robot with limited interactions for 𝒉𝟐 = 𝟐 

Displacement of the first degree of freedom, velocity of the first degree of freedom, 
displacement of the second degree of freedom, velocity of the second degree of freedom as 
functions of time are shown in Fig. 13. 

Relative displacement and relative velocity as functions of time are shown in Fig. 14. 
From the presented results it is seen that for the first value of viscous friction of the case of the 

investigated pipe robot with respect to the pipe for negative velocity of motion of the investigated 
pipe robot motion of the pipe robot in the negative direction of the 𝑥 axis is observed, while for 
the second value of viscous friction of the case of the investigated pipe robot with respect to the 
pipe for negative velocity of motion of the investigated pipe robot motion of the pipe robot in the 
positive direction of the 𝑥 axis is observed. 

From the obtained results it can be seen that for the case when amplitude of excitation is high, 
the distance travelled by the investigated pipe robot with limited interactions is much greater than 
for the case when amplitude of excitation is low. 

Similar model of a pipe robot without interactions of limited displacement type is investigated 
in [14]. From the results presented in this paper the effect of interactions of limited displacement 
type to the dynamic behavior of a pipe robot can be seen. 
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a) Displacement of the first degree  

of freedom as function of time 

 
b) Velocity of the first degree  
of freedom as function of time 

 
c) Displacement of the second degree  

of freedom as function of time 

 
d) Velocity of the second degree  
of freedom as function of time 

Fig. 13. Dynamics of the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 10, ℎଶ = 2 

 
a) Relative displacement as function of time 

 
b) Relative velocity as function of time 

Fig. 14. Relative motions in the pipe robot with limited interactions  
for 𝜇 = 0.1, ℎ = 0.1, ℎଵ = 0.2, 𝜈 = 1, 𝑓଴ = 10, ℎଶ = 2 

5. Conclusions 

Pipe robot with limited interactions is investigated. Nonlinear interactions between the exciting 
mass and the case of a pipe robot are important in order to prevent impacts of the exciting mass 
with the case of the pipe robot. Those impacts lead to deterioration of operation of a pipe robot 
and even may lead to destruction of some parts of the robot. Model for the analysis of dynamics 
of a pipe robot with two degrees of freedom and nonlinear interactions of limited relative 
displacement type is proposed in this paper. For this purpose, a special expression of nonlinear 
stiffness is used. 

Results of numerical investigations for various parameters of the investigated pipe robot are 
presented. From the presented results it is seen that depending on the value of viscous friction of 
the case of the investigated pipe robot with respect to the pipe for negative velocity of motion of 
the investigated pipe robot motion of the pipe robot in the negative direction of the 𝑥 axis can be 
observed as well as motion of the pipe robot in the positive direction of the 𝑥 axis can be observed. 

Also, from the obtained results it can be seen that for the case when amplitude of excitation is 
high, the distance travelled by the investigated pipe robot with limited interactions is much greater 
than for the case when amplitude of excitation is low. 

The presented results can be used in the design of pipe robots with limited interactions. 
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