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The unpredictability in chaotic scattering problems is a fundamental topic in physics that has been stud-
ied either in purely conservative systems or in the presence of weak perturbations. In many systems noise
plays an important role in the dynamical behavior and it models their internal irregularities or their cou-
pling with the environment. In these situations the unpredictability is affected by both the chaotic dy-
namics and the stochastic fluctuations. In the presence of noise two trajectories with the same initial
condition can evolve in different ways and converge to a different asymptotic behavior. For this reason,
Numerical simulations even the exact knowledge of the initial conditions does not necessarily lead to the predictability of the
Open Hamiltonian systems final state of the system. Hence, the noise can be considered as an important source of unpredictability
Noise that cannot be fully understood using the conventional methods of nonlinear dynamics, such as the exit
Unpredictability basins and the uncertainty exponent. By adopting a probabilistic point of view, we develop the concepts
of probability basin, uncertainty basin and noise-sensitivity exponent, that allow us to carry out both a
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quantitative and qualitative analysis of the unpredictability on noisy chaotic scattering problems.
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1. Introduction

Unpredictability is a fundamental topic in nonlinear science,
and it is a consequence of the sensitive dependence to initial
conditions, inherent to chaotic systems. However, there are sev-
eral ways to understand unpredictability, and for each of them
many concepts, methods and tools have been developed. The un-
predictability can be defined as the difficulty to predict the evolu-
tion of the trajectories. With this point of view, the expansion en-
tropy [1], the Kolmogorov-Sinai entropy [2,3], the topological en-
tropy [4], and other measures have been developed. Nevertheless,
in certain physical situations such as chaotic scattering problems
[5], we are interested in the asymptotic behavior rather than the
evolution of the trajectories. In this case, the unpredictability is
understood as the difficulty to predict the final state of a trajec-
tory that starts with a particular initial condition. The asymptotic
behavior can be a fixed point or a chaotic attractor in dissipative
systems, a leak in chaotic Hamiltonian maps or an opening in the
potential in open Hamiltonian systems. The most common tools to
analyze the unpredictability in this kind of systems are the basins
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of attraction [6] and the exit basins [7]. A basin of attraction of
a dissipative system is defined as the set of initial conditions that
are attracted to a certain attractor. On the other hand, an exit basin
of a Hamiltonian system is the set of initial conditions that escape
through a particular exit of the system. When two different exits
(or attractors) coexist, two basins appear, separated by a smooth
or a fractal boundary. The knowledge of the structure of the basin
boundary, together with other characteristics of the basins, allows
to understand and quantify the unpredictability of the system. For
this purpose, the uncertainty exponent [8] and the basin entropy
[9] are some of the most powerful tools when working on funda-
mental aspects of physical systems. On the other hand, in the case
of applied physics and some fields of engineering, many methods
to characterize the dynamical integrity [10] of the basins of attrac-
tion have been developed. Some examples are the anisometric lo-
cal integrity measure (ALIM) [11], the integrity factor (IF) [12], and
the local integrity measure (LIM) [13].

Recently, much work has been done on the unpredictability
of chaotic scattering. In particular, current research has shifted
the focus from purely conservative systems to the effects of rel-
ativistic corrections [14], small perturbations as dissipation [15],
and periodic forcing [16,17]. However, the noise is ubiquitous in
nature, so that important lines of research have arisen to eluci-
date the noise effects in chaotic scattering [18-22]. Accordingly, in
this manuscript we carry on a research on noisy chaotic scatter-
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Fig. 1. Exit basins of the Hénon-Heiles system in physical space with energy (a) E = 0.25 and (b) E = 0.45. The colors red, green and blue refer to initial conditions leading
to the three exits of the potential: Exit 1 (y — oo0), Exit 2 (x,y — —oc) and Exit 3 (x — oo,y — —oo). (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
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Fig. 2. Exit basins of the four-hill system in the physical space with energy (a) E = 0.01 and (b) E = 0.10. The colors green, yellow, blue and red refer to initial conditions
leading to the four exits of the potential: Exit 1 (y — o), EXit 2 (x — —o0), Exit 3 (y — —o0) and Exit 4 (x — o). (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

ing, mainly focusing our attention on developing numerical and
theoretical techniques that allow to characterize the final state
sensitivity.

Our research arises from the observation that some of the tools
and methods used to study unpredictability in chaotic scattering
are useless in the presence of stochastic fluctuations. As good ex-
amples, we can mention the exit basins and the uncertainty expo-
nent. These tools are based on the high sensitivity of the asymp-
totic behavior to initial conditions or parameters. However, if we
consider a small amount of noise the system is not deterministic
anymore and the situation changes drastically. In this scenario, two
exactly identical initial conditions can evolve in a different way
and converge to a different asymptotic state. Hence, in presence
of noise we are not interested anymore in the neighborhood of the
initial condition but in the initial condition itself.

Next, we develop some tools and numerical methods that can
help to understand and quantify the effects of noise on the unpre-
dictability of chaotic scattering systems. With this goal in mind,
and without loss of generality, we have used two paradigmatic
open Hamiltonian systems. Nevertheless, we expect that the main
results could be general in chaotic scattering problems in which
the noise models the effect of internal irregularities or the cou-
pling of the system with the environment. We presume poten-
tial applications to several fields of physics such as celestial me-
chanics [14,23] and plasma physics [24,25], among others. In par-
ticular, both the exit basins and the noise play an important
role in the magnetic behavior in tokamaks [26-28]. Other pos-
sible applications include chaotic scattering problems in different
fields of science, such as medicine [29], biology [30] or chemistry
[31,32].
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Fig. 3. Escape dynamics of the noisy Hénon-Heiles system with E = 0.25 and & = 10>, showing (a) three trajectories in the physical space launched from the same initial
conditions escaping through different exits, and (b) escape time distribution of 100 launchings with the same initial condition.

The structure of this paper is as follows. In Section 2, we de-
scribe the models of this work, the Hénon-Heiles system and the
four-hill potential, both in presence of a source of additive uncorre-
lated Gaussian noise. The description of the concepts and methods
to compute the probability basin and the uncertainty basin is car-
ried out in Section 3 and Section 4, respectively. In the latter, we
also focus our attention on the relation between the structure of
the uncertainty basin and the stable manifold of the chaotic sad-
dle. In Section 5, we develop the concept of noise-sensitivity expo-
nent as a tool to quantify the final state sensitivity to noise. Finally,
in Section 6, we present the main conclusions of this work.

2. Description of the models

One of the models that we have used to illustrate the ideas and
methods of this manuscript is the Hénon-Heiles system [33]. This
Hamiltonian system appeared for the first time in 1964 as a model
of a galactic potential. The Hamiltonian is characterized by a non-
linear axisymmetric potential and is given by

1 5 1 1
H=§(x2+y2)+§(x2+y2)+x2y—§y3, (1)

where x and y denote the space coordinates, and x and y are the
the momentum coordinates.

The system has been extensively studied due to the fractal exit
basins and the wide variety of dynamical behaviors existing for
different values of the energy [34,35]. To visualize the system in
the context of the unpredictability analysis, in Fig. 1 we show
two exit basins for different values of the energy E = 0.25 and
E =0.45. When the energy of the system is increased, the frac-
tal basin boundaries become thinner and less fractal, with a con-
sequent reduction on the unpredictability. This decreasing can be
quantified by using both the uncertainty exponent and the basin
entropy.

For the purposes of this research, we have included in the equa-
tions of motion a source of additive uncorrelated Gaussian noise,
so the equations of motion become [22]

P=—x—2Xy + \/2En.(t)

2
G=—y - +y2+/28n,(0), ?)

where & is the intensity of the noise and nx(t), ny(t) are white
noise processes with variance o2 = 2¢£ and mean pu = 0.

For comparison purposes, we have also used the four-hill sys-
tem [36,37], whose potential consists of four hills located at
(x,¥) = (£1,£1) and its Hamiltonian is given by:

1,. .
"= j(x2 +92) + x2yre= () (3)

Under the same considerations that we have mentioned in the
case of the Hénon-Heiles, the equations of motion in presence of
noise read

P=2xy* (x> — 1)@+ 4 2En, (1)
G =2x%(y* — 1)~ 4 2En,(t).

To visualize the system, we represent the exit basins for differ-
ent energies E = 0.01 and E = 0.1 in Fig. 2. In the low energy case,
the basin boundary occupies an important part of the phase space.
While in the high energy case the basin boundary is thinner, let-
ting space to extensive safe regions of high predictability. If we in-
crease even more the energy until E = 1/e2, the trajectories evolve
on the top of the hills and the scattering becomes non-chaotic.

We have solved the stochastic differential equations for the
Hénon-Heiles and the four-hill system by using the stochastic
Heun method [38], as was previously used in Refs. [22,39]. In both
systems, the numerical methods gave stable and convergent so-
lutions. To ensure the effectiveness of the method, we have also
compared the results by using the numerical schemes of the Euler-
Maruyama method and the stochastic fourth-order Runge-Kutta
method.

(4)

3. Probability basins

Perhaps the most obvious and at the same time interesting ef-
fect of noise on the escape dynamics is that identical initial condi-
tions can escape through different exits and spend a different time
in the scattering region. To illustrate this, we represent three tra-
jectories with the same initial condition escaping through differ-
ent exits of the potential of the Hénon-Heiles system in Fig. 3(a).
In addition, the escape times obtained for different launchings of
the same initial condition are represented in Fig. 3(b). This figure
reminds us the very usual scattering function. However, here no



AR. Nieto, ].M. Seoane and M.A.F. Sanjudn

1.2 1.2

Y Y
0
-0.8
-1.1
0.3
Y Y
0.05 ; ;
0.15 0.4
T

Chaos, Solitons and Fractals 150 (2021) 111181

-0.8
-1.1

0.3

0.05

0.15

X

Fig. 4. Color map showing the probability basin for the Exit 1 of the Hénon-Heiles system with energy E = 0.25, and different noise intensities (a) & = 101 and (b)
& =107, Panels (c) and (d) are magnifications of the probability basin of panels (a) and (b), respectively. The yellow color indicates maximum probability of finding the Exit
1, while dark blue implies zero probability. Intermediate colors refer to intermediate probabilities, as shown in the color bar. To generate these figures, we have computed
100 times the exit of each initial condition in a 400 x 400 grid and we have represented the probability of the Exit 1.

coordinate is varied and the apparently disordered escape times
are due to the effects of the noise. Even with a perfectly known
initial condition, we cannot say by which exit the particle will es-
cape and we can only establish that the trajectory will remain in
the scattering region during a certain range of time T < [19, 116].
In this situation, where the main characteristics of the scatter-
ing process (asymptotic behavior and escape time) may change in
different simulations, it is necessary to adopt a probabilistic ap-
proach in order to understand the escape dynamics. Hence, the es-
cape of a trajectory should be understood as a probability of es-
cape. Additionally, the escape times of an initial condition should
be analyzed in terms of the average and the variance of the indi-
vidual escape times. Regarding unpredictability, one of the most
useful portraits is the structure of the exit basins. However, in
presence of noise this representation lacks meaning since for a
given initial condition, the exit is not uniquely defined. So, in noisy
systems we do not have a unique exit basin representation, we
might have a different one for each different simulation we carry
out. As it has been reported in Refs. [22,39], the exit basins appear

smeared or blurred, and the basin boundary becomes shaded off
due to the effects of noise. Hence, a deeper understanding of the
system is not possible by using the exit basins. Nevertheless, we
can construct a similar representation that we call probability basin,
in which every initial condition in the grid does not have an asso-
ciated asymptotic behavior, but a probability of escaping through
a particular exit. Consequently, we will have as many probability
basins as there are exits in the system. For the computation of the
probability basins, we start fixing a value of the noise intensity and
establishing a grid of P initial conditions in the phase space region
that we want to analyze. Then, we compute N times the trajectory
of the very same initial condition and we detect the exit through
which they escape. Once we know the exits of all N trajectories, we
can establish the probability of each exit. By repeating this pro-
cedure for all P initial conditions we will obtain the probability
basins.

To illustrate the above, in Fig. 4 we use a color code map to
represent the probability basin of the Exit 1 of the Hénon-Heiles
system with energy E =0.25 and different values of the noise
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Fig. 5. Evolution of the segment x = 0 of the probability basin of the Exit 1 of the
Hénon-Heiles system with increasing noise. The energy of the system is E = 0.25,
while the noise intensity is varied from & = 10~'° to & = 10-3. The color code is as
described in the caption of Fig. 4. The base of the log is 10.

intensity. We do not show the probability basins of the Exits 2 and
3 because, due to the symmetry of the basin, they are a simply
27 /3 rotation of the probability basin of the Exit 1. In panel (a)
and (c) the almost negligible noise intensity & = 1010 generates
mainly extreme values in the probability, indicating an almost de-
terministic behavior. However, even a very small amount of noise
of intensity £ =106 can generate an important source of un-
certainty in the vicinity of the deterministic basin boundary. The
highly predictable regions become uncertain and the probabilis-
tic nature of the escapes manifests along an important part of the
physical space. Hence, we can conclude that the effects of noise
make even more difficult the prediction of the final state of the
system.

As we increase the noise intensity, the uncertainty and the blur-
ring of the probability basins also increase. To illustrate this, we
represent in Fig. 5 the evolution of the segment x = 0 of the prob-
ability basin of the Exit 1 when the noise intensity varies from
10710 to 10-3. We have not considered higher noise intensities be-
cause they imply the dominance of the stochastic behavior and the
trajectories are simply random walks. In the previous figure, we
can observe how the regions where particles surely escape through
Exit 1 decrease in size as noise increases. For & = 10~3 the only re-
gion where this happens is the one near to y = 0, which is formed
by initial conditions above the Lyapunov orbits [40] that do not
take place in the chaotic scattering process.

4. Uncertainty basin

The probability basin representation is a useful tool to visual-
ize the probability distribution of the exits along the phase space.
Nevertheless, in many contexts we are not specifically interested
in the probability, but on the unpredictability of the escape. For
this reason, in deterministic chaotic scattering the boundary of the
exit basins plays a central role when analyzing and quantifying the
unpredictability of a system. It was not in vain that a large num-
ber of tools and concepts have been developed just to understand
the basin boundary and its sometimes rich fractal structure. How-
ever, in the case of noisy chaotic scattering the basin boundary
is not well defined since the set of points that define it changes
for different simulations. For this reason it is necessary to change
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again our point of view and understand the uncertain initial con-
ditions as the set of initial conditions that can change for different
launchings. We call this set uncertainty basin, Ug. We recall again
that no uncertainty in the initial condition is considered here and
the source of uncertainty is all due to the influence of the noise on
the chaotic dynamics. In order to construct the uncertainty basin,
we follow a similar method as in the case of the probability basins.
First, we define a grid of P initial conditions in all the phase space
and we launch each of them N times, labeling an initial condi-
tion as uncertain if the exit through which it escapes changes at
least in one simulation. To illustrate the result, we simply asso-
ciate a different color to the certain and the uncertain initial con-
ditions. In Fig. 6 we show in yellow the uncertainty basin of the
Hénon-Heiles with energy E = 0.25 and different noise intensities
()€ =10"19(b) £ =108, (c) £ =106 and (d) £ = 107°. It can be
observed at naked eye that the uncertainty basin is located in the
vicinity of the stable manifold of the chaotic saddle (Ws) (i.e. the
boundary of the exit basins) and grows with increasing noise. This
means that some initial conditions that were predictable in the de-
terministic system due to the large distance to the basin boundary
become uncertain due to the effects of noise. If we consider an ini-
tial condition sufficiently close to the stable manifold of the chaotic
saddle, a small perturbation can move it from one basin to another,
so it is intuitive that the uncertainty basin lies close to W;. More-
over, we can establish that

lim Up = W, 5
EILT(I)B Ss ()

which constitutes an accurate method to determine the structure
of Ws.

The uncertainty basin is a faithful portrait of the unpredictabil-
ity of the system in the presence of a particular noise intensity.
By simply computing and exploring the uncertainty basin, we can
conclude which regions are uncertain and which ones remain pre-
dictable under the effects of noise.

Even if the uncertainty basin is a set that emerges from the
fine structure of the stable manifold of the chaotic saddle, as we
increase the noise its once rich and complex structure becomes
blurred, with the consequently lost of fractality. All those “threads”
that make up the boundary widen in the uncertainty basin and
end up coming together. As a consequence, they define extensive
regions of smooth geometry. This result is shown in Fig. 7, where
several magnifications on the exit basin and the uncertainty basin
are represented. Meanwhile, the geometry of the basin boundary
of the exit basin is not simplified when magnified. As a matter of
fact, the smooth nature of the uncertainty basin manifest on a fi-
nite scale. One of the most significant implications of the absence
of fractality in the uncertainty basin is that its size is independent
of its resolution, which allows us to establish an absolute fraction
of uncertain initial conditions.

5. Quantifying the final state sensitivity

In the previous sections we have introduced the concepts of
probability basin and uncertainty basin, in order to give a graphic
and qualitative understanding of the unpredictability on noisy
chaotic scattering. However, in many physical problems we need a
quantitative measure of the unpredictability in order to analyze the
effect of a parameter or to compare different systems. In particu-
lar, even if two systems have the same fraction of uncertain initial
conditions for a particular value of the noise, we do not have any
guarantee that both have the same sensitivity to the noise, i.e., the
fraction of uncertain initial conditions will increase in the same
amount when the noise intensity increases. From the perspective
of the prediction of the system, it is preferable that the uncertainty
grows slowly with increasing noise. In this section, we develop a
method to quantify the final state sensitivity to noise.
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Fig. 6. Uncertainty basins of the Hénon-Heiles system with energy E = 0.25, and different noise intensities (a) & = 107>, (b) £ =105, (c) £ =108 and (d) £ = 1010,
To generate these figures we have computed the exit of each initial condition 100 times and labeled the initial condition as certain (black) or uncertain (yellow). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In deterministic systems one of the most common and useful
measures is the uncertainty exponent, that can be obtained by
using the uncertainty algorithm [8]. The method consists of
launching several initial conditions under some uncertainty &.
Then, we say that an initial condition is uncertain under an un-
certainty ¢ if the asymptotic behavior is affected by the error. The
fraction of uncertain initial conditions is then related to § through
a power law

fu(8) ~ 8%, (6)

where « is the uncertainty exponent.
In noisy chaotic scattering system we have two sources of un-
certainty: the error in the initial condition and the noise. For this

reason, the fraction of uncertain initial conditions, f(8, &), does not
satisfy f(0,&) = 0 since some initial conditions are uncertain even
without considering an error. These initial conditions are those
that change the exit for different launchings. These initial condi-
tions will be uncertain V3, so they do not increase or decrease
when changing §. This makes Eq. (6) invalid in noisy systems. In
fact, since the uncertainty exponent is defined in the limit § — 0,
the fraction of uncertain initial conditions for a fixed and not neg-
ligible noise intensity will always be f(6,&) = f(§) =k, where k
is a constant. This implies that &« = 0 in noisy chaotic scattering
systems.

Here, we are interested in the effects of noise, so we consider
6 =0 and we set that an initial condition is uncertain if it can
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Fig. 7. (a,b,c) Magnifications in the exit basins of the Hénon-Heiles in the physical space with energy E = 0.25 (See Fig. 1) and (d,e,f) same regions but in the uncertainty
basin with noise intensity & = 10~ (See Fig. 6(c)). It is clear that the uncertainty basin grows from the boundary of the exit basin, connecting different regions and generating

a smooth geometry.

escape through different exits for different launchings. Under this
assumption the fraction of uncertain initial conditions obeys the
law

fu®) ~ &7, (7)

where 8 > 0 is a magnitude that characterizes the intrinsic uncer-
tainty of the noisy system, and we call it noise-sensitivity exponent.

As 8 approaches to zero a reduction in the noise intensity has
less effect in decreasing the fraction of uncertain initial conditions,
so we say that the system has high sensitivity to noise. In the limit
B =0 a reduction in the noise intensity does not decrease the frac-
tion of uncertain initial conditions at all. On the other hand, for
high values of 8 the fraction of uncertain initial conditions tends
to zero for low noise intensities and very large noise intensities
are needed in order to increase the unpredictability. Hence, we say
that the system has low sensitivity to the noise. We have com-
puted the parameter 8 for several open Hamiltonian systems and
their result ranges from 0.05 to 0.5. Furthermore, we have ob-
served that extreme values appear only where the basin boundary
occupies almost all the phase space (8 < 0.05) or in basins that
have a unique smooth boundary (8 > 0.5).

In order to obtain 8, we begin computing f,(£) for different
values of . In particular, for a fixed value of the noise intensity we
launch P initial conditions N times, and we compute the fraction of
uncertain initial conditions. We repeat this procedure for several

values of & and we proceed to a log — log representation that will
satisfy

logyg fu(§) = Blogp & +C, (8)

where C is a constant and the slope of the straight line is 8.

The quality of the linear fit turns out very well for all the sim-
ulations that we have carried out (linear correlation coefficient
r > 0.999). As an example, we show the resulting linear fit for the
case of the Hénon-Heiles system with energy E = 0.25 in Fig. 8.
The noise-sensitivity exponent is estimated to be 8 = 0.109. If we
increase the energy to E = 0.45 the result is § =0.2309, so that
the final state sensitivity due to the noise is higher for E = 0.25.
Certainly, this case can be easily understood due to the big differ-
ence in the size of the basin boundaries (see Fig. 1).

Another interesting application of the noise-sensitivity expo-
nent is to compare the sensitivity to the noise for different sys-
tems. To illustrate this, we have chosen the four-hill system with
energies E =0.01 and E = 0.1. The exit basins of the conserva-
tive system for these values of the energy have been shown in
Fig. 2. In these cases the noise-sensitivity exponent is estimated to
be 8 =0.078 (E=0.01) and 8 =0.2902 (E = 0.1). Hence, for the
lower energy value the system is more sensitive to the noise than
the Hénon-Heiles for E = 0.25, while for the higher energy value
the four-hill system is less sensitive than the Hénon-Heiles with
E = 0.45.
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Fig. 8. Logarithm of the fraction of uncertain initial conditions in function of the
logarithm of the noise intensity of the Hénon-Heiles system with energy E = 0.25.
The parameter f is estimated to be B =0.109. To generate this figure, we have
used 40 different values of the noise intensity. For every noise intensity the fraction
of uncertain initial conditions has been computed after launching 100, 000 initial
conditions (100 times each one).

6. Conclusions

In summary, our research reveals that the noise, even if the in-
tensity is very weak, has important implications on the predictabil-
ity of chaotic scattering systems. We have shown that in order to
have a deeper understanding of the effects of noise, some concepts
and tools of nonlinear dynamics and chaos should be revisited. In
particular, the usual ways to represent the exit basins and to com-
pute the uncertainty exponent are meaningless in the presence of
noise. Throughout this work we have adopted a probabilistic point
of view and developed the concepts and methods to compute the
probability basin, uncertainty basin and noise-sensitivity exponent.
Under all these concepts underlies the idea that an initial condi-
tion is uncertain if it can change its exit for different launchings.
The probability and uncertainty basins allow a qualitative analysis
of the probability distribution of the escapes and the structure of
the uncertain regions, respectively. On the other hand, the noise-
sensitivity exponent gives a measure to quantify the final state
sensitivity in presence of noise. This tool can be useful to analyze
how the sensitivity to the noise manifests itself for different dy-
namical systems, as well as to see its behavior when a parameter
of the system varies.

We expect that the results shown in this work could be helpful
in providing new concepts and tools to future research concerning
chaotic scattering problems.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

CRediT authorship contribution statement

Alexandre R. Nieto: Investigation, Visualization, Software, For-
mal analysis, Writing - original draft. Jesiis M. Seoane: Investi-
gation, Formal analysis, Writing - original draft. Miguel A.F. San-
juan: Supervision, Conceptualization, Investigation, Formal analy-
sis, Writing - review & editing, Funding acquisition.

Chaos, Solitons and Fractals 150 (2021) 111181
Acknowledgments

We dedicate this paper to the memory of Prof. Tito Arecchi with
whom we had the pleasure of collaborating in different nonlinear
dynamics projects. This work has been financially supported by the
Spanish State Research Agency (AEI) and the European Regional
Development Fund (ERDF) under Project No. PID2019-105554GB-
100.

References

[1] Hunt BR, Ott E. Defining chaos. Chaos 2015;25:097618.

[2] Kolmogorov AN. New metric invariant of transitive dynamical systems and en-
domorphisms of lebesgue spaces. Dokl Akad Nauk SSSR 1959;119:861-4.

[3] Sinai YG. On the notion of entropy of a dynamical system. Dokl Akad Nauk
SSSR 1959;124:768-71.

[4] Adler RL, Konheim AG, McAndrew MH. Topological entropy. Trans Am Math
Soc 1965;114:309-19.

[5] Seoane JM, Sanjuan MAF. New developments in classical chaotic scattering.
Rep Prog Phys 2013;76:016001.

[6] Nusse HE, Yorke JA. Basins of attraction. Science 1996;271:1376-80.

[7] Contopoulos G. Order and chaos in dynamical astronomy. Berlin: Springer;
2002.

[8] Grebogi C, McDonald SW, Ott E, Yorke JA. Final state sensitivity: An obstruction
to predictability. Phys Lett A 1983;99:415-18.

[9] Daza A, Wagemakers A, Georgeot B, Guéry-Odelin D, Sanjuan MAF. Basin
entropy: A new tool to analyze uncertainty in dynamical systems. Sci Rep
2016;6:31416.

[10] Thompson JMT. Chaotic phenomena triggering the escape from a potential
well. Proc R Soc Lond A 1989;421:195-225.

[11] Belardinelli P, Lenci S, Rega G. Seamless variation of isometric and anisometric
dynamical integrity measures in basin’s erosion. Commun Nonlinear Sci Numer
Simul 2018;56:499-507.

[12] Rega G, Lenci S. Identifying, evaluating, and controlling dynamical integrity
measures in non-linear mechanical oscillators. Nonlinear Anal Theory Meth-
ods Appl 2005;63:902-14.

[13] Soliman MS, Thompson JMT. Integrity measures quantifying the erosion of
smooth and fractal basins of attraction. ] Sound Vib 1989;135:453-75.

[14] Bernal JD, Seoane JM, Vallejo JC, Huang L, Sanjuan MAF. Influence of the grav-
itational radius on asymptotic behavior of the relativistic Sitnikov problem.
Phys Rev E 2020;102:042204.

[15] Seoane JM, Sanjuan MAF, Lai YC. Fractal dimension in dissipative chaotic scat-
tering. Phys Rev E 2007;76:016208.

[16] Blesa F, Seoane JM, Barrio R, Sanjuan MAF. Effects of periodic forcing in chaotic
scattering. Phys Rev E 2014;89:042909.

[17] Nieto AR, Seoane JM, Alvarellos JE, Sanjuan MAF. Resonant behavior and un-
predictability in forced chaotic scattering. Phys Rev E 2018;98:062206.

[18] Rodrigues CS, de Moura APS, Grebogi C. Random fluctuation leads to forbidden
escape of particles. Phys Rev E 2010;82:026211.

[19] Silva RS, Manchein C, Beims MW. Exploring conservative islands using corre-
lated and uncorrelated noise. Phys Rev E 2018;97:022219.

[20] Mills P. The influence of noise on a classical chaotic scatterer. Commun Non-
linear Sci Numer Simul 2006;11:899-906.

[21] Altmann EG, Englert A. Noise-enhanced trapping in chaotic scattering. Phys
Rev Lett 2010;105:244102.

[22] Seoane JM, Sanjuan MAF. Exponential decay and scaling laws in noisy chaotic
scattering. Phys Lett A 2008;372:110-16.

[23] de Assis SC, Terra MO. Escape dynamics and fractal basin boundaries in the
planar earthmoon system. Celest Mech Dyn Astr 2014;120:105-30.

[24] Mathias AC, Viana RL, Kroetz T, Caldas IL. Fractal structures in the chaotic mo-
tion of charged particles in a magnetized plasma under the influence of drift
waves. Physica A 2017;469:681-94.

[25] Mathias AC, Kroetz T, Caldas IL, Viana RL. Chaotic magnetic field lines and
fractal structures in a Tokamak with magnetic limiter. Chaos Solitons Fractals
2017;104:588-98.

[26] Viana RL, Da Silva EC, Kroetz T, Caldas IL, Roberto M, Sanjuan MAF. Fractal
structures in nonlinear plasma physics. Phil Trans R Soc A 2011;369:371-95.

[27] Turri G, Coda S, Moret JM, Martin Y, Sauter O. The effect of MHD noise on the
vertical observer in Tokamaks. Plasma Phys Control Fusion 2008;50:035012.

[28] Punjabi A, Ali H. An accurate symplectic calculation of the inboard magnetic
footprint from statistical topological noise and field errors in the DIII-d. Phys
Plasmas 2011;18:022509.

[29] Schelin AB, Karolyi G, de Moura A, Booth NA, Grebogi C. Chaotic advection in
blood flow. Phys Rev E 2009;80:016213.

[30] Scheuring I, Czdran T, Szabé P, Karolyi G, Toroczkai Z. Spatial models of prebi-
otic evolution: Soup before pizza? Orig Life Evol Biosph 2003;33:319-55.

[31] Ezra GS, Waalkens H, Wiggins S. Microcanonical rates, gap times, and phase
space dividing surfaces. ] Chem Phys 2009;130:164118.

[32] Kawai S, Bandrauk AD, Jaffé C, Bartsch T, Palacian ], Uzer T. Transition state
theory for laser-driven reactions. ] Chem Phys 2007;126:164306.

[33] Hénon M, Heiles C. The applicability of the third integral of motion: Some
numerical experiments. Astron ] 1964;69:73-9.


https://doi.org/10.13039/501100011033
https://doi.org/10.13039/501100008530
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0001
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0001
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0001
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0002
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0002
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0003
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0003
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0004
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0004
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0004
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0004
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0005
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0005
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0005
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0006
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0006
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0006
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0007
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0007
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0008
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0008
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0008
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0008
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0008
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0009
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0009
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0009
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0009
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0009
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0009
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0010
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0010
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0011
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0011
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0011
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0011
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0012
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0012
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0012
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0013
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0013
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0013
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0014
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0014
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0014
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0014
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0014
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0014
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0015
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0015
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0015
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0015
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0016
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0016
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0016
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0016
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0016
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0017
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0017
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0017
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0017
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0017
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0018
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0018
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0018
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0018
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0019
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0019
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0019
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0019
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0020
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0020
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0021
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0021
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0021
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0022
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0022
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0022
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0023
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0023
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0023
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0024
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0024
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0024
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0024
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0024
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0025
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0025
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0025
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0025
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0025
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0026
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0027
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0027
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0027
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0027
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0027
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0027
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0028
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0028
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0028
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0029
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0029
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0029
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0029
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0029
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0029
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0030
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0030
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0030
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0030
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0030
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0030
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0031
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0031
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0031
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0031
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0032
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0033
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0033
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0033

AR. Nieto, J.M. Seoane and M.A.F. Sanjudn

[34] Aguirre ], Vallejo JC, Sanjuan MAF. Wada basins and chaotic invariant sets in
the Hénon-Heiles system. Phys Rev E 2001;64:066208.

[35] Barrio R, Blesa F, Serrano S. Fractal structures in the Hénon-Heiles hamiltonian.
Europhys Lett 2008;82:10003.

[36] Bleher S, Grebogi C, Ott E. Bifurcation to chaotic scattering. Phys D
1990;46:87-121.

[37] Zotos EE. Elucidating the escape dynamics of the four hill potential. Nonlinear
Dyn 2017;89:135-51.

Chaos, Solitons and Fractals 150 (2021) 111181

[38] Kloeden PE, Platen E, Schurz H. Numerical solution of stochastic differential
equations. Berlin: Springer; 1994.

[39] Bernal ]D, Seoane JM, Sanjuan MAF. Weakly noisy chaotic scattering. Phys Rev
E 2013;88:032914.

[40] Contopoulos G. Asymptotic curves and escapes in hamiltonian systems. Astron
Astrophys 1990;231:41-55.


http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0034
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0034
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0034
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0034
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0035
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0035
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0035
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0035
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0036
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0036
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0036
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0036
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0037
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0037
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0038
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0038
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0038
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0038
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0039
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0039
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0039
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0039
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0040
http://refhub.elsevier.com/S0960-0779(21)00535-X/sbref0040

	Final state sensitivity in noisy chaotic scattering
	1 Introduction
	2 Description of the models
	3 Probability basins
	4 Uncertainty basin
	5 Quantifying the final state sensitivity
	6 Conclusions
	Declaration of Competing Interest
	CRediT authorship contribution statement
	Acknowledgments
	References


